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PREFACE 


The author, in this volume, has attempted to present indeterminate 
etructural analyaia in a nwnner which is rigorous, coherent and interesting. 
It is an elementary presentation in the sense that the reader is assumed to- 
be unfamiliar with the subject. The treatment is, however, more detailed 
and extensive iMn would normally be associated with an elementary text. 

Structural theory is based upon certain fundamental principles which 
were discovered many years ago. A deep sense of appreciation and a 
consequent understanding of the true significance of that theory can 
hardly fail to spring from a knowledge of the history of its development. 
Consequently the first chapter is devoted to a brief outline of that history. 
Historical notes also appear throughout the text. The reader will not, of 
course, be able to read the first chapter with complete comprehension 
unless he is familiar with the various methods of indeterminate structural 
analysis. A second reading, after completion of a study of the text, is 
therefore recommended. 

No specific comments are necessary regarding Chapters 2 through 13. 
The subjects considered in these chapters are to a large extent, althou^ 
not entirely, similar to those included in other texts The treatment, 
however, will usually be found to be quite different. It is hoped that this 
presentation will be relatively easy to understand. 

The material included in Chapter 14 is based on the author’s experience 
in developing the structural model laboratories at the Rensselaer Poly¬ 
technic Institute. In the early stages of this development it became ap¬ 
parent that information relative to the details of structural model design 
and testing was scattered and incomplete. In the case of direct model 
analysis it seemed to be generally unavailable. It was necessary, therefore, 
to prepare the material of Chapter 14 and it seemed advisable to include 
it in this volume. 

The book is designed for use as a text or for reference. As a text it is 
suited for use in senior undergraduate or first-year graduate courses. It 
is suggested that the material of Chapters 1 through 8 or 9 might be in¬ 
cluded in a first course and that the remainder be covered in a second 
course. 

The author is indebted to a longtime friend and engineer, Martin P. 
Kom, who suggested several changes in the first draft of Chapter 1 and 
who has been a constant source of enthusiastic encouragement ^roughout 
the writing of this volume. Appreciation is expressed for several helpful 
suggestions received fibm Associate Professor John T. Watkins of the 

m • 
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faculty of the Structural Engineering Division of the Civil Engineering 
Department at the Rensselaer Polytechnic Institute, as well as from J<dm 
T. Percy, who was formerly an Associate ProfesstH* in the Structural 
Engineering Division at the Institute. The author also wishes to express 
his appreciation to the Portland Cement Association for pennisrion to 
reproduce tiie information included in the appendix. 

J.S.K. 

September 1957 
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CHAPTER 1 


A BRIEF HISTORY OF STRUCTURAL THEORY 

1-1 Introdttctloa. “If I have been able to aee a little farther than some 
others, it was because I stood on the shoulders of giants. ” So spoke Sir 
Isaac Newton, author of the greatest scientific book of all time, his PKih- 
aofhiae Natvralu Prindpia Malhemaiica, or more commonly, his Prindpia. 
Thus he acknowledged his debt to the great men of science who preceded 
him. 

We of this age have inherited a scientific legacy infinitely greater than 
that inherited by Sir Isaac Newton. During the more than two centuries 
since his time, progress has constantly accelerated. In the beginning, 
intervals of decades, or even centuries, separated the discovery of funda¬ 
mental truths and basic principles. Each generation, however, "standing 
on the shoulders" of those who had passed on, reached new heights and 
glimpsed new horizons. Each new discovery quickened the pace and 
cleared the way for greater things. Down through the centuries the impli¬ 
cations of known truths were explored, new principles were added to the 
growing store of knowledge, and the whole was assembled into a general 
pattern which constitutes the science of our time. 

Five thousand years were required to discover and to organize crudely 
those principles of structural mechanics which the college student of today 
learns in several weeks. Another two hundred years were necessary to 
refine and expand these principles to their present state. The unceasing 
effort and dedication of great minds down through the ages have given us 
our modem stmctural theory. 

1-2 Before tiie Greeks. All things as they existed in the beginning are 
hidden in the mists of the prehistoric ages. Sometime, somehow, during 
the centuries preceding the beginning of history, man invented simple 
machines. The first glimpse of the ancients afforded by history shows them 
in possession of the inclined plane, with its two variations, the wedge and 
the screw, and the lever, with its two derivations, the pulley and the wheel 
and axle. By the time Aristotle wrote his book on machines in 350 B.C., 
all six of these had been known for centuries and their origins long forgotten. 
It has been said (10)* that during all history only one simple machine has 

* Numbers in parentiieses designate references to be found at the ends of 
chapters. 
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been added to thoae known to prehistoric* man. This one addition was 
Pascal's hydraulic press of 1620. 

The beginning of history is indefinitely dated as perhaps 3400 B.C. and 
springs from records left by the peoples of the valleys of the Nile and the 
Euphrates and Tigris Rivers. In these valleys, to the l>est of our knowl¬ 
edge, man first organized soi*ieties on a large scale. Here writing was 
invented and, for the first time, records were* consciously made for the use 
of those who were to follow. 

The history of the tiipc from 3400 B C. to the birth of C’hrist is very 
obscure for certain periods. The “Old Kingdom” in Egypt endured from 
3400 .B.C. to 2431 B.C and then (•ollap.sed A period of anarchy and 
invasion by Asiatics followed, and during this time records were incom¬ 
plete. Then, with the restoration of order in 2H>0 B C , Egypt's “Middle 
Kingdom” was founded and existed until 1788 B C' Invaders again came 
from the East and confusion reigned from 1788 fo 1.380 B C . a period for 
which no reliable history is available The invaders were dn\(*n out in 
1580 B.C. and the “New Kingdom,” or “Empire,” was foulnled For the 
centuries since 1580 B.C. Egyptian history is fairly complete. 

In general, the early history of the peoples of the Euphrates and Tigris 
valleys is similar to that of Egypt, in that during certain periods, as a 
result of violent political upheavals or invasions, no reliable records were 
compiled. 

Structural engineering is chronicled as existing at the time of the “Old 
Kingdom” in Egypt and a contemporary art existed in the valleys of the 
Euphrates and Tigris Rivers. It should be noted that structural engineering 
existed as an art, but not as a science, throughout antiquity. No record 
exists of any rational consideration, either as to the strength of structural 
members or as to the behavior of structural materials, until Galileo 
attempted to analyze the cantilever beam in 1638 A.D. The builders 
apparently were guided by rules of thumb, which were passed from 
generation to generation, guarded as secrets of the guild, and seldom 
supplemented by new knowledge. In spite of this fact, the structures 
erected during early historic periods are a constant source of amazement. 

The first structural engineer of history seems to have been the Egyptian, 
Imhotep, one of only two commoners to be deified throughout the long 
history of Egypt. He is perhaps best known as the builder of the step 
pyramid of Sakkara about 3000 B.C., and his influence, because of other 
accomplishments, was great enough to initiate a new age of splendor 
in Egypt, 

During the long centuries of ancient Egyptian history, many awe¬ 
inspiring structures were built, including the pyramids of Gizeh as well as 
numerous tombs and temples. It is interesting to note that practically the 
only structural elements used were the beam and the column. Only one 
true arch of ancient origin has been found throughout all Egypt, apparently 
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buOt about 1500 B.C. The Eg 3 rptian 8 did, at iimest ^ ec^rbded arches 
as architectural rather than structural units. 

During these same centuries civilisations in Aassnia and Persia devdoped 
their own methods of construction. Wall cores were usually of sunned 
mud brick and were faced with kiln-burned brick glased in different colors; 
^ stairs, beams, lintels, and columns were of stone. In their structures the 
Assyrians frequently used the corbeled arch, and perhaps the true arch, 
as well as the beam and column. Ancient Babylon, according to the Greek 
historian Herodotus, was an amazing city, with itg two hundred and fifty 
towers and one hundred sets of bronze gates in its massive walls. The 
tallest tower of all is assumed to have been the Tower of Babel. The 
mud bricks could not resist the ravages of time as did some of the 
Egyptian construction, however, and in the words of Sir Banister Fletcher 
(9), "Babylon returned to the mud of which it was built, and only mounds 
now indicate its ancient site. ” 

It is apparent from the" preceding account that by 600 B.C. heavy con¬ 
struction had been practiced for centuries throughout the ancient civilized 
world, and yet no rational method of design had been evolved, even for a 
simple beam. Consequently, in the beginning it is not the story of struc¬ 
tural analysis alone, but rather the story of the physical sciences in general, 
which is of interest. In this regard it is worth noting that the annual shift¬ 
ing of landmarks by the floodwaters of the Nile had caused the priests of 
Egypt to develop land surveying; and incidental to its development they 
hod formulated some of the fundamentals of geometry. Also by 600 B.C., 
the Phoenicians and Mesopotamians had made some progress in astronomy. 

1-3 The Greeks and the Romans (600 B.C.-476 AJ30« The age of the 
Greeks in science was initiated by the philosopher Thales, who lived about 
600 B.C. and was a physicist best known for his knowledge of astronomy, 
which he derived to some extent from Mesopotamian sources. Wealthy, 
and able to devote much leisure time to study, he came to be called a 
scholar, or man of leisure (from the Greek scAo/e, meaning "leisure ”)- 
While traveling in Egypt, Thales learned about surveying from the priests, 
and upon returning home he formulated the beginning of geometry, 
deriving the name from the Greek ge ("land") and meiran ("measure”). 
It is interesting to note that one of Thales’ students, Anaximander (611- 
547 B.C.), first proposed that the earth is poised in space, but he considered 
that its shape was cylindrical. 

The Greek philosopher Pythagoras (bom about 582 B.C.) foundfed his 
famous school, which was primarily a secret religious society, at C|ot(^ 
in southern Italy. At this school he allowed neither textbooks nor recording 
of notes in lectures, on pain of death. He taught up to the age of ninety- 
five and is reported to have coined the word "maUiematics, ” which means 
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literally the ^science of learning, ^ and also the word *‘philosopher» meaning 
*one who loves wisd<»n. Pythagoras is best known to engineers for his 
theorem relative to the right triangle. 

Among the great Greek scientists and philosophers, Democritus (460- 
370 B.CO ranks second only to Archimedes and is included here because ot 
his remarkable atomic hypothesis. He believed that the smallest particles 
of matter are indivisible and called them "atoms," from the Greek words a 
(“not*) and iemno ("cut” or “divide”). The foUo\dng quotation from 
Simplicixis’ “De caelo” is most remarkable; “Leucippus and Democritus 
say ... that the fundamental particles which they call ‘atoms' or ‘indi¬ 
visibles/ are. .. indestructible, because they are solid and without pores... 
and separated from each other in the infinite void. As they encounter each 
other abruptly they come into collision. Democritus considers them so 
small that they escape our senses.” Leucippus was a contemporary of 
Democritus but the latter is chiefly credited with formulating the atomic 
h 3 rpothesis. One can only guess at what this man might accomplish if he 
were alive today to “stand on the shoulders” of as many "giants” as do our 
modern scientists. 

Aristotle (384-322 B.C.) must be mentioned in any history of structural 
analysis or mechanics. Dean of the Lyceum, a college just outside the east¬ 
ern city gate of Athens, and a man of unquestioned ability, he is credited 
with having written in more than twenty-live different fields of knowl¬ 
edge (It). Probably no other man has ever recorded so many findings and 
opinions on so many subjects as Aristotle. 

One of Aristotle's pupils was Alexander the Great (356-323 B.C.), who 
in 332 B.C. founded the city of Alexandria at the mouth of the Nile. After 
Alexander's death in 323 B.C., his most capable general became Pharaoh of 
Egypt as Ptolemy I and established a library at Alexandria, with the 
private library of Aristotle as a nucleus, that became the largest of the 
ancient world, containing some 700,(XX) scrolls. The first university (in 
the present-day significance of the word) was also founded at Alexandria 
by Ptolemy I and was the greatest of the ancient world, with a reported 
eruelhnent of 14,000 students. The flrst professor of geometry at the 
University of Alexandria was Euclid (315-250 B.C.). 

The greatest of the Greeks was Archimedes (287-212 B.C.), who far 
surpassed Aristotle and, to some degree, Democritus. The greatest phys¬ 
icist of the ancient world and one of the greatest mathematicians of all 
time, his treatise "On Equilibrium” establishes Archimedes as the founder 
of statics. It was he who introduced the term “center of gravity, ” and it is 
bdieved his work in geometry furnished Newton and Leibnitz with 
the information which led to their development of the calculus. He refused 
to write about such practical things as machines and thu.s his writings 
almost totally ignore bis many famous mechanical inventions, including 
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catupnlts, a spiral pump, aud combinations of pulleys. In fact, it was his 
inv(‘iitiohs which lichl the Uotnan armies at hay around Syracuse for three 
years. Archimedes was 1o have been spared when lh() city fell to the 
Ivomaiis, but was slain by an ignorant soldier w'ho reportedly disobeyed 
order.'' One version has it that he refused to appear before the lloman 
consul and coiupUTor of Syracuse, Marcellas, since to do so woiild have 
interrupted lh<' soUition of a problem, and conseciuently ho was slain. 
With the passing of Archimedes the golden age of the Greek philosophers 
<'am(* to an end 

Scii4ice madi' much l(*ss progress under the Uomans than under the 
< becks 'riic Uomans were of a more practical nature than the Greeks and 
tlilts were not as ciipalilc of abstract thinking, though excellent fighters 
and buihk'rs. Only one name from the history of the period of the Roman 
Kmpire will be added to the list of those groat men of science already men- 



great ability who (‘iiibraccd the atomic theory of Democritus and w'ho 
also surmised the I'xistf'ucc of disease germs. Eighteen eentnries before 
the l*'rench clu'inisl Lavoisi(*r attracted wide attention by his experimental 
derivation of (h(‘ hiw of conservation of mass, CWus had arrived at the 
sanu^ law 

In man\ respects the Romans surpassed preceding and contemporary 
peoples ill (Miginc(*ring accomplishments. As th^ empire oxjianded, the 
neccssitv for mrning armies rapidly became ever greater and thus the 
Roman i^ngmeers ilevelopixl their renowned ability to build l)ridges. A 
notable exampk* was Gaesur's bridge over the Ithiiie, a third of a mile in 
length and a jule lyp*' structure, which is reported to have been built in 
ten days In addition to the pile-type bridge, the Romans developed the 
semuircnlar triM' masonry arch, which they used extensively in both 
bridges and a*|iie(lucts. Trajan’s Bridge over the Danube near Turmi- 
Sevenii m Rumania, built in 104 A.D., w'as the longest liridge in the 
Roman I'jnpin^, with a total length of four thousand feet consisting of 
twenty tmil>er an’hcs 

As pre\ii>usly nott'd, iOgyptian and (ireek engineers and an'hitects used 
stone columns and beams as principal structural elements. The Romans, 
in addition, madi' extensive use of masonry arches and, in the case of the 
Pantheon, the masonry dome, which ^vas probably a Roman development 
of the Assyrian hrit k arch The collapse of the Roman Empire in the West 
in 470 A L) , n*sultiiig from the invasion of Italy by the Teutonic tribes 
from lh<* North, maiked the end of the ancient period of woild history. 

1-4 The Medieval Period (477-1492). Thi.s period, also designated as 
the Mukllc Ago oi the Ihirk Ages, was marked by a decline of civilization 
througluuit I'iUroiH' following the ticcadence and fall of the Western division 
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of the Roman Empire. In Europe, it was an era of disruption of civil 
society by the incursions of new races and through general upheaval. 
The Eastern Roman Empire, however, was to continue in existence for 
centuries. The center of Greek life had, by this time, been transferred 
to Constantinople and its influence was for centuries exerted throughout 
Asia Minor and Egypt by Greek conquerors and traders. It was in 
Constantinople in 563 A.D. that the development of the structural dome 
reached its ultimate in the construction of the church of St. Sophia. 

During the Dark Ages in Europe, the Arabians carried the torch of 
knowledge, but produced no scientist who might be classed with Democ¬ 
ritus and Archimedes. One tremendously important development of this 
period, however, which came about through the efforts of the Arabians, 
was the invention of our system of numbers, credited to a group of mathe¬ 
maticians of Amjir, India, about 600 A.D. This system was adopted by 
the Arabian mathematicians and was subseijuently transmitted through 
them to Europe and is therefore known to us as the system of “Arabic" 
numerals. The advantage of these Hindu numbers over both the Greek 
and Roman systems is very great, and it is quite unlikely that modem 
science could exist without them. (If in doubt, the reader should try to 
extract the square root of any number using Roman or Greek numerals.) 

The flrst break in the scientific stagnation of the Dark Ages came with 
the establishment of Italian universities toward the end of the twelfth 
century. Progress was seriously retarded, however, because throughout 
Europe at this time scientists were suspected of heresy. Indeed, it was not 
until the eighteenth century that those pursuing scientific investigation 
were entirely free from suspicion and possible persecution. 

Roger Bacon (1214-1294), a Franciscan Friar and spearhead of the 
attack against this intolerance, was persecuted, exiled from England, and 
imprisoned in Paris for assailing the ignorance of high officials. In his book, 
Opu8 Majus, he stressed the fundamental importance of expierimentation 
in science and, in the optics section, predicted the discovery of the telescope 
and the microscope. Bacon was of great importance, not so much because 
of his specific contributions to science, but because of his influence on 
those who were to follow. 

More than a century and a half separated Roger Bacon and the great 
Italian, Leonydo da Vinci (1452-1519), possibly the most versatile genius 
of all time. Da Vinci's every effort seems to have yielded valuable results: 
in music, sculpture, painting, canals and buildings, interpretation of fossils; 
and toward the development of the parachute, a proposed flying machine, 
a diving suit, and other contributions. He is of particular interest here be¬ 
cause he was the first, in his statement of the law of the lever, to introduce 
the concept of the moment of a force. In his writings he also virtually set 
forth the principle which is now known as Newton^s third law of motion. 



8 


A BRIEF HISTORY OF STRUCTURAL THEORY 


[chap. 1 


1-5 The Early Period (1493-1687). Andrea Palladio (1518-1580), an 
Italian architect, is believed to have first used trusses, although his designs 
were not the result of rational analyses. Prior to this development all 
construction, except solid masonry, was composed of beams, columns, 
arches, and domes. It is interesting to note (12) that nearly two centuries 
were to pass before another man recognized the potentialities of the truss. 

Simon Stevin (1548-1020), a not(*d Dutch engineer, is of interest in this 
discussion because of his book, published in 1580, dealing with statics and 
hydrostatics Apparently he understood the composition and resolution of 
forces, for in his book he introduced the principle of the triaiigle of forces. 
Stevin investigated, and apparently solved (25), the problem of the loaded 
chord, a problem statically quite similar to that of the truss joint. In 
addition, he is regarded as a pioneer in the effort to discontinue the use of 
Latin in scientific writings. 

It can be said that the Italian astronomer, CTahlco Galilei (1504-1642), 
ushert'd in what might be called the age of reason in stru(*tural analysis. 
He apparently was the first to study the resistance of solids to rupture and 
may hv said to have originated mechanics of materials. In his last publica¬ 
tion, Two New Sciences, h<‘ discussed the problem of a cantilever beam 
loaded with its own or with an applied weight Since his time, this has been 
known as (i(iliIeo*s problem, and avus not correctly and completely solved 
until 1855 Galileo considered that the entire beam was rigid except at the 
section of faiUm\ and that compression was concentrated at the lower edge 
of this section, with uniform tension over the remainder. His results, of 
course, weix* erroneous but his (:ontri!)ution was very great, for he called 
attention to the existence and importance of what is now known as me- 
chaiu(‘s of materials. 

One of the mo.st outstanding of the Oxford men of science, whose asso¬ 
ciation resulted in the formation of the Uoyal Society in was Robert 
llooke (10:15-1705), l^rofessor of (ieometry at Gresham College ami 
Surveyor to the City of London Of extraordinary ability and range of 
interest, ho was unfortunately of poor health As the laboratory assistant 
of the wealthy Robert Hoyle (10) lie did not receive proper credit for many 
of his accomplishments, and similar experiences with others led to his 
becoming hitter and suspicious, apparently with good cause. In the course 
of his stuily of elasticity, as the result of which he invented the spiral 
spring to replace the pendulum for timekeepers, he arrived at the law now 
bearing his name Although this was in 1060, because of concern for the 
patent rights to his invention, he did not publish his law until 1070, and 
then only in the form of an anagram—“ceiiinosssttuu”* (a solution to 

*At the time Hooke wrote this anagram the two symbols u and r were cm- 
ploytid interchangeably to denote eitlier the vowel u or the consonants. The gen¬ 
eral tendency, however, was t<i w rite i* when it appeared as the initial letter in a 
word and to wTite u in other positions, without regard to phonetic considerations. 
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which he gave (28) in 1678)—containing the letters of the law in Latin: 
Ut iensio sic m. Hooke did not apply his law to engineering problerns, but 
in 1080 E. Mariottc made an independent announcement of the same law 
and applied it to the fibers of a beam. As the result of tests (HI) which he 
conducted in IG80, Mariotte observed that some of the fibers of a beam are 
stretched-and some are shortened, whi<*h led him to place the boundary 
between lengthening and shortening at the mid-depth of the cross section. 

Sir Isaac Newton (1()42-1727), bom on Christmas day in the year of 
Galileo's death, was Professor of Mathematics at (Wnhridge University 
and for a quarter of a century president of the Hoyul Society NeAvton 
was the author of the greatest book in the literature of science* and yet was 
BO retiring and modest that it was only through th(' i?i.sis1encc of one of his 
former students, Dr. Edmund Halley, that th<* manuscript of his Pnunpia 
was brought forth from a dusty trunk and finally published in I(>87. In it, 
among other things, he stat(‘d his laws of motion, the law of universal 
gravitation, and the infinitesimal calculus Newton was notable for his 
willingness to give credit to Ins predecessors and to lus cont(‘inpoiiui(\s, as 
evidenced by the opening quotation of this chapt(‘r. 

1-6 The Pre-Modem Period (1688-1857). James Henioulli (1 (m 1*-1705) 
of Basel, Switzerland, w'as the firr?t member of his distinguished family to 
attain a wide reputation as a mathematician II<* bec'amo int(?restcd in 
Galileo's problem and is credited with Ix ing th(‘ first to have as.suined that 
a plane section of a beam remains plane* during bending, but for some 
inexplicable reason decided that the position of the neutral surface was 
unimportant, and he failed to arrive at a satisfactory solution. Johann 
Bernoulli (Hi(>7-17J8), brother of James and gifted with similar ability, 
is of interest b(*<‘auso of his announcement in 1717 of the priiu'iplc of virtual 
velocities This ])nnciple. as will presently be demonstrated, is the basis 
for the most generally applicable of available methods for determining 
elastic deH(»ctions of structures Daniel Bernoulli (1700-1782), son of 
Johann Bernoulli and equally able as a mathematician, became interested 
in the problem of determining the elastic curve of bent bars and the vibra¬ 
tion of beams and rods and succeeded (about 17.V>) in obtaining a differen¬ 
tial (‘(Illation for the transverse vibrations of a bar. He inteir.sted his 
friend and fellow mathematician of Basel, Leonhard Euler (1707-1783), in 
the jnoblcm of determining the elastic curves of beams and columns, 
suggesting to Euler that the true elastic curve might bo that w^hich would 
cause th(* total internal work to be a minimum. Thus Euler employed the 
method of Ica.st work in a crudi* form and contributed his extremely valua¬ 
ble di.scus.sion of the buckling of columns. 

It is int(*re.sting to n()((‘ that during the time of Bernoulli and Euler 
(,1758) a f(*llow Swiss, Ulric (ii'ulx'iunaiin, ivalized the value of the trusses 
used tw'o hundred years befoi'c by the Italian, Palladio, and bridged the 
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Rhiiu* with a 170-foot tiiulHT span Other timber bridges followed, al¬ 
though they eonibined the truss and the arch in a single structure, as did 
the ordinary covered limber bridges of the middle nineteenth century 
built in the Tnited Slates Finally, Ulric Clrubenraaiin was joined by his 
brother Jean to build a great timber bridge with a span of 390 feet. Like the 
trusses of Falludio, however, those bridges were built by rule of thumb 
rather than by design based on rational analysis. 

('harles Augustin (louloml) (173f)-1800) began his eareer as a Fnmch 
military engineer ljut beeame a renowned physicist He and Navier, who 
followcMl him by s(*veral decades, an* considered to have founded the 
sci<‘nc*e of mechanics of mat(»rials In 1770, C^oulomb published (5) the 
first correct analysis of tin* fiber stresses in a flexed beam with rectangular 
cross section, lie a.ssunied that Hooke’s law applied for the fibers, logically 
placed the neutral surface in th<‘ corn'ct position, developed the equilibrium 
of fon*(ss on the* cross s<*ction with external forces, and then correctly 
evaluati'd the htressi*s Apparently recognizing the possible existence of 
a plastic stage, he indii^att^d that at rupture, under ciTtain conditions, the 
neutral surface might move to a dilTercnt position \t the .same time ho 
presiMiti'd his theory ot earth pressure against a retaining wall and in a 
later paper (I7SU set fortli Ins theory tor tin* torsion of shafts 

In IS Hi, Sir l)a\ul Hicwsti*!’, a Siottish physicist, published (1) a report 


of his discoNcry that tU'foinialions protluc*' double refraction in glass He 
had obtained patterns ol colore<J fringes by passing polarized light through 
glass plal(*s sul>j(*cted to load and suggested that this method might be 
usc'd to study arch(*s and ollu*i slincturcs, thus pioneering in the develop¬ 
ment oi pliolo(*lasti<*itV asanndhod lor determining stresses 

Louis Mane li(*nri Navier (l7S."j IS.Kl), distinguished French engineer, 
mathematician, and professor, piibhsln‘d m 182b (23) the first edition of 
his Lt^ohs, the first great textbook in iiu'chaiiics oi engineering. Not only 
did lie jinxseiit a sound tn'atmciit of tin* stn*iigth ami deflection of beams of 
any cross .scctidn, but also he coiisid<*re(l arches, columns under eeeentric 
loads, suspension briilges, and other ti'chnical problems. To Navier belongs 
the signal honor of <Ieveloping the first ginuTal theory of clastic solids as 
wi*n as the lir^t systeiuatu* treatnu'nt of the theory of structures. Even 
though t'onlomb’s work in beam analysis had been correct, publication of 
his rt'suhs did not prevent .subse(|uent muddled thinking and attempts to 
solve the beam probh'iu Navier’s Lccnnft, however, after a few years 
si'emed to bring order and reason to mechanics of materials and structural 


analysis. 

It is worth noting that no clear division existed between the theory of 
elasticity and the theory of structures until about the middle of the 
nineteenth eeiiturv Theory of striu'tiires could not exist as such until the 

4 • 

basii' principles governing thi* behavior of materials had been established. 
Consequently, leading engineers entered info the study of the theory of 
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elasticity. Coulomb and Navier would today \}e classed as professional 
structural engineers but, for the reason just stated, they entered into 
studies which resulted in the founding of mechanics of materials. 

Three other structural engineers who pioneered in developing the theory 
of elasticity were Lfam^, Clapeyron, and de Saint-Venant. Lani6 (1795- 
1870) and Clapeyron (1799-18G4) collaborated to publish in 1833 a notable 
paper on elasticity which presented important work on stresses in hollow 
cylinders and spheres and which introduced the idea of the sti-css ellipsoid, 
as well as the important principle of the ccjuality of external and internal 
work of a strained structure'. In 1852, Lam4 published the first book on 
elasticity (13) and in it credited Clapeyron with the theorem of equality 
of external and internal work, a theorem of gn'at importance in the analysis 
of indeterminate structures. In 1857, Clapeyron presented his “theorem 
of thn'e moments” for the analysis of continuous beam.s (4). 

The first contribution to the theory of structures from the United States 
came in 1847 when Sriuire Whipple (1804-1888) published his remarkable 
treatise, “Bridge Building,” (32) in which he presented the first rational 
analysis of the jointed truss. Worthy of note is the fact that prior to 1850 
the jointed truss was used almost exclusively in America. This tyfie of 
construction developed steadily after the Bevolutionary War and bridge 
spans up to 300 feet wen* built, but not from any rational design. Spans 
(‘onstrueted in England and Plurope xvt're usually combinations of arches 
and trusses, or were otherwise rendered internally indeterminate It was 
Whipple's contribution which made scientific design of jointed tnjs.ses a 
possibility. 

The engineer Barre de Saint-Venant (1797 -1880) was perhaps the 
greatest of elasticians. In the words of Southwell (28), “. . . he (combined 
with high mathematical ability an essentially practical outlook which gave 
direction to all his work ” In 1855 he presented famous memoirs dealing 
with torsion and in 1850, in memoirs dealing with flexure, shear stresses on 
cross sections of beams were correctly considered for the first time and 
probh'ms of impact and vibration were discussed. He was also interested 
in the nature of molecular action and a theory of plasticity. 

Saint-Venant's memoirs of 1855 and 1850 closed what this author con¬ 
siders to have been the Prc'-Modern Period in the evolution of a theory of* 
structures. During this period a method had been developed for determin¬ 
ing the stresses in simple trusses, simple beam ac’tion had been correctly 
and completely analyzed, and tliere had been a beginning of a theory for 
column action. Thus the basic principles had been established upon whi(‘h 
an adc(]uate theory of strueture.s could be developed. 

1-7 Since 1857—The Modem Period. The evolution of a comprehensive 
theory of stnieturcH proceeded at an astonishing rate once the basic and 
reejuisite principles had been determined. Those who participated in this 
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development were many and, consequently, only the most important can 
be mentioned in this discussion. 

The French engineer, Bresse, published in 1859 a noteworthy treatise 
presenting very thorough and practical methods for analyzing eurved 
beams and arches, and in 1807 the influence line was introduced by the 
German, E. Winkler. A year before Bresse’s treatise appeared, the first 
great te.xtbook in English dealing with mechanics of engineering and 
materials had been published by William John M. Rankino (1820“1872). 
The first edition of this l)Ook, the Manual of Applied Mechanics^ appeared 
in 1858 and Ihe twentieth edition in 1919 Rankine credited the empirical 
column formula l>curing his name to JVedgold (1788-1829) as originator 
and to Gordon for having revived it. In Germany, in ISCW, Professor 
August Ititter published his “Method of Sections” (20), now in wide use, 
and demonstrated how stresses in an articulated structure (*an be computed 
by the principle of moments. 

James CMerk Maxwell (1830-1879), Cavendish Professor of Experimental 
Physics ut C'anibridgc University, originated and published in 1804 (15) 
the first significant contribution to the development of a theory for indeter¬ 
minate structural analysis. This was an analysis of a redundant framework 
by a metliod based on the e(|uality of the inlornal strain energy of a loaded 
structure* and the external work of the applied loads, an otpiality which 
had been previously established by Clape.yron Maxwell expressed the 
neeessary conditions for geometrical coherence by a set of equations in 
which the variables wore the redundant stresses. This was the first method 
developed for tlic systianatic analysis of indeterminate structures. In the 
course of liis analysis Maxwell set forth his theorem of reciproi'al deflec¬ 
tions, tint because his tn^atnuait was brief and was not illustrated by 
practical applications, the gr(‘at importaiu'e of the principle was not 
appreciated for some time. Tlu* Italian, E. Betti, published a generalized 
form of Maxwell’s theorem in 1872 and, consequently, it is often known 
as the Majcwetl-Betti rvcipnH'ol theorem. In another paper published in 1864 
(IG), Maxwell presented his stress diagram for trusses, which combines 
all individual force polygons into a single figure. The method was siib- 
s<HiuentIy <*xtended by Cremona and the resulting diagram is now often 
called the Maxwvil-Cremona diagram. As early as 1853, at the age of 
twenty-three, Maxwell had published a paper of considerable merit on 
elasticity, a paper which included a discussion of a series of photoclastic 
experiments and the interpretation of the fringes resulting from the use of 
circularly polarized light. 

A remarkable book (8) on structural mechanics was published in 1860 
by Professor Carl Culmann (1821-1881) of the Polytechnikum in Zurich, 
Switzerland, and it was largely as a result of this book that graphic statics, 
as an eflective means of structural analysis, came into being. Varignon 
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bad studied the polygon of equilibrium for a loaded string but Culmann, 
discarding the idea of a material string, used the string polygon as a tool 
of analysis. 

The contributions of the German, Otto Mohr (1835-1918), to the theory 
of structures are extremely significant. In 1868, he presented an outstand¬ 
ing paper (17) which discussed the representation of the elastic curve as a 
string polygon or, in other words, the method of clastic weights. On the 
same occasion he developed the closely allied method for computing 
deflections as bending moments in a fictitious beam loaded with elastic 
weights, that is, the conjugate beam method. In 1873, Professor Charles E. 
Greene of the- University of Michigan presciUed a related principle of 
moments of elastic areas by which the deflection of any point of a beam, 
from a tangent to the elastic curve at another point, may bo computed; 
this is usually called the moment-area method. 

In 1874 (18), apparently without any knowledge of the work done pre¬ 
viously by Maxwell, Mohr presented a simpler and more extensive deriva¬ 
tion of the same general method for the analysis of indeterminate structures 
by tlie simultaneous solution of condition e(]uations expressing the geo¬ 
metric cohenuice of the structure. Mohr\s development, however, utilized 
the principles of virtual work, and illustrative examples of various applica¬ 
tions of the method, including the effects of temperature variation, were 
appended. In 1887, he published (19) his correction diagram for use with 
the semi-graphical method for determining deflections of articulali'd 
structures, announced by Williot in 1877. Without Molir's correction 
diagram, the Williot diagram would be of very limited nst fulness, but the 
combined Williot-Mohr diagram is an extremely valuable mctluxl for 
determining deflections of articulated structures. Finally, in a jiapcr (20) 
published in 1892, Mohr used a slope and deflection method of analysis in 
connection with a secondary stress problem. 

An important basic principle of indeterminate structural analysis issued 
from the efforts of Alberto Castigliano (1817 1884), an engineer of the 
Italian railways, who first presented his theorem of least work as a thesis 
for an engineering diploma at Turin in 1873. A paper (2) published by 
him in 1876 presented the theorem of least work,* known as Castigliano ^b 
second lAeorem, as a corollary of his first theorem, his method for finding 
deflections. In 1879, Castigliano published a book (3) in Paris which was 
remarkable for its originality and, in addition, was mueli more compre¬ 
hensive than the work done previously b}" Maxwell and Mohr The 
importance of this book, in the development of indeterminate structural 
analysis, was very great. 

* It is interesting to note that the Italian general, L. F. Menabrca, had stated 
the principle of least work in a paper publi.shed in 1858, but his proof was un¬ 
satisfactory. 
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In Iho same year that Castigliano published his book (1879), Mandcrla 
presonled his analysis for secondary stresses in a truss with rigid joints, 
using the tangential angles at the member ends as the unknowns rather 
than th(' so(*ondary stresses or moments. 

Professor Heinrich Muller-lireslau (1851-1925), for many years a dis¬ 
tinguished member of the faculty of Teehnische Hochschulc in Berlin, is 
oiH' of the most outstanding principals in the annals of the theory of struc¬ 
tures In 188(), he published a basic method (21) fur the analysis of inde¬ 
terminate structures, although this is essentially a variation of the previous 
work of Maxwell and Mohr. The (‘ondition e<|iiations for geometrical 
coherence of a structure, as written by Muller-Breslau, are obtained by 
superposition of displacements as caused by individual redundant stresses 
and rewtions. The coefficients of the redundant stresses and reactions are 
the displacemcnt.s due to unit stresses and reactions and these displace¬ 
ments may be found by any nu'thod desired. Of particular note is the fact 
that he recognized and juiinled out the great value of Maxwell’s theorem 
of reciprocal deflections in the evaluation of these displacements. While 
working on this problem, Muller-Breslau discov<M'ed that the influence 
line for a r<‘act ion or internal stress in a structure is, l.o some scak‘, the curve 
of the structun^when defk'ctcd by an action similar to the reaction or 
sln*ss. Known as Mullvr-lirealnu's principle^ this is the basis for various 
indirect luethod.s tor the analysis of stnictuivs either determinate or iiide- 
ti'rminate, by the use of models 

Miilkn'-Brt'slau extended the applications of C'astigliano’s method of 
least work and also made signilicanf eontributions to the theory of space 
frames, both determinate and indeterminate. He made use of, and appar¬ 
ently originated, the method of timsion coefficients, a nu'thod discussed 
in his book (22) published in 1924, as well as in earlier editions. 

C1a\ton I'ldler in 1887 introdm'cd the method of “characteristic points" 
for the analysis of continuous l)eams, a method exteiulcd in 1905 and 1908 
by 111*' Dam*, A. Oslenfeld, to include either linear or angular yield of 
supports. 


A notable* contribution to the development of photoelastieity as a method 
for determining stresse*s was the pubIi(*ation in 1891 by C. A. (?arus Wilson 
of MetJill rniversity in Montreal of a study' by phot(H*lastie*ity of stresses 
in beams unele'r concentrated loads. As the result ejf Wilson’s work, the 
potentialities of photoetasticity became* apparent. 

In 19ir>, (1. X Muiu'yof the Ibmcrsily of Minnesota puldisheMl (14) his 
inelept'ntleail developnw'iit of the slopeMl(*flection method. Meflir, as 
prtwiously ne>t<Ml, had made use eif a similar method in connection with the 
problem of seconeiary stnvsses as early as 1892, but his work in this con¬ 
nection apparently attracted little attention. Maiiey developed and pre¬ 
sented slope deflection as a powerful mctho<l for the analysis of continuous 
frames. 
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The condition equations necessary to effect an analysis of a frame by 
slope deflection use deformations, that is, joint rotations and translations, 
as the unknown quantities, whereas in the general method of Maxwell and 
Mohr the unknowns are stresses and reactions. The general principles 
involved in methods of analysis of this kind, where deformations are the 
unknowns, were admirably set forth in a book (24) Avritten by A. Ostenfeld 
and publi^ed in 192G. 

Hardy Cross (1885- ) began teaching his method of moment dis¬ 

tribution at the University of Illinois in 1924. The method was published 
(6) in 1930 and has, to a large degree, revolutionized the analysis of con¬ 
tinuous frames. Without question it is one of the greatest contributions 
of all time to indeterminate structural analysis. The moment distribution 
method is related, in some degree, to the deformation methods, because 
individual joints of the frame under consideration are allowed to rotate in 
successive steps until a condition of geometrical coherence results, although 
the attainment of this coherence is not directly indicated by the results of 
the analysis. The general concepts of the method of moment distribution 
were extended by Cross in 1936 (7) to the problem of flow in networks of 
pipes and conduits. 

Professor 11. C. Southwell of Oxford University developed the “relaxa¬ 
tion method” of analysis, which is a method of calculation by successive 
approximations and which has varied applications. He published an initial 
paper (27) on tlie subject in 1935 and followed this with two books, one in 
1940 (29) and the other in 1946 (30). Southwell was not, in the beginning, 
aware of moment distribution as previously developed by Cioss, although 
the method is one of relaxation. 

Conclusion. Art is the doing of things; science, the knowing of 
things. Science is knowledge reduced to law and organized in system. Thus 
it is apparent that structural engineering, beginning in the prehistoric 
ages, existed only as an art down through the ancient and medieval periods. 
It is interesting to find that those who practiced structural engineering 
were not, even as late as the beginning of the eighteenth century, known 
as structural engineers, or even as civil engineers. As a matter of fact, up 
to this time there was no professional distinction between the civil engineer 
and the architect. Now, in retrospect, it is possible to classify a builder in 
the centuries before the eighteenth as an engineer or as an architect only 
on the basis of his principal inclinations and accomplishments. 

The emergence of the separate professions of the structural engineer And 
the architect was a slow process. The period of this adjustment can be 
considered to have been inaugurated early in the seventeenth century with 
Galileo’s attempted analysis of the cantilever beam. His work pointed the 
way, and by the middle of the eighteenth century some principles of statics 
had been formulated and the physical properties of several * important 
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building materials had been investigated. Quite logically, therefore, at 
this time there was a beginning of soientifie structural analysis and design. 
Those builders who first applied the ncAv science were the pioneer structural 
engineers. 

One of the first noteworthy applications of this new science was in the 
analysis of the dome of St. Peter's in 1742. The object was to determine 
the cause of cracks and to suggest corrective measures. It is interesting 
to find that the engineers who wrote the report were most apologetic for 
having used a Kcientific approach to the problem. By the middle of the nine¬ 
teenth century, however, scientific analysis of structural problems was quite 
generally accepted. It will l>e re<‘alled that by this time the Bemoullis, Euler, 
Coulomb, Navior, Clapeyron, Whipple, and de Saint-Vonant, together with 
Icsst'r contributors, had organized the beginning of a systematic and com¬ 
prehensive theory of slruclurcs. Simple beams and trusses could then be 
corrcct-ly analyzed and there was a beginning of a theory for column action. 

The Modern Period, designated herein as having begun in 1857, has seen 
the development of the remainder of the theory of determinate structures 
a.s well as inosi all of indetornunatc structural theory. A list of the most 
important contributors to indeterminate structural theory w^ould un¬ 
doubtedly include Clapeyron, Maxwell, Mohr, Castigliano, Mancy, 
Mullcr-Hreslau, Cross, Ostenfeld, and Southwell. 

In the absence of the farts, one might (juite naturally assume that the 
tlieory of indeterminate structures is a fairly recent and logical extension 
of a previously developed complete theory of determinate structures. 
Obviously this is not the case. In actuality, the sequence of solution of the 
iiasic structural problems was in no way related to their theoretical com¬ 
plexity. Euler, for example, had developed his treatment of long columns 
uYid Navier had analyzed arclies, suspension bridges, and eccentrically 
loaded columns before a method of analysis for simple trusses had been 
evolved. Many difficult problems relative to stresses in plates and cylinders, 
indeterminate to a high degree, were solved l)cfore the continuous girder 
was satisfactorily analyzed. It should be noted., however, that many of the 
early mc'thods were very involved and that new and easier methods have 
since been introduced. 

This brief discussion of the evolution of modern structural theory has 
been presented in the belief that it will broaden the interests, enhance the 
vision, and engender professional pride in the student. Perhaps he has 
found interest, even fa.scinalion, in tlicst* historical facts. If this is so, it is 
hoped that he will pursue the subject further and benefit greatly thereby. 
Understanding is most .perfect when based on a knowledge of things as 
they were in the lieginning. In the word.s of Aristotle, “He who considers 
things in their first growth and origin . will obtain the clearest view of 
them. ” 



17 


Specific References 

1. Brewster, D., Trans. Roy. Soc. (Ijondon), pp. 156-178, 1816. 

2. Castiouano, a., "Nuova t<^)i'ia intorno air cquilibrio del sistomi elastic!/' 
Trans. Acad. Sci. (Turin), 11, 127-286, 1876. 

3. Castiouano, A., Theorhne de V^yuUibre des sysUmes ^lastiques et ses 
applxcaiions. Paris, 1879. {Note: An English translation by E. S. Andrews, 
Elastic Stresses in StrnciureSj was published in 1919 by Scott, Greenwood and 
Son, London.) 

4. Clapeyron, B. P. E., Cornptes Rendus, 45. 1076, 1857. 

5. Coulomb, C. A., “Essai sur unc application des regies de maximis et 
minimis ^ quelques problemes de statique, relatifs d, rarehiteeture/' Memoirs de 
Mathimaiiqve et de Physique, pp. 343-3S2, 1776. 

6. Cross, H., "Analysis of Continuous Frames by Distributing Fixed End 
Moments," Proc. .Ini. Soe. Civ. Eytgrs., May, 1930. 

7. Cro.ss, H., “Analysis of Flow in Networks of Conduits or Conduetora/' 
Bull. Univ. III. Kng. Exp. Sla . No. 2S(i, 1936. 

8. CiiLMANN, C., Die GraphMiv Statik. Zurich, 1866. 

9. Fletcher, B., A History of Architecture on the Cpynpurniivc Method. 
London: Scribner's, 1948. 

10. Fraser, C. G., Half Hours with the Great Scientists. New York’ lleinhold, 
1948. 

11. Girvin, H. F, .4 Historical Appraisal of Mechanics. Scranton. Interna¬ 
tional, 1948. 

12. Grint|:b, L. E., Theory of Modem Steel Structures. Vol. 1. Now York: 
Macmillan, 1949. 

13. Lame, G., "Levons sur la theoric mathenmtiiiue do relasticit6 des corps 
Bolides." 1852. 

14. Maney, G. a., Studies in Engineering--No. I. University of Minnesota, 
1915. 

15. Maxwell. J. C., "On the Calculations of the Equilibrium and Stiffness 
of Frames/' Phil. Mag. (4), 27, 294, 1864. 

16. Maxwell, J. O., “On Reciprocal Figures and Diagrams of Forces,” Phil. 

(4), 27, 250, 1864. 

17. Mohr, O., “Beitrag zur Tlieoric der Holz- und Eisen Konstruktionen/' 
Zeiischrifi des Archiiekten und Ingenieur Vereines zu Hannover, 1868. 

18. Mohr, 0., “Beitrag zur Theorie des Fachwerks," ZeUschrift des Architek^ 
tenund Ingenkur Vereines zu Hannover, 1874-5. 

19. Mohr, 0., "t)ber Geschwindigkcitsplane und Bcschleunigungs plane," 
ZudHngineur, 1887. 

20. Mohr, 0., "Die Bereehiiung der Fachwerke mit starren Knotenver- 
bingungen,” Zwilingineur, 1892. 

21. Muller-Breslau, H, F. B,, Die Neuren Methoden der FesUgkeilstehre 
und der Statik der Baukonstrukiionen. Berlin: 1886, 

22. Muller-Breslau,F. B., Die Afeuren Methoden der Festigkeitslehre. 
Lcipwg, 1924. 



18 


A BRIEF HISTORY OP STRUCTURAL THEORY 


[chap. 1 


23. Navier, L. M. H., R^sumi des legons donnfes a Vecole des Ponts ei Chaussies 
9UT rapplication de la mSchanifjue a rHabliss€77te7it dcs constructions et des machines, 
1826. 

24. OsTENFEU), A., Die Deformationsmet/iode. Upriin: Springer, 1926. 

25. Parcel, J. T. and Maney, (i. A., Slalical/r/ Indeterminate Stresses. New 
York* Wiley, 1936. 

26. Ritter, A., Elementare Theoric und Herechnung cisener Dach- und Brucken- 
konstruktionen. HannovcT, 1863. 

27. Southwell, R. V., "Stress Calculation in Frameworks by the Method of 
Systematic Relaxation of Constraints,” Proc„Rog. Sor., AlSl, 56-95, 1935. 

28. Southwell, R. V., An Inlroduciion to the Theory of Elasticity. London: 
Oxford University Press, 1936. 

29. Southwell, R. V., Relaxation Methods iii Engineering Science—A Treatise 
on Approximate Compwta/ion Oxfoi'<l: Clarendon Press, 1940. 

30. SouTHWPLL, R. V., Relaxation Methods in Theorvticat Physics. London: 
Oxford University Press, 1946. 

31. Westergaahi), H. M., "One Hinidre<l Fifty Years Advan'’e in Strnetural 
Analysis,” Trans. Ain. Soc. Civ. Engrs., 94, 226-240, 1930. 

32. Whipple, S., Elementary and Practical Treatise on Bridge Building. 
New York: 1847. 


(irKNERAL REFERENCES 

33. BREASTr.i), J. H., A History of the Ancient Egyptians. New York: Scrib¬ 
ner’s, 1908. 

34. Breastel. j. IL, The Con^wesf of Civilization, New York: Harper, 1937. 

35. Briggs, M. S., The Architect in History. Oxford: Clarendon Press, 1927. 

36. Chiera, K., They Wrote on Clay. Chicago: University of Chicago Press, 
1938. 

37. Fleming, A. P. M. and Buocklliutrst, H. J., .1 History of Engineering. 
London: Block, 192.5. 

38. Forhks, R. j., Man the Maker~-A History of Technology and Engineering, 
New Yoik: Sehuinan, 1050. 

39. Granger, F., Vitruvius on Architvclurc. Cambridge: Cambridge Univer¬ 
sity Press, 1945. 

40. Hart, .1. 1).. The Mechanical /nrcs/i^a/tons o/ Leonardo daVinci, London: 
Chapman and Hall, 192.^. 

41. Hoskins, C. H.. (Sb/die-s' on the History of Medieval Science. Cambridge: 
Harvard University Press, 1024. 

42. Jeans, Sir James, The Growth of Physical Science. New Yoivk: Macmillan, 
ip48. 

43. Kihh^, R. S., WriiiiNGTON, S., Darling, A. B., and Kilgour, F, G., 
Engineering in History. New York: McGraw-Hill, 1950. 

44. Layson, j. F., Famous Engineers in the Nineteenth Ccnlwry. London: 
Scott, 1885. 

45. Molitor, D. a.. Kinetic Theory of Engineering Stniciurcs. New York: 
McGraw-Ilill. 1911. 



REFERENCES 


19 


46. Sedgwick, W, T., and Tyler, E. W., A Short History 0 / Science. New 
York; Macmillan, 1939. 

47. Strattb, H., a History of Cu^ En^'neertn^. London: Hill, 1952. 

48. Timoshenko, S. P., History of Strength of Materials. New York; McGraw- 
Hill 1953. 

49. Westeroaard, H. M., Theory of Elasticity and PlasticUy. Cambridge; 
Harvard University Press, 1952. 

50. Wolf, A., A History of Science^ Technology and Philosophy in the XYlth 
and XVIM Centuries. 2nd ed. London: Allen and Unwin, 1950. 

51. Wolf, A., -4 History of Science^ Technology and Philosophy in the XVIII/A 
Century, 2nd ed. Ijondon: Allen and Unwin, 1950. 



CHAPTER 2 


STABIUTY AND DETERMINATENESS OF STRUCTURES 

2*1 General. Squire Whipple, as indicated in Chapter 1, published his 
treatise, Bridge Building^ in 1847 and as a consequence engineers were able 
for the first time to apply a rational analysis to jointed trusses. All types 
of structures had previously been built with little, if any, regard as to 
whether or not they were determinate, and indeed many of these structures, 
particularly bridges, were highly indeterminate. This is not surprising in 
view of the fact that comparatively little existed in the way of a rational 
theory prior to 1847. 

Whipple’s analysis was one of many notable contributions to structural 
theory published during the last half of the nineteenth century. As a 
result, an aversion to indeterminateness in structures appears to have 
devxloped in the United States as structural engineers became aware of 
their incompetence in indeterminate structural analysis and of the danger¬ 
ous inade(|uacy of the old methods of design. Apparently this antipathy 
had become quite general by the end of the nineteenth century. 

The fact that indeterminate structures are now often used in the United' 
Stales, when they represent the best structural solution to a given problem, 
can De attributed in large degree to four developments. The first of these 
was the introduction of reinforced concrete in the period from 1900 to 1910. 
Here was a building material, with potential advantages which could not 
be ignored, that naturally produced a continuous, and therefore indeter¬ 
minate, structure. Methods of analysis had, of necessity, to be devised. 
The second development came (juite logically in 1915 with the publication 
of Professor Maney’s presentation of the slope-deflection method. For 
certain types of stnictures, this was superior to alternate available methods 
of analysis and ser^'ed to stimulate considerable interest in indeterminate 
structures. With the introduction of arc welding of structural steel, 
beginning about 1920, came the third development. By 1935 welding was 
recognized not only as an excellent method for making connections, but 
also as permitting a new and inspiring flexibility in the design of steel 
structures. Here again was a new type of construction which naturally 
resulted in continuity. Finally, the method of moment distribution, de- 
velopc'd by Professor Cross, was published in 1930. This was received with 
enthusiiiMn by the majority of the profession and, since it was easy to 
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iderstand^ did much to remove what little remained of the former general 
strust of the indeterminate structure. 

In briefly tracing the evolution of the classification of structures as 
^terminate or indeterminate, it is interesting to observe that such a 
ossification was probably impossible before the latter part of the nine- 
enth century because there was apparently no general comprehension as 
» exactly what structural charaetcTistics 4‘onstitute determinatenesa or 
^eu theoretical stability. Since an understanding of the principles involved 
important, they Avill be discussed in the following sections of this chapter. 

2-2 Stability. A stable sirueture wUl support anp conceivable st/stem of 
ppUed loads, resisting these loads elastically and immediately upon their 
oplication, the strength of all members and the capacity of all supports being 
msidcred infinite. In other words, the stability of a structure depends on 
le number and arrangement of the reaction components and component 
arts, rather than on the strength of the supports and parts of the struc- 
ire. Even though a structure may be stable for a particular load or system 
! loads, unless it is also stable for any other (*on(‘eivabIe system of loads, 
is classified as unstable. Quite often an unstable structure will be stable 
tidor a particular system of applied loads, when it is m this condition it is 
lid to Im? in a state of unstable equilihriitm. Since a structure, to be classi- 
ed as stable, must be stable under any conceivable system of loads, it is 
ivisable to omit all loads when considering the (luestion of stability and 
etenninateness. Therefore no loads Avill be shown on the illustrations in 
ctions which follow. 

2-3 Articulated structures and continuous frames. A truss, or an articu- 
lied sinteture, is composed of links or bars, assumed to be connected by 
Hcitnnlcss pins at the joints, and arranged so ihat the area enclosed within the 
oumtaries of the structure is subdivided by the bars into geometrical figures 
^hich arc usually triangles. Since the pins at the joints are assumed to be 
:ictionless, the bars of an articulated structure are considered, in the 
majority of cases, to be subjected to axial stresses only. These are called 
primary stresses. Actually, of course, joints are bolted, riveted, or 
welded. Consequently, the members at a joint are not free to rotate rela- 
ive to one another, as they tend to do, when the structure -deflects under 
>ad. As a result, bending stresses are induced in the bars. These are known 
the secondary stresses (to be discussed in a later section) and, in some 
are important. 

continuous frame is a structure which is dependent, in part, for its 
hility and load-carrying capacity upon the ability of one or more of its joints 
I resist moment. In other words, one or more joints are more or less rigid, 
lie members of a continuous frame are usually subjected to axial loads, 
and moment. 
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A Structure, whether a continuous frame or articulated, is either stable 
or unstable and either determinate or indeterminate depending upon the 
number and arrangement of internal component parts and external 
reaction components. 

2-4 Determinateness. As to determinateness, structures are conven¬ 
iently divided into two groups, the two-dimensional and the three-dimen¬ 
sional or space frame. This discussion will be confined to the two- 
dimensional problem. An indeierminate ntmciure may be defined os one for 
which the reaction components and internal stresses cannot be compUtdy 
determined by the application of the three condition equations for static equi~ 
librium. These equations, of course, are S/f = 0, SK = 0, and Silf = 0. 
Indeterminate structures differ in the extent or degree of indeterminate¬ 
ness. The degree of indeierminateness for a given tiructure is the number of 
unknowns over and above the number of condition equations available for 
soliUion. 

It is convenient to consider stability and determinateness as follows: 

(a) With respect to reactions; that is, external stability and deter¬ 
minateness. 

Cb) With respect to members; that is, internal stability and deter¬ 
minateness. 

(c) A combination of extenial and internal conditions; that is, total 
stability and determinateness. 

2-5 External stability and determinateness. Three reaction components 
are necessary, but not cdways sufficient, for external sUdfUity of two-dimenr 
sional tiructures. A fixed support will provide three reaction components, 
consisting of a moment component and two force components, as shown 
in Fig. 2-l(a). These force components are usually taken as parallel to 
horizontal and vertical axes. A knife-edge or pin support, as in Fig. 2-1 (b), 
will provide two force components but no moment component. As indicated 




Figure 2-1 
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in Fig. 2-1 (c), only one force component, normal to the plane of action of 
the rollers, can exist at a roller support. The rollers are considered to be 
capable of providing a reaction acting with either sense in a direction 
normal to the plane. 

If three reaction components act on a two-dimensional structure, the 
arrangement of these components is important. When, for example, the 
lines of action of the three components are concurrent, the structure is 
externally unstable because, even though complete collapse probably will 
not occur, a small initial rotation about the point of concurrency will be 
possible before elastic restraint is developed. The structure will also be 
unstable if the three reaction components have parallel lines of action. 

If the number of reaction components is less than the number of inde¬ 
pendent condition equations for equilibrium of the structure, then the 
structure will be externally unstable. If the number of reaction components 
exceeds the number of independent condition eejuations for the equilibrium 
of the structure, then the structure is externally indeterminate to the 
degree by which the number of external reaction components exceeds the 
number of condition equations. These condition e(]uation8 arc ZH = 0, 
SF = 0, and SM = 0 applied to the structure as a whole, and, in 
addition, any other equations provided by special features of construction, 
such as internal pins or links. (A link consists of a short bar with a pin at 
each end.) 

Whenever a structure is externally determinate and stable, the number 
of reaction components will be equal to the number of different types of 
movement which would be possible if the reaction components were re¬ 
moved. These movements, which may he either of the entire body or 
relative movements of the various part-s, must be possible without the 
inducement of internal elastic strains. One condition equation, for the 
evaluation of reaction components, may be written for each type of move¬ 
ment prevented. Thus each pin inserted in a structure in such a position 
as to make possible the relative rotation of parts of the structure will 
provide one additional condition equation for the evaluation of reaction 
components. 



Fiqurr 2-2 

Consider the rase of the propped cantilever in Fig. 2-2. There are five 
reaction components, and since three condition equations are available 
from statics for extemRl equilibriuhi, the beam is indeterminate externally 
to the second degree. 
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In Fig. 2-3 there is a beam with pin ends but each end is mounted on 
rollers. The number of independent reaction components is one less than 
the three required for stability and the beam is unstable. 



Figure 2-3 



The continuous frame shown in Fig. 2-4 has six reaction components 
and consequently is externally indeterminate to the third degree. 







Figure 2-5 


In Fig. 2-5, a continuous frame indicated which is externally indeter¬ 
minate to the sixth degree. 

Figure 2-6 shows a fixed arch ^^hich is externally indeterminate to the 
third degree. 



Figure 2-7 indicates u thrw'-hinged arcli with four reaction components 
that is externally determinate, since a fourth condition equation for 
etjuilibrium is available because of the center hinge. The insertion of the 
hinge at the crown makes possible the rotation of either part of the arch 
with respect to the other, unless this rotation is prevented by the leaction 



Figure 2-7 
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components; kence the fourth condition equation expressing the fact that 
the moments about the hinge must be zero for the portion of the arch on 
either side of the hinge. 


X 



Figukk 2-S 

Consider the articulated structure in Fig. 2-8. In this case there are six 
reaction components. In addition to the three condition c(|ii:i1 ions express¬ 
ing the eciuilibrium of the articulated structure as a whole, the pin at joint x 
makes it possible to write a fourth condition etjuation ihdi(‘ating that the 
moments of all load.s and reactions acting on the portion of the structure 
on either side of the pin must be zero. Cons<‘<|ueiitly the structure is 
externally indeterminate to the second degree. 

The beam of J''ig. 2-9 is externally determinate. There arc four reaction 
components, but a fourth condition efjuation is provided by the fact that 
ZM must e<pial zero about the pin. 

Figurk 2-9 

The structure indicaUnJ in Fig. 2-10 has five reaction components. In 
this case, two internal pins exist, one at each end of the link. The addition 
of each pin makes one additional type of m«LVcment po.ssible if reaction 
components are renjoved. Two condition e(iuations are therefore provided 
by the link. Hence a total of five condition etiuations arc available and the 
structure is externally stable and determinate. If rollers were inserted at 
either end support, then only four rea<‘tiun components would oxtst and 
the structure would be unstable. 



Figurk 2-10 
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Actually, as previously indicated, each condition equation expresses a 
condition which must be fulfilled in order to prevent a particular type of 
movement of a part or of the whole structure, such movement occurring 
without elastic resistance to the applied loads. Thus, in Fig. 2-10, the 
satisfaction of the equations ZH = 0, 27 = 0, and ZM = 0 for the 
structure as a whole will respectively ensure that the structure in its 
entirety will neither move horizontally or vertically, nor rotate. In 
addition, the satisfaction of the equation ZM — 0 for the portion of the 
structure on either side of the pins will guarantee that these portions will 
not rotate about the pins. Finally, the satisfaction of ZH = 0 for the 
portion of the structure on either side of the pins will prevent the horizontal 
movement of one portion of the structure relative to the other. Thus five 
independent conditions are set up which must be satisfied simultaneously 
by the reaction components in order to prevent the five possible move¬ 
ments of the structure. I'^ive reaction components are necessary to do this. 
Any fewer than five reaction components will result in instability and any 
more than five will result in indeterminateness, since in this case two or 
more reaction components will cooperate in preventing one of the possible 
movements of the structure. With the condition ec|uations available, it 
will be impossible to determine to what extent ea(‘h of the cooperating 
reaction components prevents this movement. 

If the number of reaction components is e(]ual to the number of condi¬ 
tion equations, the structure will u.sually, but not always, be externally 
determinate and stable. It is pobfe»ble for the above eciuality between 
reaction components and condition e({uations to exist and still result in a 
structure which is unstable. 

Consider, for example, Fig. 2-11. Four reaction components exist and 
four condition equations are available, these four equations consisting of 
the three equations of static equilibrium applied to the structure as a 
whole and ZM = 0, for either part of the structure, about the center pin. 



Figure 2-11 


When a load is applied, however, a small initial displacement will occur 
whi(‘h will not be resisted elastically by the structure. Consequently, the 
definition for a stable structure, which specifies that immediate elastic 
restraint will oppose an applied load, is not satisfied. Very often when this 
occurs the structure will collapse. In this case, collapse will not occur, the 



2 - 6 ] 


IfiTTEKNAI. BTABILITY AND DETERMINATENESS 


27 


structure coming to rest in some position as shown by the dotted lines. 
This particular type of instability, then, is classed as geometric inslahilityt 
a term which has significance in view of the fact that the instability ac¬ 
tually exists because of the geometric arrangement o! the members. If 
the two bars of Fig. 2-11 had originally been placed in the dotted position, 
the structure would have been stable. (The reader is referred to Fife and 
Wilbur (1) for a profound discussion of this type of instability.) 

2--6 Internal stability and determmateness. There is some question as 
to the advisability of considering that a condition of internal determinate¬ 
ness or indeterminateness may exist in a structure. Actually, the fact 
that a given structure is internally determinate or indeterminate is 
largely of academic interest. In the analysis of an indeterminate struc¬ 
ture, the (|uestion of external or internal indeterminateness is usually 
incidental; only the degree of total indeterminateness (that is, the sum¬ 
mation of the degrees of external and internal indeterminateness) is of 
primary importance. Nevertheless, it is felt that a discussion of internal 
indeterminateness is desirable as an approach to a consideration of total 
indeterminatencss. Internal stability or instability, however, and the skill 
to determine which condition exists in a given case, is of considerable 
practical importance. Articulated structures will be considered first in this 
section, followed by a discussion of continuous frames. 

The dpcisioji as to whether a given articulated structure is internally 
indeterminate or determinate, and the degree of iiiternal indeterminate¬ 
ness, will depend upon what is considered to (constitute internal determi- 
nateiiess Therefore it is necessary that a clear concept be established as 
to what is meant herein by an internally determinate structure. A structure 
is internally deUrminalc if, wiOi all reaction components necessary for external 
stability knovm and acting on the structure, it is possible to determine all 
internal stresses by applications of the three condition equations for static 
cquilibri um. 

First, consider the Pratt truss shown in 1^'ig. 2-12. Each joint in the truss 
yields tw'o condition equations, 2// = 0 and XV -- 0, for the determina¬ 
tion of all the unknown for(*cs acting at the joints, including bar stresses 
and reaction components. This results in the equation 

2j - 6 + r, 

where j is the number of joints and b is the number of bars. The value of r, 
regardless of the number of reaction (components actually made available 
by the various supports of tlu* structr're, must he the number of reaction 
components required for external stability and deicrminutene.ss. In other 
words, sin(;e an investigation into internal conditions cannot 1 m' conipfictely 
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divorced from a consideration of reaction components, these must be 
assumed consistent with external stability and determinateness since, by 
so doing, any indication of instability or indeterminateness will clearly be 
due to internal conditions. The proper value for r, as indicated in Section 
2-5, will be the number of condition equations available for the evaluation 
of reaction compoiu^nts, since this is also the numtier of reaction compo¬ 
nents ne(‘essary for external stability and determinateness. The left-hand 
side of the etiuation, 2j, represents the number of simultaneous condition 
equations available for the solution of the unknown bar stresses and 
reactions, b -1- r. 

The above equation expressing the relationship between the number of 
condition equations available for the solution and the number of bar 
stresses and reactions is usually written as 

b = 2j ~ r. 

Particular attention is called to the fact that the satisfaction of this eqitaiion 
is a necessary condition for internal determinaieness and stability of an 
articulated structure, but it is not sufficienL To understand the significance 
of this statement, consider the truss of Fig. 2-12. The number of joints is 
12, the number of bars 21; and, by substituting in the above equation, 

21 = 24 - 3 = 2] 

and the truss is stable and determinate, according to this equation. 

Suppose, however, that this truss is changed as shown in Fig. 2-13. The 
number of joints is now 13 and the number of bars 23. Again the condition 
equation is satisfied. It is obvious from an inspection of the structure, 
however, remembering that all joints are considered to be pinned, that 
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collapse will result from the rotation of the top and bottom chord meml>er8 
in the panel where no diagonal exists. It is apparent, therefore, that 
satisfaction of the above equation is not a sufficient condition for internal 
stability of an art U'U luted structure. 

Moreover, it is impossible to determine the stresses in the two crossed 
diagonals of Fig. 2-13 by use of the three condition equations for static 
equilibrium. It should be apparent that any vertical shear existing in the 
panel having the two crossed diagonals will be divided (not necessarily 
equally) between the two diagonals. In other words, two possible stress 
paths are provided for the stability of the panel, whereas only one is neces¬ 
sary. It is impossible to determine in what proportions this vortical shear 
will be divided between the two diagonals by use of the three condition 
equations for static equilibrium. Hence the structure is internally inde¬ 
terminate to the first degree, in addition to l)eing internally unstable. 
Con.soquently, the given condition (H|iiation is sufficient neither for internal 
determinateness nor for internal stability. 

The reader will find- after some experience that in mnat canes the question 
of stability and internal indeterminateness of an articulated slruciurc can most 
easily be settled by inspection and by a constdcralutn of stress paths, and that 
very little aiieniion will hare to be given to equations. 

If one desires to use* the above condition (H[uatiun (its usi' is sometimes 
a necessity), then it should be remembered that .'^afislaction of this equa¬ 
tion means that the structure in question may l)e, but not necessarily Ls, 
internally determinate and stable. A final d(*cisioii that the structure is 
both determinate and stable should l)e based upon common sense and 
upon a (consideration of stress paths. If the* condition e(|uation is not 
satisfied, the structure is either internally unstable or internally inde¬ 
terminate, or possibly both. If b is less than 2j — r. the structure is 
internally unstable. If b is larger than 2j — r, the structurt' is internally 
indeterminate, usually to the degree indicated by the e.xcess of 6 over 
2j - r. The application of the condition c(|Uutioii will be demonstrated 
with .several problems. 

Consider the small strudure of Fig. 2-14. Hy inspec^tion it is externally 
indeterminate to the first degree For use in the equation, b ^ l^j ^ 5, 
and r = 3, since it is possibli' to remove either horizontal reaction com¬ 
ponent (that is, connect cither .sup[)(jrt to rollers o(K*rating so that a reac¬ 
tion component either up or down will bo available, but no horizontal 
reaction component can exist) and still have stability. Therefore in 
h = — r, the result is 

7^2X5 -3=7 

and the nec^essary condition for internal stability and determinateness is 
satisfied. Inspection of the structure shows that it is stable. Therefore, 
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if the reaction components (all of which may now be considered to act) an; 
known, it is possible to determine all bar stresses by applying the three 
equations for static equilibrium and this, it will be remembered, in this 
discussion constitutes internal detenninateness. 

In the case of the tower of I'ig 2-15, the first tendency is to class it as 
externally indeterminate to the first degree, since four reaction components 
exist. Actually, however, in addition to the three condition equations for 
static equilibrium, applied to the structure as a whole, a fourth condition 
e<iuation is provided by the fact that 2M must equal zero for AB about 
the pin at B. I'he reaction component Hi will exist when an action, other 
than a vertical force, is applied to AB between A and B. For the purpose 
of the criterion, or condition equation, for internal indeterminateness and 
stability, h = 8, J •= 6, and r — 4 Attention is again called to the fact 
that, when investigating internal indeterminateness and stability, r must 
be the number of reaction (‘omponents nece&sary for external stability and 
determinatene.ss In the given case, the reaction //1 is absolutely necessary 
for stability and hence r -- 4. Substitution in 5 — — r gives 

8^2X()- 4 = 8 

and the necessary condition equation for internal stability and deter¬ 
minateness is satisfied. Inspection of the structure will establish internal 
stability and determinateness as a fact 

The propped cantilever truss of Fig. 2-10 is externally indeterminate to 
the second degree In this case, 6 = 18 (without the dotted member AB), 
j == 11, and r = 4, since either H\ and Vi or H 2 and Hz can be removed 
and the structure will still be stable Substitution in b = 2j ~ r will give 


18 = 22 - ' 4 =r 18. 
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This indication of internal stability and determinateness may be verified 
by inspection. Addition of the member AB (indicated by dashed lines) 
will increase b to 21 and j to 12^ and therefore 

21 24 - 4 = 20 

and the structure is internally indeterminate to the first degree. 



If the structure of Tig. 2-lC is modified to that shown in Fig. 2-17, the 
external indeterminateness is increased to the third degree. A count gives 
b = 21, j = 12, and r = 3. Substitution in the condition equation will 
result in 

21 = 2 X 12 - 3 =^1 

and the indication is internal determinateness and stability, which is 
verified by inspection. 

As an additional example consider Fig. 2-18, a case where the number of 
joints is 6, the number of bars 8, and the number of reaction components 
(necessary for external stability and determinateness) is 4. I’ossible ar- 



Figure 2-18 
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rangements of these 4 reaction components arc shown in Fig. 2-19. Sub¬ 
stitution in the condition equation results in 

8 = 2X6-4 = 8, 

which indicates that the structure is internally determinate and stable, 
and this is confirmed by inspection. 





In the case of the tower of Fig. 2-20, b — 22, j == 12, and r = 4 ^ and 
hence 

22f^2X12-4 = 20. 

Thus the indication is that the structure is internally indeterminate to the 
second degree, which inspection will corroborate. 



In the case of the continuous truss shown in Fig. 2-21, j is 28, 6 is 53, 
and r is 3, and hence 

53 = 2 X 28 - 3 = 53. 



Figure 2-21 
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Internal stability and determinateness are indicated, which is, in fact, 
the case. 

As a final example, a three-hinged structure is shown in Fig. 2-22, where 
j is 23, 6 is 42, and r is 4. Therefore, 

42 = 2 X 23 - 4 = 42 

and the indication is that the structure is internally determinate and stable. 
Inspection will show that this is the case. 



Any discussion of internal indetcnninatoiiess of a continuous frame is 
academic and usually without practical significance. Such a problem can 
be investigated by means of a formula, as with articulated structures, but 
the situation is (luite readily analyzed by inspection. If a formula is pre¬ 
ferred, it miglit be written as 

D =- 3«, 

where D is the degree of internal indeterminateness and the value of n is 
the number of segments of area, within the outline of the frame, which are 
completely enclosed by the frame members. I'hus segments adjacent to 
foundations are not counted. 



A B C D E 

Figurk 2-23 


Consider the continuous beam in Fig. 2-23. Assuming that all reaction 
components have been determined, it is possible, if the loads on each span 
are known, to determine the internal moments and shears successively at 
B, C, and D merely by the application of the three equations of static 
equilibrium to each individual span. The continuous beam is therefore 
internally determinate, a fact which agrees with the equation, for n 
therein would be zero. 
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C'onsider next the frame of Fig. 2-24. Assuming that the reaction com* 
ponents, that is, moment, thrust, and shear, have been determined at the 
column bases, then by treating the first-story length of each column, 
that is, AE, BF, C(r, and Z>/f, as a free body, the internal stresses in these 
members at E, F, G, and H can be determined by the three equations for 
static equilibrium. At joint E then, when considered as a free body, there 
are still six unknowns consisting of moment, thrust, and shear in El and 
EF, The three condition equations for static equilibrium might arbitrarily 
be assigned to the solution of the internal stresses in El, but there are still 
three unknowns at the joint in the stub of the member EF, and thus three 
degrees of internal indeterminateness are contributed by the member EF. 


I J K L 



Figure 2-24 


Once the internal stresses EF (a designation which will be taken to mean 
the moment, thrust, and shear at end E of the member EF, whereas the 
internal stresses FE would have the same significance for end F) are de¬ 
termined, the internal stresses FE can be easily found by statics applied 
to EF as a free body. The internal stresses FB having been previously 
determined, there are again six unknowns at F. Again, if we assign the 
condition equations for static equilibrium to the determination of the 
internal stresses FJ, it is apparent that the member FG contributes three 
degrees of internal indeterminateness. Proceeding to joint G, the internal 
stresses GF and GC may be determined as in the discussion of joint F and 
the member GH contributes thi^e degrees of indeterminateness. If we con¬ 
sider joint H, the internal stresses HG and HD may be determined as 
before, *vhich leaves the internal stresses HL as unknowns. Since the 
three condition e(]uations for equilibrium apply to joint H, no indetermi¬ 
nateness exists at H. ]^ro<*eeding to the top level, and using similar reason¬ 
ing, we find that no indeterminateness exists at / or L. This means that the 
internal stresses JI and KL may be found by statics, which is also true for 
the internal stresses JF and KG, and therefore there are only three un¬ 
knowns, and hence no indeterminateness, at joints J and K. This will be 
found to be true for the top level of any frame. Addition of the degrees 
of internal indeterminateneas enumerated above will give ,a total of nine; 
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a check by the equation, with n = 3, also indicates internal indetermi¬ 
nateness of the ninth degree. 

As a final example, consider the frame of Fig. 2-25. A count will give 
n as 22 and the frame is therefore internally indeterminate to the sixty- 
sixth degree. 



2-7 Combined external and internal indeteiminateness. The reader 
will presently understand that the question of external or internal inde¬ 
terminateness of a structure, when either is considered without respect to 
the other, is quite academic. This is true because the external and internal 
conditions cannot be divorced from each other in an analysis. In other 
words, if a structure is externally determinate and internally indeterminate, 
the reaction components will usually be evaluated before the bar stresses 
are determined; on the other hand, if a structure is internally determinate 
but externally indeterminate, no solution for the reaction is possible that 
is independent of the bar stresses. Obviously, then, if a structure is both 
externally and internally indeterminate, both reactions and bar stresses 
enter into the solution. 

It will be found that when an indeterminate structure is being analyzed 
by a method which necessitates the solution of simultaneous equations, 
one equation is required for each degree of indeterminateness, regardless 
of whether the determinateness is external or internal. It is therefore 
apparent that, in the final analysis, it is the total indeterminateness of the 
structure which is of interest. For this purpose, the equations previously 
considered must be revised either as to interpretation or as to use. In the 
case of articulated structures, the criterion equation was 

2j = b + r. 

The only revision necessary to utilize this equation in checking for total 
indeterminatenesB is in the significance of r, which should now be entered 
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as th(* total number of reaction components. Thus, for the continuous truss 
sliown in Fig 2-21, j is 28, b is 53, and r is 5. Substitution yields 

2 X 28 53 + 5; 

5(i ^ 58, 

and the stnieture is totally indeterminate to the second degree. 

Th(^ efjuation for checking internal indeterminateness of a continuoxis 
structure has lH*en given as 

D --- 3rt. 


'I'his should be revised to n^ad 

I) - 3n 4 r 3, 

where r is tiu* total number of reaction jomponenis and 3 represents the 
condition ecpiations supplied by the reciuirements for static equilibrium of 
the stnndun* as a wiiole. C’onsequently, for lh(‘ continuous beam shown 
in I'ig 2 23. r is 7, n is 0, anti 

J) ^.7 - 3 - 4. 

In Fig. 2-24. r is 12, n is 3, and 

I) -- 3 X 3 -I 12 3 - IS 

In Fig 2 25, r is 27, n is 22, aiul 

71 - 3 X 22 I 27 - 3 = yO. 
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Pbobleicb 


Determine the external and internal conditions of stability and determinate- 
neai for the following structures: 


Answers 



External Intenud 


Unstable Stable 

Determinate 





Stable 

Determinate 


2-3. 



Stable Stable 

Determinate Indeterminate 

Third degree 


Stable 

Indeterminate 
Sixth degree 


Stable 

Indeterminate 
Third degree 


Stable 

Indeterminate 
Third degree 
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Answers 


2 - 10 . 


2 - 11 . 


2-r>. 


2-1.3. 


External Inierrud 



Stable 

Indctc^rminate 
"rhird degree 


Stable 

Indeterminate 
Ninth degree 



Stable 

Indeterminate* 
Third degree 


Stable 

Indeterminate 
'riurd degre<i 



Stable 

Indeterminate 
First degree 



Stable 

Determinate 


Stable 

Determinate 


aTABiXiirr and detericinateness or btructurss {chap. 2 



Answers 


^Elemoi 

2-14. Stable 

Indeterminate 
First degree 





Jnlemol 

Stable 

Determinate 


2-15. 


Stable Stable 

Determinate Determinate 



2-16. 



Stable 

Indeterminate 
Fifth degree 



Stable 

Determinate 


Stable 

Indeterminate 
Sixth degree 


Stable 

Indeterminate 
First degree 
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Answers 


External Internal 


2-18. 


Geometrically 
unstable 
Indeterminate 
First degree 



Stable 

Determinate 


Stable 

Indeterminate 
Second degree 



2 - 20 . 



Stable 

Indeterminate 
First degree 


1. FiFKf W. M. and Wilbur, J. B., Theory of Indeterminate iS(ri/c(ures. New 
York: McGraw-Hill, 1937. 


CHAPTER 3 


BASIC CONCEPTS 

3-1 General Any treatment of indeterminate structural analysis 
should include some brief discussion of the advantages and disadvantages 
which are, in general, attributed to indeterminate structures. Moreover, 
the reader should understand that indeterminateness in a structure will 
require certain departures, aside from the theory involved, from the 
anal 3 r 8 is-design sequence as usually applied to determinate structures. In 
addition, several theoretical principles may be regarded as fundamental to, 
and should therefore be presented before, the development of methods of 
analysis. 

The object of this chapter, therefore, is to discuss those facts and to 
develop those theoretical principles which, in the opinion of the author, 
are prerequisite to a proper and appreciative understanding of indeter¬ 
minate structural analysis. 

3-2 Detemiiiiate vs. indetenninate structures. Probably the first, and 
often the most important basis for the comparison of two or more com¬ 
petitive designs for a given structure will be that of economy. No general 
statement can be made as to the relative economy of determinate and 
indeterminate designs. Since each structure usually constitutes a new 
problem, the aspect of economy will often be decided by the particular site, 
fabrication, or service conditions. Depending upon these conditions, 
either type may be found to be more economical than the other. 

It is probable that an indeterminate structure will be more beautiful 
than an alternate determinate structure. The usual graceful lines of 
an arch, a suspension bridge, or a rigid frame can seldom, if ever, be 
approached in a determinate structure. One disadvantage of the inde¬ 
terminate structure, however, arises from the fact that, since relative 
positions of members and supports cannot be varied without causing 
stresses in all or part of the structure, the effects of temperature changes, 
or settling supports, or errors in fabrication or erection may be significant. 
Consequently, foundation conditions must be good and fabrication and 
erection should be carefully controlled. 

The analysis of an indeterminate structure is, of course, more involved 
than that of a corresponding determinate structure. This cannot be con¬ 
sidered to be a serious disadvantage, however, since analysis usually 
represents a small percentage of the total cost. 

42 
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3-3 Analysis-design procedure for indeterminate structures. The en¬ 
gineering activity on any project may be considered to proceed through 
four different stages: planning, analysis, design, and construction. These 
four stages will be briefly discussed before considering the analysis-design 
procedure as applied to indeterminate striu'tures. 

Planning may be thought of as including all activity dealing with the 
development of an initial idea into a general plan. Different types of struc¬ 
tures often have to be considered as possible optimum sdiulions. Erection 
problems peculiar to each type must, if they exist, he recognized. Cost 
estimates will be required, and consccjucnlly some preliminary analysis 
and design will usually be necessary before a definite structure^ type can be 
selected and before general plans can be prepannl, 'rhose plans would, at 
the least, show over-all dimensions and general arrangement of the project. 

The analysis of a structure would normally be considered to include all 
work dealing with the evaluation of axial stressi^s, shearing stn\sses, or 
bending moments as causinJ by any action the strurlure may be required 
to resist. A method of construction or erection may have to be defined 
during this stage because erection stresses, if important, must hv (‘oinputed. 
Sometimes certain parts of a structure are stressed higher during erection 
than at any other time. In structural analysis, “stress” is often considered 
to mean total load rather than load per unft area. Thus the expressions 
"axial stress" and "axial stress component” are taken to mean the total 
axial load iaa member; "shearing stress” and “shearing stress component” 
are considered to mean the total shear in a inomher; and "flexural stn^ss 
component” may be used to designate the total bending moment at a 
given section. Load per unit area is identified by "unit stress. ” The word 
"load” is thus reserved to designate actions on the structure such as dead 
load, live load, wind load, or snoAv load. (The amount of load or stress is 
usually expressed in kilopounds (kips), designated by k, thus, 1 k indicates 

1000 lb.) 

The design stage includes all work concerned with the sizing of the com¬ 
ponent parts of the structure. All parts mu.st he ade(|uate, with maximum 
economy^ to resist the stresses as determined by the analysis The (‘om- 
ponent parts of an indetermiifate structure are usually designed in accord¬ 
ance with the same specifications as apply to determinate structures. 

As previously indicated, because indeterminate structures are sensitive 
to errors in fabrication, errors in location of supports, or settlement of 
foundations, fabrication and field construction should be carefully 
controlled. 

The analysis and design stages, in the case of an indeterminate structure, 
are more closely related and interdependent than for a determinate struc¬ 
ture. Stress components at all points of a structure must, of course, be 
known before it can be designed. If the structure is determinate, these 
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streas components, as caused by applied loads, are independent of the 
sises of the component parts of the structure. For example, if a simple 
beam on a span of 20 ft is loaded at the center with a 5 k concentration, 
the center moment, caused by the concentration, is 25 ft-k, and this 
moment is independent of the size of the beam. Dead load moments will, 
of course, be different for different sized beams. The point to be emphasized, 
however, is that one analysis of a determinate structure is sufficient to 
determine the stresses if the loads are known. 

If, now, the structure is indeterminate, the internal stress components, 
as caused by a given load, will change when the relative resistances of the 
component parts to elastic strains are changed. Consequently, since the 
parts of the structure cannot be designed until the stress components are 
known, and since the stress components cannot be determined until the 
relative strengths or sizes of the various structural parts ar^ determined, 
it is usually necessary to proceed with the analysis and design of inde¬ 
terminate structures simultaneously. 



Figure 3-1 


An example will serve to illustrate the point. Consider the two simple 
beams of Fig. 3-1. These two beams have unequal spans, they cross at 90^, 
and the top beam is just in contact with the bottom beam at the centers 
of the spans. A concentrated vertical load P acts down at the center of 
the top beam. This arrangement is indeterminate to the first degree. One 
condition equation, in addition to those available from statics, is required 
and is written to express the fact that the two beams must deflect equally 
at their centers. Let Pt and Pb represent the parts of P taken by the top 
and bottom beams, respectively. Lt and Lb will indicate the span lengths, 
and If and 1b the moments of inertia, of top and bottom beams. Using 
the expression for center line deflection from mechanics, it is possible to 
write 

PtLt PbL\ 

48F/r A%EI B 


from which 


Pt ItL% 
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Since in any design problem the span lengths will normally be fixed, it is 
apparent that the load P will be divided between the two beams in pro¬ 
portion to their moments of inertia, that is, in proportion to their ability 
to resist flexural elastic strain. Consequently, if, during the design pro¬ 
cedure, the ratio of It to Ib is changed, the part of P taken by each beam 

t change. 

ne design procedure, therefore, is to assume the sizes of the two beams, 
perhaps with equal moments of inertia. The part of the load taken by each 
beam is then determined as indicated above and the beams are designed, 
each to support its part of the load. The division of the load is again 
computed, on the basis of the new beam sizes, and the cycle is repeated 
as many times as necessary. 

The procedure just described is the cyclic method of design. The initial 
assumptions as to the sizes of component parts of any structure may be 
based on experience, the parts may be designed by neglecting continuity, 
or the analyst may simply guess at the sizes. In any case, the end result will 
be the same. A poor guess will simply require additional work before a 
satisfactory design is achieved; usually three or four cycles will be sufficient. 

Occasionally an alternate method of design may be used. To illustrate, 
Eq. (3-1) indicates that if It and Ib are varied in the same proportion, 
then the part of the load P taken by each beam will be unchanged. There¬ 
fore it is possible, when starting a design, to arbitrarily select the relative 
strengths or stiffnesses of the component parts of an indeterminate struc¬ 
ture. An analysis is made on the basis of these relative stiffnesses and the 
component parts are then designed so that each part is at least adequate 
to resist the stresses obtained from the first analysis, and so that the 
relative stiffnesses are unchanged. Since the relative stiffnesses are not 
changed, the stresses obtained from the first analysis will still be valid. 
The weakness in this procedure is that it is very unlikely that the variation 
in relative stiffnesses of the component parts, as first selected, will be 
consistent with the variation in stress among these parts. Consequently, 
certain parts of the structure are likely to be overdesigned. 

3-4 Notation for deflections. In the analysis of the crossed beams of 
Fig. 3-1, one condition equation was required in addition to those available 
from statics. This additional equation was written to express the fact that 
the vertical centerline deflections of the two beams are equal. In other 
words, it expresses a condition which the deformations of the structure 
must satisfy in order to be consistent with the structural constraints. 
This type of equation, which the author prefers to call a deflection condition 
equation, is essential in the application of one of the most useful methods 
for indeterminate structural analysis—Maxwell’s ‘"general method” and 
its variations. If the method is to \ye applied effectively, it is necessary 
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to develop a notation for deflections which will be adequate to express any 
kind of deflection component, of any point on a structure, as caused by 
any type of action on that structure. The following notation will suffice. 


P 



Fiourk 3-2 


("otiKider the beam of Fig. 3-2 loaded with a real load P at any point B. 
Linear deflection components of any point on a structure loaded with a 
system of real loads will always be represented by ^ (the Greek capital 
delta) ] rotational deflection components will always l>e represented by 9 
(the Gnick lower-case theta). A subscript added to the A or to the B will 
designate the particular point on the structure to which the A or the B 
pertains, "rhus, in Fig. 3 2, Ar and A^ indicate vertical linear deflections 
of the points C and /?, respectively, while B^ and Bu represent rotational 
deflections of points A and D. Since, in this case, only vertical deflections 
arc possible (deflections due to change in length of a member resulting 
from (lending are negligible), only one subscript is necessary to specify 
the linear deflection (*omponent represented by a given A. In Fig. 3-3, 
however, this is not true. In this case, points A and B have three deflection 
components each, two linear and one angular or rotational. C^onse(]uently, 
two subsiTipts are ne(*essary for each A. The first designates the point of 
the linear deflection (‘omponent and the second indicates which component 
is intended. One subscript is still sufficient for the B designations, but for 
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reasons which will be discussed later the author prefers to add the m, 
although it may appear at this point to be superfluous. 

Usually the great majority of the deflection components which must be 
evaluated in the solution of any problem are those resulting from the 
application of a unit force or a unit couple (usually 1 k or 1 ft-k). Linear 
deflections resulting from the action of a 1 k force are represented by 6 
(lower-case Greek delta); angular or rotational deflections from a 1 k 
force are represented by a' (lower-case Greek alpha prime). Linear deflec¬ 
tions caused by a 1 ft-k couple are represented by 6' and angular deflec¬ 
tions by a. Double subscripts are often required to represent deflections 
resulting from the action of a unit load or a unit couple. When two sub¬ 
scripts are used, the flrst always indicates the point for which the deflection 
component is designated, and the second the point of application of the 
unit load or unit couple causing the deflection. A study of Fig. 3-4 and 
Fig. 3-5 should clarify this system of notation. 



FiquRE 3-4 



Figure 3-5 


Very often two subscripts are insufficient to identify properly a given 
deflection component. In Fig. 3-6 application of a unit horizontal force 
at B causes the frame to deflect as shown. Point A moves to A' and B 
to The various deflection components of these points are properly 
labeled in the figure. The vertical deflection component at A, for example, 
as caused by a unit horizontal force at B, is designated by In every 

case the first capital letter of the subscript represents the point of the dis¬ 
placement and the adjacent lower-case letter (c or h) represents the direc¬ 
tion of the designated deflection component (either vertical or horizontal). 
The second capital letter indicates the point of application of the unit 
force or couple, and, if it is a unit force, the last loweiMsase letter (v or h) 
shows the direction of the unit force (either vertical or horizontal). Note 
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that no lower-case letter is necessary in connection with a capital letter 
to designate the direction of a unit couple or the direction of a rotational 
Jeflection component, but in order to be consistent in notation the lower¬ 
case letter m is often used. P"or example, the rotational deflection of point 
A due to a unit horizontal force at B is designated as (The reader 

will soon become accustomed to this system of notation and should have 
no difficulty with it.) , 

8*5 Deflection condition equations. Three examples are included in this 
section to illustrate, first, how the above notation is used in writing deflec¬ 
tion condition equations, and second, how these equations are utilized in 
indeterminate structural analysis. These examples should also clearly 
indicate why a thorough knowledge of the various methods for computing 
elastic deflections of structures is important. 

As a beginning, consider the propped cantilever of Fig. 3-7. In this 
case, as in many cases where deflections are utilized directly to effect a 
solution, the structure is first "cut back” so that it is statically determinate 
and stable. The exact manner of reducing an indeterminate structure to 
one which is determinate is immaterial. Any combination of redundant 
reactions and internal stresses may be removed temporarily to render the 
structure determinate. Their evaluation becomes the immediate object 
of the analysis. 

In the given case, the vertical reaction at fi is taken as the redundant 
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^5] 

and removed. This having been done, the end B is free to deflect under 
the action of the load, as shown in Fig. 3-8. The load P is now removed 
and a unit vertical load is applied at the point and along the line of action 

I.. 

B 

Figure Figure 3-9 




of the redundant reaction, as shown in Fig. 3-9. It is necessary to apply 
a unit load at B because the value of Rb is unknown. Since the principle 
of superposition applies, however, the deflection caused by Ra will be Rb 
times the deflection caused by the 1 k load. Now, since the total deflection 
at B must be zero, the deflection condition equation for this solution is 

Afl 4- Rb ’ — 0, (3“2) 


which is readily solved after the two deflections A^ and Bbb ftre known. 

Attention is called to the fact that the 1 k load in Fig. 3-9, and therefore 
Rb itself, was assumed to act down, although structural sense would indi¬ 
cate that it should act up. Actually, it is immaterial whether this unit 
load is assumed in the correct sense; that is, whether it is assumed to act 
up or down, if it is assumed incorrectly, then the sign of Rb^ as determined 
from Eq. (3-2), will be negative. 

Referring again to the propped cantilever of Fig. 3-7, we see that the 
beam could have been '"cut back'* (as shown in Fig. 3-10) to give an 





Figure 3-10 



alternate solution. Under the action of P (in Fig. 3-10), Fig. 3-11 results, 
with Ba as the angular deflection caused by the load F. Applying a unit 
couple at A results in Fig. 3-12. Since in the original structure the total 
rotation at A must be zero (unless the support rotates), the required de¬ 
flection condition equation is 

Ba + Ma* aAA = 0 
End the value of Ma may be 

determined. Figure 3-12 
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As a second example, consider Fig. 3-13. This beam will be “cut back” 
as in Fig. 3-14, although any other combination of redundant reactions 
may be removed to reduce it to determinateness. Under the action of P, 
the result is as shown in Fig. 3-15. With 1 k acting down at By the beam 
deflects as in Fig. 3-lG; with 1 k acting down at C, Fig. 3-17 results. 
Finally, with a unit couple acting at A , the beam deflects as shown in 
Fig. 3-18. 



Figure 3-17 



Figure 3-18 
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In the original structure the total rotational deflection at A is zero and 
the total vertical deflection at B and C is zero. By adding the deflections 
at these points from Figs, 3-15 through 3-18, we obtain the following 
deflection condition equations; 


+ Rb • Ot^AB + Rc • Oac + ^^A ■ a.4.t == 0, 

^B + Rb * + Rc ■ ^BC + AIA ' 

Ac + Rb ' ^CB H" Rc * ^cc + | = 0. 


These equations may be solved simultaneously for the rc(|uired redundant 
reactions after the various deflection components are evaluated. 
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As a final example, consider the rigid frame of I'ig 3-1!) The stnicture 
is "cut back” by removing the support at A. Under the action of P, the 
frame will deflect as in Fig. 3-20, and with a unit horizontal force acting 



Figure 3-20 


Figure 3-21 








at Jl f Vig. 21 results. Figure 3-22 is obtained by applying a unit vertical 
force at A. Finally, a unit couple applied at A results in Fig. 3-23. In 
l’'igs .3 19 through 3-23, the use of Af in the rotational deflection designa¬ 
tions is, to some extent, supcTfluous. It does, however, maintain the 
double .sub.s(Tipt system and is useful in checking the Anal equations. 

The r(Hjuir(*d <lcflection (‘ondition equations express the fact that the 
thn»e d(*fIection components of point A will lye zero. These equations are 

4 II ' SaH Ah 4 F ■ ^AhAv 4 Af • S*^|^Am ~ 

A4 \ H • 6a VAh V • SavAv AI • = 0, (3-4) 

e u, f // • y • ■ ^AmAm = 0. 

The sitmiltaneous solution of these equations will yield the desired re¬ 
dundant reaction components. 

The three' fott'going examples, which arc actually illustrations of Max- 
weirs “general method" for the analysis of indeterminate structures, as 
modified by Mohr and Muller-Bre.slau, should have clearly demonstrated 
that it is necessary for the reader lo l)ecome thoroughly familiar with the 
various mi'thcKls for computing deflections of loaded structures. 

3-6 Principle of superposition. A brief discussion of the advantages of 
indeterminate structures and a few remarks relative to their analysis and 
design have l)een presented in the preceding sections of this chapter. 
Several theon'tieal principles fundamental to indeterminate structural 
analysis will now be introdu(*ed. 

Quite logically, since it is the basis of all structural analysis by the elastic 
theory, the first of these is the principle of superposition. This may be 
stated as follows; 
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If the duplacemenU of, and ttresaea at, all points of a ^ructure are propor- 
tianal to ike loads causing them, then the total disjdaeements and stresses 
resuUing from the application of several loads will be the sum of the displace^ 
menis and Uresses caused by these loads when applied separately. In other 
words, if the principle of superposition is to apply, a linear relationship 
must exist, or be assumed to exist, among loads, stresses, and deflections 
(strains). The loads may be either forces, or couples, or both. 

A nonlinear relationship will exist uifder either of two conditions. The 
first of these will occur when the strains in the structural material are not 
proportional to the stresses; that is, when the material does not follow 
Hooke’s law. The second will hold when the geometry of the structure 
changes significantly during the application of luti(l5!. 

F 


(a) (b) 

Figure 3-24 

As an illustration of this second case, consider Fig. 3-24. A deflected 
beam column is shown in (a) under the action of loads F and P. Center- 
line deflection is represented by a and the horizontal movement of the right 
end B is represented by 5. If the axial load is gradually increased to nF, 
where nF^may be equal to or less than the critical axial load, the final 
deflections will be a' and 6*. In the final position, however, a* 9^ na and 
5' ^ nB. Moreover, the fiber stresses in (b) will rot be n times the fiber 
stresses in (a). The reason is that, as the beam column deflects, the eccen¬ 
tricity of the axial load at any given section of the member will increase. 
Consequently, the increments of moment, caused by succeeding constant 
increments of axial load, will increase as the total axial load and resultant 
deflections increase. Therefore, bec^ause of the changing geometry, a linear 
relationship cannot exist between the axial load and deflections or stresses. 

3-*7 Elastict pUstic, and deflection theories. It is apparent from the 
discussion in Section 3-6 that two basic assumptions must be either actually 
or practically correct in order to make the principle of superposition 
applicable to a given structure. The first of these is the assumption that a 
linear relationship exists between stresses and strains throughout the range 
of working stresses. The second assumption is that the change in the shape 
of the structure as loads are applied may be neglected. There are many 
structures for which one or the other of these assumptions is invalid; 
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consequently, difTerent methods of analysis are necessary, depending upon 
whether either one, or both, of the above basic assumptions are correct. 

The various theorems and methods for the analysis of indeterminate 
structiireH which are dependent for their validity upon the applicability 
of the principle of superposition constitute what has come to be known as 
the elastic theory. This means that stresses and deformations are computed 
on the basis of the original dimensions and shape of the unloaded structure, 
and it is assumed that the various consequences of any change in geometry 
due to applied loads are negligible. 

When the first basic assumption of proportionality between stresses and 
strains is invalid, because stresses have entered the plastic mnge, the struc¬ 
ture must be analyzed by the plastic theory. At the time of this writing 
much has been accomplished in developing plastic design in structural steel. 

The dejlertton theory includes those methods of analysis that are applica¬ 
ble to structures in which signiheant changes in internal stresses and/or 
rea(*tions result from changes in geometry as loads are applied. (Stresses 
and strains art' still assumed to be proportional.) The essential difference 
between the elastic theory and the deflection theory is that in the former 
the aireHses and reactions arc computed on the basis of the unloaded posi¬ 
tion of the structure, whereas in the latter they are computed from the 
final deflected position. In both theories the structure is considered to be 
elastic. (It has been suggested that a better terminology for ^elastic theory ” 
and “deflection theory” would he “theory of rigid systems” and “theory of 
flexible systems. ”) 



(Considerable work has been done with the deflection theory in the 
analysis of suspension bridges and long-span arches, and, indeed, an arch 
is a good illu.stration of u structure in which stresses may be materially 
affected by deflections In Kig. '1-25 the solid curve represents the axis of 
an undeflectcil arc h nb, and the dashed-line curve the axis of the deflected 
rib. If the elastic theory is uschI in the analysis, the positive moment at 
the crown would be con.sidcred to be reduced by the horizontal reaction H 
acting with a lev'cr arm hi. Actually, however, because oi the deflection, 
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the true lever arm for H should be somewhat smaller than hi, and the 
deflection theory would use ^2 in the analysis. In the ease of arches, an 
analjrsis by the elastic theory will give stresses in the arch rib which will 
be lower than those actually existing. In the case of a 950-ft two-hinged 
trial arch designed as a preliminary study for the Rainbow Arch Bridge at 
Niagara Falls, it was found (1) that deflection of the rib increased the 
quarter point moment by 64%, increased the quarter point stress by 29%, 
and decreased the factor of safety from 1 87 to 1.30. In the hingeless arch 
which was actually constructed, the analysis by the deflection theory 
resulted in quarter point moments 18% and quarter point stresses 7% in 
excess of those given by the cldstic theory (4 bibliography which appears 
at the end of this chapter includes a number oi references pertaining to the 
plastic and deflection theories.) 

3-8 The principle of virtual displacements. This principle, originated 
and first used by Johann Bernoulli in 1717, is the basis for the method of 
virtual work, the most versatile of the methods available for computing 
the deflections of structures. The word "virtual” means "being in essence 
or effect, but not in fact.” A inrlud displacement denotes a hypothetical 
displacement, either finite or infinitesimal, of a point or system of points on a 
rigid body in equilibrium such that the eejuations of equilibrium of the body 
are not violated. Virtual velociitj is the t(Tm used to designate the projec¬ 
tion of the virtual displacement of the point of appli<*ation of any particular 
force or couple on the line of action of that particular force or in the plane 
of rotation pf that particular couple. Virtual velocity, therefore, is actually 
a component of linear displacement or a rotational displacement. It is 
always considered that virtual displacements are causinl by some action Or 
actions other than the loads which hold the rigid body in equilibrium. Thus 
the loads of the original system move at their full value while the virtual 
displacement takes place. The product of each load and its virtual velocity 
will give the virtual work done by that load during the displacement. 

Figure 3-26 is used to demonstrate the principle of virtual displacements. 
This demonstration, as well as that of the next section, is similar in many 
respects to that of Wilbur and Norris (2). The rigid body shown, within 
which there can be no relative movement oi its parts, is acted upon and 
held in equilibrium by the P system of forces and couples. The various 
forces may be broken into components parallel to the x- and y-axes, as 
shown for P 2 - Since static equilibrium exists, 


2P. - 0, 

2P2 = 0, 

ZM + IPs-y + ZP^-x = 0. 


(3-5) 

(3-6) 

(3-7) 
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rK.iiKi 20 

AsNumc that th(' wh<»lr ImkIv is disphu’CMl a ^nuill amount, such ns AA't 
without any rotation 'fho two rompom*nt> o! this displamnont parallel 
to the A‘- and are designated as 6^ ami 6^. Sinc'e the translation is 

very siiiall, it is assutmul that tiie forec^s are not ehaiii;ed in direction or 
magiiitutle and that the IhhIv remains in e(|Uililiriiiin at all times. The 
work doiu^ ii\ the !* fon*<'s during tlie translation can lx* written as 

17', I/"*, - 

Sinc(‘ 5, and are eonstani lor all points, this becomes 

5,in i 5,1/;, 

which, by (d 5) and (.‘t (>). is zero. 

If, now, it IS ussumeil that the ri^id laxly, with /' forces acting, is rotated 
a small angle a about the origin () (which (‘onld be any point), the eom*> 
ponent of displaeemeiit of any otficr point parallel to the x-axis will be 
tftx and parallel to the V'HMs will be jo The total work dune by the eom- 
poncnls of the /' fon^es and the coupl(\s will be 

IV - 1/; • m * 1/; ftd.v f i/; ■ v + i/; ■ .r). 

I’his, by l’a( (■? 71, is zero. 

Snu'i* any Miuill di^plaei'im'ot n\ ilu* rigid laxly cun l)C represented as 
the slim of a translation and a lot.iiion abiiut some point, and since the 
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total work of the* P system of forces and couples in the <*asc of either trans¬ 
lation or rotation has been shown to be zero, Johann Bernoulli's' 
of virtual displacements can be stated as follows; 

Given a rigid body held in equilibrium by a system of forces and/or conplesy 
the total virtual work done by this system of forces and/or couples during a 
virtual displacement is zero. 

A simple example will serve to illustrate one application of the principle. 

Example 3-1. Using the principle of virtual displacements, find the 
magnitude of Rb for the indicated la'am of Fig. 3-27 
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Figvio 3-27 


A virtual disphu'cinent is nnpressnl by causing end H to he raised u 
distance A, and Fig. 3-28 is the result Applying llu' ])rinciple of virtual 
displacements, and re(*ognizing that both tlu^ ti k and the 8 k loads will do 
negative virtual work, W(‘ find tht^ p'sult to be 


from which 


Rii A - b(0 4A) - 8(0 7A) - 0, 
/f/t -- iS.Ok 


The positive sign of the answer iinlii^ativ^ that the upwanl scnise assumed 
in Fig. 3-28 for Rn is corrc^ct 



3-9 The principle of virtual work. The principle of virtual displacements 
will now be used to develop the principle of virtual work. Consider the 
deformable body shown in Fig. 3-29 assumed, for convenience, to be a 
thin slice. This body is in c<]ui1ibrium under ih<‘ action of the single 
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Figure 3-29 


fon'e P and the reartions. Any number of P loads (either forces or couples) 
could have he<en shown as acting on the body without complicating the 
demonstration The two segments indicated in Fig. 3-29 are shown as 
free bodies in Fig. 3-30. One of these, as shown in (a), is. an internal 
segment and is stressed on all sides by the reactions of adjacent segments. 
The other is on the boundary at the point of application of P, and is there¬ 
fore subjected to the action of P on one side and to intersegmental stresses 
on the other three sides. Internal stresses also exist in each segment, and 
both segments are in equilibrium. 



(a) (b) 

Figure 3-30 

Now assume a virtual action on the body which will result in a virtual 
deformation of the entire body and all its segments. This action is entirely 
apart from the P system of loads. All intersegmental stresses, all stresses 
within the segments, and the external load P will move through their 
respective virtual displacements with their values unchanged, and thus 
virtual work will result. Let represent the total virtual work done by 
the actions on the boundaries.of one segment. In the case of segment (a), 
these actions are the intersegmental stresses acting on the four sides. In 
the case of segment (b), these actions are the intersegmental stresses acting 
on three sides and the load P on the fourth side. Actually, then, dw^ 
represents the virtual work of the external forces acting on a segment. 
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In the general case there will be virtual translation, virtual rotation, 
and virtual deformation (virtual strain) of the segment. Therefore the 
external virtual work or energy of the forces applied to the segment will be 
dissipated in two forms as follows: (1) the virtual work of rotation and 
translation of the segment treated as a rigid body, represented by dwtu 
and (2) the virtual work of deformation of the segment, that is, the internal 
virtual strain energy of the segment, designated by dw,. Therefore 

dwg - dw, + dwrt, 
hut, by the principle of virtual displacements. 


and therefore 


dWrt - 0 , 

dWf — dwg. 


An integration over the whole body will result in 

W, --- W,, (;i-8) 

where We represents the total virtual work of the load P and all the 
intersegmental forces, and where represents the internal virtual strain 
energy of the entire body. 

Some additional explanation is necessary for a complete understanding 
of the significance of We For every internal surface of a differential 
segment with intersegmental stresses or forces acting upon it, there is an 
opposing surface of an adjacent segment with ecjual but opposite stresses 
acting upon it (sec I'ig ) 
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Thus it is seen that any positive or negative virtual work resulting from 
the intersegmental stress acting on a surface of a given differential segment 
is canceled in the final summation by an e<jual negative or positive virtual 
work due to the same intersegmental str(\ss on the opposing surface of the 
adjacent differential segment. C’oiisequentiy, the total virtual work result¬ 
ing from the intersi'gmental stresses is zero, and the actual value of W^ 
is the virtual work due to the external P load acting on the stnicture. 

In view of the above discussion the principle of rtrlual w(nrk can be stated 
as follows: If a deformable struefnrr, in equilibrium and suslaining a given 
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load or aystem of loads, is subjected to a viriiud deformation as the result of 
some additional action, the external virtual work of the given load or system of 
loads is equal to the internal virtual work of the stresses caused by the given 
load or system of loads. In other words, the external virtual work is e(|ual 
in magnitude to the internal virtual strain energy. An alternate and 
sometimes preferable statement is simply that the algebraic summation 
of all virtual work done, both external and internal, must be zero, (Total 
external virtual work will be opposite in sign to total internal virtual work.) 

It will l>e recalled from an earlier discussion that virtual displacements 
may be either finite or infinitesimal. In either case, however, they must 
satisfy two conditions. First, the virtual displacemt^nis must be such that 
the applied loads will remain, or can be considered to reinuin, constant 
during the displacement. Second, the virtual displacements must bo con¬ 
sistent with the geometry of the structure and its const mints. Actually, 
there are two forms of the principle of virtual work and there are certain 
diff€*rence8 bt^tween them. If the virtual displacements and/or deforma¬ 
tions are infinitesimal, then the principle is used in the infiiutosimal form. 
If, on the other hand, displacements and deformations finite (as will 
be the ctun' in all applications in this book), the principle is applied in the 
finite form and with certain conditions imposed A discussion of these two 
different forms follows. 

It can lie considered that there are three types of forces acting on, and 
in, a body in equilibrium under a system of loads. Thcs(' arc the external 
loads, the rtnictions, and the internal stresses, all of which may do virtual 
work during a virtual deformation. the external loads he represented 
by 7^ the reactions by /?, the internal stresses by F; and let the infinitesimal 
virtual velocity of each load P be rcprescntcHl by 6p; of eac-h reaction 77, by 
6r (in most <‘as(\s the reactions do not move and therefore* do no work); and 
of each internal stres-s F, by 5/ Then, by the principle of virtual work, 

2)7" • fip i 2F • 5/ + 2:/^ • 5r ^ 0, (3-0) 

and this is the infinitesimal form of the principle. Attention is calknl to the 
fac't that no conditions of proportionality have 1)0011 imposed. 

Assume now that the principle of superposition applies to p, /, and r, 
where p, /, and r are finite virtual velocities. If the initial conditions are 
arbitrarily defined by p — / = r --- 0, then for any .subs(H(Ucnt condition 
it is possible to write p = Af — Br, in which A and B an* constants of 
pmportionality Consequently, 6p — A • 6f = B • Sr, and, for any 
specific condition of the structure defined by p = pj./ = /i, and r ri, 
it follows that 


Sp Sf Sr 

-T r= -f- .r. — - eonstaiit 

Pi ri 


(3-10) 
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Substituting Eq. (3-10) in (3-9) yields 

ZP pi + XF •/, + Sfl • r, = 0. (3-11) 

where pi, /i, and ri are finite virtual velocities of the loads, stresses, and 
reactions subject to the condition that they be consistent with the geometry 
of a structure to which the principle of superposition will apply. Equa¬ 
tion (3-11) is the finite form of the principle of virtual work and in Chap¬ 
ter 4 will be developed into the most versatile method available for 
computing the elastic deflections of structures. 

* 3-10 Maxwell’s theorem of reciprocal deflections. It will be recalled 
from Chapter 1 that in 18G4 Clerk Maxwell set forth the theorem of recip¬ 
rocal deflections in connection with his development of the first systematic 
method for the analysis of indeterminate structures. Because his treat¬ 
ment was very brief, however, and without illustrative practical applica¬ 
tions, the significance of the theorem was not appreciated for some time. 
In fact it was not until 188f), when Muller-Breslau published his very much 
improved version of the Maxwell-Mohr general method for indcterniinate 
structural analysis and in which he called attention to the gn^at value of 
the reciprocal deflection theorem, that Maxwell's work receivc<l proper 
attention. This theorem will now be d<‘velop(.*d 



\PAr 




Figurk 3-32 

In Fig. 3-32, a frame is shown which is loaded with the vertical force Pa r 
applied at A, The resulting deflected structure is indicated by the dashed 
lines. In this figure, dshAv and Bavav are components of deflections which 
would result if a unit vertical load were to l>e applied at A, Since the 
principle of superposition applies, there is a linear relationship between 
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Pah ‘ ^ApBh 


Fiqvrk 3-33 

lou<l8 and deflections, and thus the final deflections caused by Pa v wdl be 
Pav times the deflections caused by a unit vertical load at A. 

Ill Fig. 3-33, the same frame is loaded with a horizontal force PBhr 
with the resulting deflections indicated. Now, if Pav and Pan are slowly 
and simultaneously applied, the following equation will he the express-ion 
for the total external work of the applied loads; 


W = iPAv(PAv ' &AvAr + PBh ’ ^A vBh) 


4 ^PBhiPAv * ^BhAv + PbH * ^BhBh)‘ 


(3-12) 


Consider that l>oth load.s arc now removed and that Pav individually 
and slowly applitnl to the frame The total work done w'hen Pav comes 
to rest will l>e 

If Pbk is slowly added to the frame, with Pav in position, point A, with 
Pav “riding along," will deflect to give an additional vertical deflection 
component e(|ual to Pbk * ^avbh and point B will deflect with an additional 
horizontal deflection component ectual to Pbh • ^BhBk The additional 
external work will l)e 


PavPb/i ■ ^AvBh f i^Bh ‘ ^BhBh 

The lotal external work n^sulfmg from this sccoiul loading si'quenec is 
thrn*fon* 

11 -- t P\vPHh' ^AvBh + (3-13) 


Th<' sequence of loading, however, will not affect the total external work 
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done and therefore Eqs. (3-12) and (3-13) may be ecjuated. This results in 


from which 


^Pa vPbH • ^Avlih = ^PbhPav • ^BhAvr 


^AvBh = ^BhAv 


(3-14) 


Note that A and B could have been any two points on the frame and that 
any two directions, other than vertical and horizontal, could have been 
used for the lines of action of the forces and the deflection components. 
Therefore, Maxwell’s theorem of reciprocal deflections for the case of two 
forces applied separately to a structure (either articulated or a rigid frame) 
may be stated as follows: 

Proposition 1. Any linear deflection component of any point A, reaulting 
from the application of a unit force at any other point is equal in magnitude 
to the linear deflection component of B (in the direction of the first applied 
force at B) resulting from the application of a unit force at A applied in the 
direction of the original deflection component of A. 



The reciprocal deflection theorem is valid for rotaticmal deflections as 
well as for combinations of linear and rotational deflections. The latter 
case will now be demonstrated. In Fig. 3-34, is the rotation of B in 

radians, and BavAv is the vertical deflection component at .4, as caused by 
a unit vertical load at A, The total rotation at B and vertical deflection 
component at A will therefore be as indicated in Fig. 3-34. 

In Fig. 3-35 the same frame is loaded with a couple JI^b Rt B, In this 
case, asmBm is the rotational deflection at B in radians and B^pBrn is the 
vertical deflection at A, both being caused by a unit couple at B. The total 
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^a‘^A9Bm 


Figure 3-35 

rotation at B and vertical deflection component at A will be as shown in 
Fig. 3-35. 

It is now assumed that Pav and Mb are sloAvly and simultaneously 
applied. The total external work done by Pav and Mb will be 

iMsiPA ^ ■ ^BmAv * OtBmBm) + ^pAviPAv ' &AvAv “I” Ms * ^AvBm^’ 

(3-15) 

Assume that Pav and Mb are removed. With Pav acting alone as in 
Fig. 3-34, the total work done by as it is slowly applied and comes to 
rest will be 

■ ^AvAv 

The couple Mb is now slowly applied to the frame with Pav remaining in 
action. Point A deflects vertically an additional amount Mb > ^AvBm 
point B rotates Mb • aamBm radians. The additional external work will be 

PavMb • ^AifBm ’ OCBmBm 

and the total external work is 

^^Av' ^AvAv f PavMb • i^^B ‘ ^BmBm- (3-lG) 

Equations (3-15) and (3-10) must be equal, since the sequence of loading 
will not alter the total external work done. If these are equated, the 
result is 

^MbPav ' “itm.40 iPAvM B ■ 
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and consequently, 

*BmAv — ^AvBn (3“17) 

Maxwell’s theorem of reciprocal deflections for the case of a force and a 
couple applied separately to any structure may therefore be stated as 
follows; 

Proposition 2. Any linear deflection component of any point as 
caused by a unit couple applied at any other point is equal in magnitude to 
the rotational deflection of B in radians resulting from the application of a 
unitforcj* at A in the direction of the original linear deflection component of A . 

A similar demonstration could be given for the case of two couples applied 
separately at two different points on a structure. The statement of the 
theorem for this case is; 

Proposition 3. The rotational deflection of any point A on a structure, 
as caused by a unit couple acting at any other point B, is equal in magnitude 
to the rotational deflection of B as caused by a unit couple acting at A. 

The great value of the theorem of reciprocal deflections will not be 
apparent from the above demonstrations. It will he found in succeeding 
chapters, however, that the use of this theorem will result in a considerable 
saving of labor in the solution of problems l)y the general method. In 
addition, it is the basis fur certain types of model analysis. 

3-11 The Maxwell-Betti reciprocal theorem. In 1872 the Italian, 
E. Betti, published a generalized form of the reciprocal theorem. This will 
be used a number of times in the following chapters to derive or to demon¬ 
strate various principles, and because it is of great importance, the reader 
should l)ecome thoroughly familiar with it 

Consider Fig. which shows a system of fori^es and a couple, 

designated "System 1," acting on a structure. Figure 3~3G(b) indicates an 
alternate system of forces and a couple, designated “System 2. ” The forces 
and couple and resulting deflection.s of System 2 arc capped with a bar to 
distinguish them from System 1 Note that the deflection components 
which are designated on the illustrations and are to be used in this dis¬ 
cussion are, for each system, "parallel” to the fon^e or couple acting at the 
same point in the other system. The expression "parallel to a couple" 
simply means that a rotational deflection caused by one system is desig¬ 
nated for each point on the structure at which a couple acts in the other 
system. Components of deflections caused by one system, "parallel” to 
the loads of the other system, are said to l)e "corresponding deflection 
components." Since only corresponding deflection components are used in 
this discussion, the lower-case letters ordinarily used to indicate directions 
of'loads and deflection components are omitted from all subscripts. 
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The various deflection components resulting; from the action of System 1 
are as follows: 

+ Mb' ^ab + Pc • of^ci 

As = Pa * ^BA + Mb * ^BB + Pc * 5sr> (3-18) 

“ Pa * ^CA Mb * ^cb + Pr • ^cr- 


The deflection components caused by System 2 are 

5a = ^A • ^aA + • ^AS + Pc • ^AC, 

* 

“ ^A ‘ ttflA + Pb * + Pc • «bc» 

ij. s= . 5^^ -f- + Pc ' ^cc- 


(3-11)) 
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Multiplication of the forces and couples of System 1 by the corresponding 
deflection components caused by System 2 (arbitrarily used as virtual 
velocities for System 1) will give 

(I> (2) (3) 

Pa[T!Ia " ^AA + • ^AB + Pr ■ 

( 4 > < 5 ) ( 6 ) 

+ Mb{SIa ■ olba + Pb ■ ajjB + Pc • aid 

( 7 ) ( 8 > ( 0 ) 

+ J^c^^A • &CA "i Pb ' ^CB + Pc ' ^r’cl- (3-20) 

Multiplication of the forces and couples of System 2 by the (corresponding 
deflection components caused by System 1 (arbitrarily used as virtual 
velocities for System 2) will result in 

( 1 ) ( 4 ) ( 7 ) 

^a[Pa'* <^AA + ^B ■ a^fl + Pc ' CiAc) 

( 2 ) ( 5 ) ( 8 ) 

+ Pb\Pa • ^B^ + Mb • ^BB + P<' * 5 bc] 

( 3 ) ( 6 ) ( 0 ) 

+ Pc(Pi4 • ^CA + Mb • ^cB ^ Pc ' ^cd- (3-21) 

The various terms of these equatioiis carry numbers from (1) to (9) above 
them. Applying the reciprocal deflection theorem to like-numbered terms 
in these two equations will show them to l>e equal after the multiplications 
indicated by the brackets arc performed 

From the two equations above^ it is important to note that it is not 
required that all points of load application be loaded in both systems. As 
a matter of fact, any one or more of the points can be loaded in either 
system, and the above equality will exist. For example, if Pa is zero, then 
terms (1), (2), and (3) reduce to zero in both equations. 

A statement of the Maxwell-Betii reci^ocal theorem is as follows: Given 
any stable airucture with a linear load-deformation relationship on which 
arbitrary points have been chosen ^ at any or all of which points in exther of 
two different loading systems farces andfor couples are considered to act, the 
virtual work done by the forces and/or couples of the first system acting through 
the vorreaponding displacements as caused by the second system wiU be equal 
to the virtual work done by the forces and/or couples of the second system 
acting through the corresponding displacemenis as caused by the first system. 

Reaction components can he included in the system if desired, but if the 
supports are unyielding; whether or not they arc included is immaterial. 
If, however, a support is considered to yield under the action of either 



68 


BASIC CONCEPTS 


[chap. 3 


system, then the reaction components (forces or moment) corresponding 
to the deflection components of the yielding support must be considered 
in the alternate system. Internal stress components (thrust, shear, or 
moment) at a given section of a structure may be included in either system 
by 'considering that the structure is cut (the cut structure must be stable) 
at the given section and that the type of restraint imposed by the stress 
component (only one at a given time) is removed from the structure and 
replaced by a pair of corresponding actions (thrust, shear, or moment) on 
the cut ends. 

Two examples will be presented to illustrate possible applications of the 
Maxwell-Betti reciprocal theorem. Unfortunately, to do this, it is neces¬ 
sary to introduce st'veral concepts prematurely. It is believed, however, 
that the examples will be of considerable assistance in comprehending the 
significance of the theorem, even though the reader may not be fully 
prepared to understand the significance of the examples themselves. This 
understanding must of necessity come later. 

Example 3-2. Consider the two propped cantilever beams shown in 
Fig. .3-37 Pro\T that the moment induced at the fixed end B of Beam 1 
by an impressed unit rotation of end A will be equal to the moment 
induced at the fixed end a\ of Beam 2 by an impressed unit rotation of 
end B The two beams are identical except for the arrangement of the 
supports. 



Beam 1 FiQURK 3-37 ^ 


Before proceeding with the solution of the problem, it is necessary to 
explain what is meant by absolute stiffness and by carry-over factor. The 
absolute stiffness of a flexural member is arbitrarily defined as the magnitude 
of the moment nec*essary to rotate a simply supported end of the flexural 
member through one radian. The opposite end of the member may be 
simply supported, restrained, or fixed. This absolute stiffness is commonly 
designated by A". 

When the moment K is applied to the simply supported end of a member, 
causing it to rotate, a restraining moment is induced at the opposite end if 
this end is fixed or restrained. If the opposite end is fixed, as in the present 
case, the induced moment will be given by CK, where C is the carry-over 
factor. 

Returning to the problem, Beam 1 is loaded at end A with the moment 
Kji and Beam 2 is loaded at end B with the moment Kb- The two systems 
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System 1 


Figure 3-38 


System 2 


of forces and couples and the resulting distortions are shown in Fig. 3-38. 
Applying the Maxwell-Betti reciprocal theorem, 

Va{0) + VaiO) + Ka{0) + CaKa(I) 

= v;(0) -f F^(0) + KaiO) + CaKadl 

from which 

CaKa = CaKa. (3-22) 


Example 3-3. Find an expression for the horizontal reaction component 
Ha as caused by the load P acting on the frame of Fig. 3-39. 



System 1 is obtained directly from the loaded structure as shown in 
Fig. 3-40. System 2 consists of four forces, one vertical and one horizontal 
at each of the frame ends, at A and C, These cause A to move a horizontal 
distance ^ahah- MaxwcII-Bctti reciprocal theorem, 

+ ^'a( 0) - Pi^'evAk) + + Fz>(0) 


from which 


= //:,(0) + f;(o) + + Vi,(o), 



^CvAh ^ p 

^AkAk 


(3-23) 
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Figure 3-40 

The coefficient of P iii the above equation is the ratio of two deflections 
which are independent of P. These deflections are caused by the forces of 
System 2, hut the forces do not appear in the expression. Consequently, 
any convenient value may be assigned to and the remaining forces of 
the system determined by statics. The resulting deflections of C and A are 
then computed, by methods which will be discussed in Chapter 4, and Ha 
is evaluated. 

An alternate procedure for determining the values of the deflections of 
A and C would be to impress any convenient horizontal deflection at A 
and to measure the resulting vertical deflection of C. It would not be 
practicable, of course, to do this on the structure itself; instead, a model 
can be made and a horizontal deflection impressed on A. The deflection 
of C is then measured on the model. 

The point C can be anywhere between B and D. The value of Ha is 
therefore seen to be proportional to the deflection of any point of applica¬ 
tion of the load P as caused by the impressed horizontal deflection of A. 
In oth(T words, the deflected shape of member BI) is, to some scale, an 
influem^e line for Ha for vertical loads on BD, Similarly, it can be shown 
that the deflected curve of A/f is an influence line for Ha for horizontal 
loads acting on AB. The above problem is actually a simple demonstra¬ 
tion of the Muller-Breslau principle, mentioned in Chapter 1. 
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CHAPTER 4 


METHODS FOR COMPUTING DEFLECTIONS 


4-1 General. Several examples were presented in Chapter 3 to illustrate 
how elastic deflections an^ used in condition eciuatioiis for the analysis of 
indeterminate structun^s. This particular application in itself warrants 
a rather detailed In^atment of the various methods for computing deflec¬ 
tions. 'I'hen* are, however, other appliciitions. 

Bridge trusses, for example, should always he cambered so that their 
decks, when supporting full dead load plus part live load, will not deflect 
below a straight line joining the de(‘k eiuls. J..ong-span roof trusses should 
bc' cainheml so that the roof deck will not sag under load. In these oases, 
truss d(‘flections must l>e coinputo<l to determine the amount of camber to 
be built into the erected trusses 

Observed deflections must constantly be checked against computed 
deflections during the enaction of many structures. This is espt'cially 
true when the cantilever method of erection is u.st'd, as, for example, in 
the case of an arch spanning a deep ehasm. It would l>c quite embarrassing, 
to say the least, after cantilevernig each half ol the arch out from opposite 
side's to the span center, to find the end of one half lower than the end of 
the other To prt»v(»nt such an occurrence tlu* theoix'tical elevations of the 
ends of tlie two cantilevers must 1 h' computiHl for all stages of ei'ection. 
Weights and p(»sitioMs of crawler cranes mu.st also be known for each 
stage, and elastic strains in hent.s and backstays must he considen^d. Any 
appreciabh' difference Indween observed and computed elevations for 
any gi\eii point is cause for inimodiute investigation and correction. 

The c'ns tion of the towers of short-span suspension bridges, say with 
main spans up to 400 ft, is another cast? where computed deflections are 
essential for the propter erection of a structure The two columns of each 
tower may be wule-flange sections, their webs being parulhd to the bridge 
centerline, witli a portal connecting the tops of the two columns. The 
mam c'ables, comimsed of wire strands, wdll probably be clamped to the 
saddles at the top of thc‘ tower columns. The bases of these columns will 
likely be pinned so that the tops of the towers are free to move parallel to 
the bridge c(Miteiiine, as recpiired by load and temperature changes and 
oonsecpient changes in the length of the backstays, without causing l>end- 
ing stresses in the tower columns. When the tow'ers are erected, they must 
be tilted back, each toward its near anchorage. The strands of the cables 
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are then placed and clam]>ed to the saddles, and as the stiffening truss and 
deck are added, and as the backstays elongate because of increased ten¬ 
sions, the lowers gradually rotate and come to rest in a vertical position. 
In this case the amount of backward tilt of the towers must be computed. 

As indicated by the preceding discussion, the ability to evaluate deflec¬ 
tions is of great importance in the analysis, design, and erection of struc¬ 
tures. Deflections resulting from different actions on different types of 
structures must be determined. No one method of computation is the best 
for all problems; consequently, a number of different methods are dis¬ 
cussed in this chapter. These are preceded by a development of expressions 
for the different types of internal strain energy. 

Part 1. Internal Strain Energy 

4r-2 Internal work and deflections. It will be recalled that in 1833 
Clapeyron established the equality between the external work done by the 
loads deflecting a structure and the internal strain energy. This is simply 
written as 

External work = Internal work. (4-1) 

That this equality should exist seems quite obvious, for when loads are 
applied to a sthicture they will do work as their points of application are 
displaced. If the reactions of the structure do not move, then all the 
external work of the applied loads must he dissipated in straining the 
structural material. If the elastic limit is not exceeded, all the external 
work is converted into elastic strain energy, which is recoverable and which 
returns the structure to its original position wht.i the loads aie removed. 
If, on the other hand, the elastic limit is exceeded, some pennanent defor¬ 
mation occurs. As previously indicated, all structures dealt with herein 
are considered to be subjected to elastic strains. 

Equation (4-1) is the basis of one method for finding deflections. As an 
illustration, consider the truss of Fig. 4-1. As the load P is gradually 
applied, the point of application deflects and comes to rest with a total 



Figure 4-1 
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deflection A. Since the principle of superposition applies, there is a linear 
relationship between load and deflection. The average value of the load 
acting during the deflection, therefore, is P/2, and, consequently, the 
external work is PA/2. Substituting in Eq. (4-1), we obtain 

^ = Internal work. (4-2) 

If an expression can be found for the internal work (strain energy) in 
terms of P and the properties of the various members, the deflection of the 
point of application of P can be found. 

In Fig. 4-1 internal strain energy is the result of axial stresses and elastic 
axial strains. Energy will also be stored internally when a material is sub¬ 
jected to elastic flexural, shearing or torsional strains. ' In the case of 
Fig. 4-2, for example, the deflection A is the result of bending and shearing 
strains. 



Figure 4-2 


The beam of Fig. 4-3 is loaded with a couple which causes a translation 
and a rotation $ of the point of application of the couple. In this case, 
Eq. (4-1) becomes 


MB 

2 


— Internal work 


(4-3) 


Figure 4-3 



It is obvious from the foregoing that expressions are required for the 
internal strain energy (internal work) resulting from, or necessary to cause, 
the various types of elastic strain. These expressions will be developed in 
the next section. 

4-3 Expressions for internal strain energy. 

(a) Axial loads. Consider the bar of Fig. 4-4 with a constant cross- 
sectional area A and length L. A gradual application of the force S will 
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Figure 4-4 



result in a final deflection A. The internal work in a length dx will be equal 
to the average load times the strain in the length dx. This will be 



S SL dx ^ dx 
2 AE' L 2AE ' 


and the total internal work for the entire bar will be 



(4-4) 



In the case of the truss indicated in Fig. 4-5, if S is the total stress in 
each bar of the truss (the value of S may be different for the various bars) 
due to the load P, then the internal work in each bt*r is, as in Eq. (4-4), 

S^L 

2AE' 


The total internal work for the entire stru(‘turc will he 




2AE’ 


(4-5) 


and this is the required expression for internal strain energy resulting from 
elastic axial strain in the members of an articulated structure. 

(b) Flexure. The beam of Fig.* 4-G is considered to be subjected to some 
external action which will cause an internal moment A/* at any section x 
along the beam. As this externa] action is gradually applied, the entire 
member (except at the ends and points of contraflexure, if they exist) is 
caused to flex. As this takes place, the internal work in a length dx of 
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a fiber will be equal to the average force acting on the fiber times the total 
strain in the length dx. The strain in a hber y distance from the neutral 
axis in the length dx, represented in Fig. 4-0 by Mxy, will be 

' 2/ dx 
Adx. = j ^ 

The final unit stress in this same fiber will be 


y 

I 

Sin<*e the external action is gradually applied, the value of the average 
load acting on the area dA is 


1 Af, • y- dA 
1 

The internal strain energy in the length dx of the fiber in question is 
therefore 

1 / Af X • y V dA • dx 
2\ I ) B ' 

and the total internal work for all fibers in the length dx will be 


In the length L the total internal strain energy will be (omitting the 
subscript x) 
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(4-6) 


Attention is called to the fact that Eq. (4-6) can be applied correctly 
only to members which are initially straight; it is approximately correct 
for those with some initial curvature. However, when a mernter has a 
large initial curvature, say with a ratio of radius of centerline curvature to 
depth of section less than 10, application of the ordinary theory of flexure, 
which was used in deriving Eq. (4-6), may result in a substantial error. 
In these cases a more exact treatment, due to Winkler, is required. [This 
is extremely well presented by Pippard and Baker (4).] 

(c) Shear. The expression for internal shearing strain energy will now 
be developed for the simple beam of Fig. 4-7(a), a beam which will he 
assumed to have a rectangular cross section which is constant throughout 
its length. It is also assumed to be subjected to some external action which 
causes a total shear Vx on any section x distance from the left end. This 
total shear Vx is not uniformly distributed over the cross section and thus 
the intensity of the shear on any fil>er, at a distance y from the neutral 
axis, will be represenUnl by 

dx 



(a) 




(c) 

Figuuk 4“7 


In Fig. 4-7(b) the shearing distortion of the fiber y distance from the 
neutral axis is indicated. The angle of this shearing distortion is very small 
and is designated by a. Consequently, sin a = tan a = a. The expres¬ 
sion for the external work done by Vxy while the segment dx is being dis¬ 
torted, and consequently an expression for the internal shearing strain 
energy of the fiber, will be 


dwi = ^iVxydA)ab = ^{VxydA)adx, 


(4-7) 
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whon* dA = bdy^ and a = v^y/G, where G is the modulus of rigidity. 
When those substitutions are made, the above reduces to 



The shearing intensity is given by 



(4-8) 


(4-9) 


whore Qj^ is the first moment, with respect to the neutral axis, of that 
portion of the l>cam which is outside the fiber y distance from the neutral 
axis. The moment of inertia of the cross section, referred to the neutral 
axis, is represented by /, and the value of Qy is given by 

Q« = - v) [.V + ~ 

Subslituting (4-10) in (4-0), and substituting the result in (4-8), we 
obtain 


This is the internal shearing strain energy in the fiber y distance from 
the neutral axis in the length dx. To obtain the value for the entire seg- 
mc^nt, E(| (4-11) is integrated over the depth of the beam as follows: 



bvux 

128/26V-d/2 


(d^ - 4y^fd!/ = 


hd^Vl 

240/2G’ 


Since the beam cross section is rectangular, bd'^/\2 may be substituted for 
/, with the result that 



1 2Vldx 
2 AG 


The oxpn'ssion for the internal shearing strain energy for the entire l)eam 
is obtained by integrating (he above e(|uation over the length of the beam, 
with the ix'sult that 



].2Vldx 

2AG 


(4-12) 
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This expression applies only to a member with a constant rect angular 
cross section. A more general form is 



(4-13) 


where the value of the factor K depends on the shape of the cross section^ 
and, as just demonstrated, for rectangular cross sections with two faces 
parallel to the force plane, its value is 1.2. In a similar manner it can be 
shown that K is 10/9 for circular sections and is (almost) 1 for steel WF 
or I beams. In this last case, A is the area of the web. 

(d) Torsion, The cantilever round shaft of Fig. 4-8 is subjected to a 
twisting action which results in a torque Tj at any section x along the 




shaft. A segpient dx in length is shown enlarged. The twisting action being 
gradually applied, the torsional strain energy for the segment wUI be 

iT’, • X, 

where X is the torsional strain in radians of one face of the segment relative 
to the other face. The value of X will be 


dx 
JG' T 


where J is the polai moment of inertia of the cross section and G is the 
modulus of rigidity of the material. Consequently, the torsional strain 
energy for the segment will be 



Tldx 
2JG ’ 


and, for the entire member of length L, the total strain energy (omitting 
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the subscript x) will be given by 



(4-14) 


Attention is called to the fact that if the shaft is of any section other 
than circular, J is not the polar moment of inertia. The proper value to use 
for J in these instances can be calculated (1). It has been established (6) 
that for a rectangular section, with a long-side dimension h and a short- 
side dimension 6, the value to be used in place of J is givj^n by the expres¬ 
sion Cb^h. The values of C, for various ratios of h/b, are shown in the 
accompanying table. 


h/b 

C 

h/h 

C 

h/b 

c 

1 

0.141 

2.5 

0.249 

6 

0.299 

1.2 

0.166 

3 

0.263 

10 

0.312 

1.5 

0.196 

4 

0.281 

00 

0.333 

2 

0.229 

5 

0.291 




If a formula is desired, the following will apply (5): 



16’ 




(4-15) 


Part 2. Deflections by Real Work 


4-4 Demonstration of the method. If linear deflection components are 
to l>e computed by real work, Eq. (4-2) applies: 



= Internal work. 


If rotational deflection components are desired, Eq. (4-3) is used: 


Me 

2 


= Internal work. 


The method is quite limited in application. The unknown in any 
problem will be A or S, depending on whether linear or rotational deflection 
components are required. If more than one P or more than one M are 
applied simultaneously to a structure, then (usually) more than one un¬ 
known A or 0 will appear on the left side of the equation and a solution is 
impossible. In general, therefore, the method can only be used to find the 
linear deflection component of the point of application of a force in the 
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dire.ction of that force, or to find the rotation of the point of application 
of a couple in the plane of that couple. In most cases the force or the couple 
must act alone on the structure. If, however, two equal forces or two equal 
couples act symmetrically on a symmetrical structure, the equation can be 
solved since, by reason of the symmetry, the two deflection components are 
known to be equal. 

Example 4-1. Using the method of real work, find the deflection under 
the load if the beam of Fig. 4-9 is a steel section with a moment of inertia 
of 200 in^. Use E = 30,000 k/in* and neglect shearing strains. 



Fiourk 4-9 


By inspection, Ra = 12 k and Rc — 4 k, and 


PA ^ [M^dx 

2 ~J 2EI 

Therefore, 

A 1 [M^dx 


Table 4-1. 


Section 

X = 0 at 

X increasing from 

M (ft-k) 

AB 

A 

A to B 

12x 

CB 

c 

C to B 

4x 


Therefore, 



[ (12xfdx + f 
0 Jo 

+ ¥]" 

o Jo 6 Jg 


(4x)^ dx 
= 24,000. 


24,000 X 1728 
16 X 30,000 X 200 


A = 


= 0.43 in. 
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Attention is called to the multiplication of the numerator of the answer by 
the number 1728. This, of course, is to change ft^ to in^ so that the units 
of length will be consistent in both numerator and denominator. 


Example 4-2. Using the method of real work, find the vertical deflection 
component of the point of application of the 10 k load of Fig. 4-10. The 
truss is steel and the sectional aroa.s of the various members in square 
inches are circled on the illustration. E = 30,000 k/in^. 



Figure 4-10 

= V 

2 ^2AE 


Table 4-2. 


Member 

S (k) 

1- (ft) 

A (in^) 

A 

B1 

-5.0 

3 


-f25.0 

B2 

-6.07 

4 


f35.6 

BA 

-13.33 

4 

6.0 

-f 142.4 

.11 

0 

4 

MM 

0 

^13 

-1-6.67 

4 

Bsl 

+44.4 

12 

-) 8.33 

5 

n 

+86.7 

23 

-r>.o 

3 

SB 

+25.0 

34 

\ 8.33 


4.0 

+86.7 

*(45) 

-100 

15 

4.0 

+37.5 


-f-483.3 


A 


2 X 483 3 X 12 

i d x :mm 


0.039 in. 


Note that since the trus.s is syininetrical. it is only necessary to tabulate 
the members and evaluate S'L 'A for half the truss. It is for this reason 
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that i(45) appears in Table 4-2. The summation of the last column in the 
table is multiplied by 2 in order to obtain the value for the entire truss; the 
multiplication by 12 is to obtain an answer in inches. 

Problems 

4-3. Given a simple beam with a span of L ft and with a concentrated vertical 
load of P k acting at the center. The beam is a steel wide-flange section with 
web area of A in^. The modulus of rigidity is 0 k/in^. Using the method of 
real work, derive the expression for the vertical deflection of the point of appli¬ 
cation of P as caused by the shearing strain. [Ans.: 3PL/AG in.] 

4-4. Find the vertical deflection of the center of the simple beam shown in 
Pig. 4-11 as caused by (a) flexural strains, and (b) shearing strains. The beam 
is a 12WF27 with a moment of inertia of 204 in^, web area * 2.85 in®, E ** 
30,000 k/in* and G = 12,000 k/in'-^. [Ana.: (a) 0.47 in., (b) 0.02 in.) 



Fiourk 4-11 Fiqurl 4-12 


4-5. Find the vertical deflection component of point C (see Fig. 4-12j as 
caused by the 5 k load. Sectional areas of mc^mhers (in square inches) are circled 
on the illustration. E — 30,000 k/in^. (.Ins .* 0.12 in.] 

4r-6. For the cantilever shown in Fig. 4-13, And: 

(a) The vertical deflection component of point A resulting from the action 
of the 3 k vertical load acting alone. 

(b) The rotational deflection component of point .1 as caused by the 2 ft-k 
couple acting alone. 

Use E = 30,000 k/in^. Neglect shearing strains. [.Ins.; (a) 2.54 in., 
(b) 0.0015 rad.] 
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Part 3. Castigliano’s First Theorem 

4-S Development and demonstration. In 1870, Alberto Castigliano 
published a notable paper in which his two important theorems were 
presented, the second theorem (to be considered in detail in another 
chapter) appearing as a corollary of the first. Castigliano’s first theorem 
is of immediate interest since it provides one of the most important 
methods for determining elastic deflections of structures. It is a method 
which enables the analyst to find U7iy deflection component of any point 
on a structure The deflection mnponent may be either rotational or 
linear, in any dircr^tion, and caused by any system of applied loads. 

The first tlu^orcm of Castigliano can be stated as follows: The deflection 
component of the point of application of an action on a structurCf in the direc¬ 
tion of that artioHj will be obtained Inj evalnaling the first partial derivative of 
the total infernal strain rnergi/ of the structure with respect to the applied action. 

Ill this statement an action is taken to mean either a force or a couple. 
Tims a defle(‘tion component in the direction of a force will be along the 
line of action of the* force, and a deflection component in the direction of u 
couple will bo a rotation in the plane of the couple. 

The following demonstration of the first theorem is similar to that pre¬ 
sented by Church (2), but has been somewhat revised. L<‘t ir represent 
the total internal strain energy in the deflected beam of Fig. 4-14 The 



Fiouiti: 4-14 


deflected position is represented by the dashed line. P and Q have l)een grad¬ 
ually and simultaneously applied and a linear relationship exists between 
these loads and the resulting deflections. Conscf|uently, the average value 
of each load during the deflection of the beam will be one-half its final 
value. It has been previously demonstrated that the internal strain energy 
is equal to the external work of the applied loads; therefore it is possible 
to wTite 



PA Qy 
2 2 ■ 


(4-16) 


A small additional load dP is now added to P, causing an additional 
deflection of the beam to the position indicated by the dashed line of 
Fig. 4-15. The resulting increment of internal strain energy wdll be equal 
to the sum of the products obtained by multiplying the additional 




Figure 4-15 

d^ection of each point of load by the average load acting through this 
additional deflection. This is written as 




Neglecting the product of two differentials, the above becomes 

dW = PdA -f Qdy, 


(4-17) 


It is possible to express dW in another way. Apply P + dP and Q 
gradually and simultaneously, and let W* represent the total internal 
strain energy in the beam in the final deflected position with all loads 
acting. It is now possible to write 


r- - (^) 


+ dA)+^{y + dy\ 


andp by neglecting the product of two differentials, 

' w , <?T , dPA PdA Qdy 

" — 2 ' 2*2 


(4-18) 


But, dW = W' — W and, therefore, from Ecjs. (4-18) and (4-16), 

* dPA PdA Qdy 

dW = — + ^ 

If Eq. (4-17) is substituted in this expression, the result is 


and therefore 


from which 




dir = dP A, 


A = 


dP ’ 


(4-19) 


whidk was to be demonstrated. 
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When solving for a deflection by Castigliano’s first theorem, it should 
be noted that, if the sign of the answer is negative, the actual deflection is 
opposite to the sense of the action with respect to which the derivative is 
taken. I'urthermore, if a deflection component is required for a point 
where no action is applied, or if an action exists at the point but not in the 
direction of the desired deflection component, then an imaginary action is 
applied at the point and in the desired direction until the partial deriva¬ 
tive of the total internal strain energy has been found. The imaginary 
action is then reduced to zero These points will be illustrated in subse¬ 
quent examples. 

A considerable amount of work may be saved in the computations by 
diflerentiating under the integral. The general expression for deflections 
by Castigliuno\s first thooren) should be written as a partial derivative, 
since more than one a<'tion will usually be applied to the structure. For 
linear deflection (‘omponents, this expression will be 



(4-20) 


If the internal work n^sults from bending, the above expression becomes 



d f dx 
dP J '2E1 


If the indi<‘ut(Hl operation Ls performed, it is necessary to square the various 
expressions for il/ (which are often t|uite lengthy), integrate, and then 
evaluate the partial derivative It is much easier to differentiate under the 
integral sign, which results in 


Similarly, when finding a linear deflection of an articulated structure, 




_L 

Ak' 


(4-22) 


Expressions of similar form apply for deflections resulting from shearing 
or torsional strains. For rotational deflections the left side of the above 
equations will be 0, and the partial derivative will be taken with respect to 
a moment acting at the point of the desired rotational deflection. 

Example 4-7. Using Castigliano's first theorem, find the vertical 
deflection component of the point of application of the 16 k load (see 
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4-SI 



i — O.Tfipf 5'^ , 15'4) 

20'-O 



0 25P 


Figure 4-16 


Fig. 4-16). The steel beam has a momeiit of inertia of 200 in^ Use 
E ^ 30,000 k/in^ and neglect shearing strains 


Table 4-3. 


Section 

f s 0 at 

X increasing 

M (ft-k) 

dM 

dP 

AB 

A 

i4 to B 

0.75FX 

0.75J 

CB 

c 

C to B 

0.25PX 

0.25x 




dx 

El' 


!-{%) dx=j 0.75Pi(0.75jJ dx + 0.25Px{0.25x) dx 


0.563PX 


!][ + „ , 608 , 


^ 1508 X 1728 „ . 

^ ~ 30,000 X 200 ® 


A brief explanation of the multiplication by the number 1728 in^the 
evaluation of the linear deflection component of the above example, and a 
similar multiplication by 144 in the case of a rotational deflection com¬ 
ponent, is desirable. The expression for a linear deflection component is 



If the proper dimensions are substituted, the result is 


A = (ft-k) 
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and it i» apparent that a multiplication by 1728 is necessary to obtain an 
answer in itn^hes; obviously a multiplication by 144 would give a deflection 
in feet. 

In the rase of a rotational deflection component, the correct expression 
would be 



Substituting the correct dimen.sions, we find that 


e (ft-k) 




and the necessity for a multiplication by 144 is apparent, since the answer 
must be in radians and units must cancel. 


Example 4-8. I'lnd the vortical deflection component of section B of 
the steel l>eam showii in Fig 4-17. The moment of inertia is 200 in^ Use 



Kigurk 4~17 


No concentrated force acts at seetion By as is required to obtain the 
partial deri\ative It is necessary, thertiforc, to assume an imaginary 
force P acting at B, as shown in Fig. 4 18. Note that the reactions, 
also indicated in this figure, must l>e expressed in terms of P. Even 



Kigurk 4-18 


if the original loading had included a coiicciitruted force at B^ this force 
would still be represented by a letter until the partial derivative were 
obtained. The suggested tabular arrangement for moments and partial 
derivatives is as follows: 
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Table 4-4. 


Sec¬ 

tion 

* -* 0 
at 

X in¬ 
creasing 

M (ft-k) 

dJ/ 

dP 

AB 

.4 

.4 to 

(17+0.67P)x - - 

2 

+0.67X 

BC 

B 

B to C 

(17 + 0.67P)(8+x) Pi 

2 

-0.33x + — 
3 

DC 

D 

DtoC 

*2 

(27 + 0.33F)x- 

2 

+0.33X 


Substituting these values in the expression 




mid reducing P to zero (the actual value of P in this case), we obtain 

>8 


El (l7x - (f0.67x) d.r 


/:( 


+ / I Ox + 104 
0 


- t) (-»■•■»" +f) 


dx 




(+0.33x)dx 


If we perform the indicated operations, it is possible to solve for A. Note 
that an adjustment must be made for units, specifically the multiplication 
by 1728, as in Example 4-7. 

Example 4-9. Using Castigliano’s first theorem, find the vertical deflec¬ 
tion component of Li in the indicated truss (see Fig. 4-19) when loaded 
as shown. The areas of the various members are given in Table 4-5. Use 



Figure 4-19 
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Table 4-5. 



■ 

II 


s 

as 


SL as 

Member 

0 

Real 



ft 

in* 

.1 

loads (k) 

P 

dP 

A 

A dP 

Lol/i 

m 

H 

2.50 

jB^QI 

- 1.25P 

-1.25 

-217.0 

+271 

mum 

16 

H 

2.28 



-0.667 

-194.7 

+130 


16 

D 

2.28 

-85.4 

-0.667P 

- 0.667 

-194.7 

+130 

VsU 

20 

8 

2.50 

-73.4 

-0.417P 

-0.417 

-183.7 

+76 

LqL^ 

32 

5 

6.40 

+69.3 

+ I.0P 

+ 1.000 

+ 443.0 

+443 

L^L 4 

32 

5 

6.40 

+58.6 

0.333F 

+0.333 

+375.0 

+125 

ViLi 

12 

2 

6.00 

0 

+1 .OP 

+ 1.000 

■n 

0 

U1L2 

20 

n 

6.67 

+20.0 

-0 417P 

-0.417 


-65 

U2L2 

12 

n 

3.00 

-32.0 

0 

0 

-06.0 

0 

L2U3 

20 

3 

6.67 

+ 33.3 

+0.417P 

+0.417 

-f 222.0 

+93 

U3L3 

12 

2 

6.00 

0 

0 

0 

0 

0 


Total 

+1213 


Therefore, 



. 1213 X 12 
30,000 


+0.48 in 


D 


Note that striet attention must be given to the signs of the stresses in the 
above table. The author prefers to designate a tensile stress with a positive 
sign and a compressive stress with a negative sign. A negative sign for the 
value in the last column for any member indicates that the elastic strain 
in that particular member tends to cause a deflection of the point in 
question with a sense opposite to that of the force P. Obviously, then, 
a positive answer signifies a deflec¬ 
tion having the same sense as the 
force P. 


Example 4-10. Using Casti- 
gliano's first theorem, find the hori¬ 
zontal, vortical, and rotational de¬ 
flection components of point A (see 
Fig. 4-20) as caused by the 10 k 
load. Use ='It0,000 k/in^ and 
consider any moment causing ten¬ 
sion on the outside of the frame as 
positive. 
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Table 4-6. 



H 

z in¬ 
creasing 

M (ft-k) 

dM 

dM 

dM 

10 k 

Ph 

Pv 

Ma 

dPa 

dPy 

dMA 

.IB 

A 



+Ph-z 

0 

+Ma 

+* 

D 

+1 ■ 

BC 

B 



4-5Bjf + P# - X 

0 

+Ma 

+6 +x 

II 

+1 

CD 

■ffl 



+10Ph 

+Pvx 

+Af^ 

+10 

Q 

+1 






dx 


(10a^)(5 + + 


f 

•'0 


(50)(10) +35.42, 


200 


^ -+ 35 42 X 17 28 . 

■ 30,000 +2.04 in, 


KA,. -/«(!*')*=£ (SOVX'-^ 


^ M2.5 X 1728 _ 

“ ■■ 30,“(XX) +0 7^111, 


- +12.5. 




4 


5 rio 

ia +i. ^ 


'fti-75 X 144 , - rtio I 

= 30,000 - = +"•"'* 


Note in the above that, sin<‘e all real moments and all partial derivatives 
are positive, the positive sig/is have been omitted for the various substitu¬ 
tions behind the integral signs. It is extremely important that any negative 
signs be carried throughout computations of this sort, since the sign of the 
answer indicates the sense of the required deflection component relative 
j the force or couple with respect to which the partial derivative is taken. 
As indicated previously, a positive ansAver signifles a deflection component 
of the same senst' as this force or couple. 
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Example 4-11. Given a 4-in. 0 standard pipe bracket (see Fig. 4-21} 
having a 90" angle at B and located in a horizontal plane. Find the vertical 
deflection component of point A and the rotational deflection component 
of A about the axis of AB^ as caused by the 1 k vertical load at A. The 
plane moment of inertia of the pipe is 7.23 in^ and the polar moment of 
inertia is 14.40 in^. E -- 30,000 k/jn® and G = 12,000 k/in®. 



Figuri: 4-21 


T.vule 4-7. 


5oc- 

X = 0 

X in^ 

M (ft-k) 

T (ft k) 

1 

dAf 

dM i 

dT 

dT 

bion 

at 

crc'asing 


dP 

afA 

dP 

BTa 

AB 

A 

AtoB 

4x4 Px 

4-7’., 

Ax 

0 

0 

41 

BC 

R 

H to C 

f j- 4- Px )- Ta 

+5 -h 5P 

+X 

4 1 

4-5 

0 


The expression for the vcrti<*al deflection of -t, from Castigliano’s first 
theorem, is 




(lx 

gJ' 


The temporary load P and inoment Ta arc n'duced to their actual value 
of zero in the various terms in Table 4-7 before sub.stituting in the above 
expression. Then'foiv, 


( h.r)( l-.r) ,ljr f' (- ^(1 -r) rf-f , [*' (+5)(+5) dx 

0 :ib,(Xjo X i.'Zi ' no,000 X 7.23 12,000 x 14.40 


=- 4 2.40 in. 
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4-6) 

Similarly, 


^ r (+x)(+l)dx 
Jo 30,000 X 7,23 

= +0.012 rad. 


l^ROBLEMS 

4-12. Using Castigliano’s first theorem, find (see Fig. 4-22): 

(a) Vertical deflection component of section C. 

(b) Rotational deflection component of section B. 

I of beam is 200 in^ and E is 30,000 k/in^. Consider fl'exural strains only. 
[.4ns.; (a) 3.64 in., (b) 0.026 rad.] 


C 


Figure 4-22 

4-13. Find: 

(a) The honsontal deflection component of point A due to the 20 k load 
shown in Fig. 4-23. 

(b) The horixontal deflection component of point A duo to a force of 1 k 
applied horisontally at A acting toward the left. 

Consider flexural strains only. E =- 30,000 k/in®. [Ans,: (a) 0.88 in. to left, 
(b) 1.59 in. to left.] 


B 

/= lOOOin^ 





Figure 4-23 
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4-14* Find the rotational deflection component of point .1 on the frame shown 
in Fig, 4-24. Consider flexural strains only. E = 30,000 k/in^. [.4n«.; 
0.0096 rad.) 



Figuri. 4-24 Figure 4-25 

4-15. Find the vertical deflection component of point x (see Fig. 4-25). Use 
E = 10,000 k/in^. Cross-sectional areas of membejs in square inches are indi¬ 
cated in the circles on the illustration. [/Ins.* 0.24 in.] 

4-16 (liven a 4-in. ^ standard pipe bracket (see Fig. 4-26) having a 90® angle 
at B and C and located in a horizontal plane. Find. 

(a) The vertical deflection component of D. 

(b) The rotational deflection component of D in the plane normal to the axis 
of CD 

Plane moment of inertia — 7.23 in^, G — 12,000 k, in^, E — 30,000 k/in^. 
I (a) 4 61 in., (b) 0.022 rad ] 






Figure 4-26 Figure 4-27 

4-17. Find the three deflection components of point .1 as caused by the loads 
show'n in Fig, 4-27. E = 30,000 k/in^. [.Ins.: horizontal - 2.76 in., vertical — 
0.36 in., B ^ 0.038 rad.] 
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4-18. The pipe bracket shown in Fig. 
4r-28 is constructed of 5-in, ^ standard 
pipe for which the plane moment of in-, 
ertia is 15.16 in^. Considering flexure and 
torsion, find the horiiontal, deflection 
component of point ^ in a direction par¬ 
allel to the member BC. Members AB, 
BCf and CD are in a horisontal plane, 
and DE is vertical. E ^ 30,000 k/in^ 
and G * 12,000 k/in^. 4.04 in.] 

4-19. Find the three deflection com¬ 
ponents of point A as caused by the 
10 k load shown in Fig. 4-29. E « 
30,000 k/in®. (.4n«.; horisontal = 0.73 
in., vertical » 18.9 in., B — 0.065 rad.] 
4-20. A steel frame supporting a sign 
20 ft high is subjected to the wind loads 



Figure 4-28 


3k 



Figure 4-29 


Figure 4-30 


indicated In Fig. 4-30. Fiild the horizontal deflection of the top of the frame 
resulting from these loads. E » 30,000 k/in^ and cross-sectional areas of mem¬ 
bers are indicated in square inches in the circles on the illustration. [Ana.: 0.43 in.] 
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Part 4. The Method of Virtual Work 

4-6 General. The principle of virtual work, based on the principle of 
virtual velocities which Johann Bernoulli presented in 1717, constitutes 
the most versatile method available for evaluating elastic deflections of 
structures. Not only is it possible to determine deflections resulting from 
loads of any type, causing any kind of strain in a structure, but it is also 
possible to compute deflections resulting from temperature changes, errors 
in fabrication, or shrinkage of the structural material. These deflections 
may be linear or angular and in any direction. The only restriction is that 
when the principle of virtual wi>rk is used in its finite form, as will be the 
case herein, the principle of superposition must apply to the structures 
considered. 

The principle of virtual work was previously stated as follows: If a 
deformable structure^ in equilibnum and sustaining a given had or system of 
loads, is subjected to a virtual deformation as the result of some additional 
action, the vAiernal virtual work of the given had or system of loads is equal to 
the internal virtual work of the stresses caused by the given load or system of 
loads. 

As a con.se<|uence, the basic relation for the method of virtual work is 

Kxteriial virtual work = Internal virtual work. (•1“23) 

It is only ne<*e.ssary to express the two sides of this o<]uatioi] in u manner 
eonsistent with the type of the desired defleetioii eomponent and the 
internal strains, and then to solve the resulting equation for the deflection 
component. In the pages immediately following, the proper expressions 
for the left side of this equation will be developed for linear and rotational 
deflection components. Kxptt^ssions for the right side will be derived or 
written for axial, flexural, torsional, and shearing strains. 

4-7 Deflections resulting from axial strains. Assume that it is reciuired 
to find the vertical dcfle(*tion component A of point .4 os caused by the 
given loads on the truss of Fig 4-31. First, consider that the given loads 
are removed from the truss and that a unit force is applied at point A 
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acting in the direction of the rec|uired deflection component. This unit 
force will be 1 k if the real loads are expressed in kilopounds, or 1 lb if the 
real loads are expressed in pounds; and it is, of course, imaginary. (Some 
writers refer to it as a ‘'dummy” unit force; the author prefers to call it a 
“fictitious” force.) The structurt' is in equilibrium under the action of this 
fictitious unit force and therefore it constitutes the “given load or system 
of loads” in the preceding statement of the principle of virtual work. 
Figure 4-32 shows this fictitious force in position, with the bottom chord 
of the truss, as deflected by the fictitious force, indicated by the dashed 
line. 



The truss is now considcR'd to bt* subjected to virtual displacements 
which are identical to the deflections resulting from the action of the real 
loads. The obvious procedure is to assume that the real loads arc super¬ 
posed on the trus.s of'Fig. 4-32. To repeat, the resulting deflections are 
considered to be rirtual displacements. Consequently, point A is caused to 
deflect with a virtual vertical component A. The fictitious 1 k will move 
through the distance A with its value unchanged, and, therefore, the 
external virtual work will be 1 X A, which is the proper form for the left 
side of the basic virtual work equation when a linear deflection component 
i.s required. 

An expression for the internal virtual work must now ire written. The 
fictitious bar stresses in the truss, resulting from the action of the fictitious 
unit force, will be designated by u. When the real loads are added, the 
fictitious stress n, acting on each member, will move through a distance 
equal to the clastic strain in that member as caused by the real loads. This 
clastic strain is considered to be a virtual displacement of one end of the 
member relative to the other. If the t(»tal stress or load in each member 
caused by the real loads is designated by S, the sectional area by .4, the 
length by L, and the modulu.s of elasticity by E, then the clastic strain in 
each member will be SL/AE. For example, consider one panel length of 
the bottom chord as a free body. The unit fictitious force having been 
applied to the truss, the ends of the member are acted upon by stresses u 
as shown in Fig. 4-33(a). When the real loads arc superposed, one end of the 
member will move away from the other end a distance SL/AE, as in 
Fig. 4-33(b). The stress m “rides alopg” at its full value. Consequently, 



98 


METHODS FOR COMPUTING DEFLECTIONS 


[CHA *. 4 



(*) (b) 

Figurl 4-33 

the expression for the internal virtual work for oiie member will be uSL/AE 
and the total internal virtual work for the entire stru(‘ture will be given by 
^uSL/AE. Therefore, by the principle of virtual work, 

1 X A = E ■ (4-24) 

Attention is again called to the fact that A is not the total deflection of 
point A, but is, instead, the linear component of this total deflection along 
the line of action of the unit fictitious force. 

To supplement the preceding discussion, several observations will be 
helpful in understanding the application of the method of virtual work to 
articulated structures. 

(a) If a linear deflection component of a point is desired, a unit fictitious 
force must be applied at the point and along the line of the desired deflec¬ 
tion component. The sen4se along this line, as assumed for this fictitious 
force, is immaterial. If the sign of the answer is positive (in this case, if 
the sign of ZuSL/AE is positive), then the actual deflection is of the same 
scns(‘ as the unit fictitious force. If the sign is negative, then the actual 
dcflci'tion will be opposite. It is apparent, therefore, that it is extremely 
impi»rlaiit that the proper sign l>e placed liefore every value of u and S. 
It is inunaterial whether a positive sign is used to indicate tension or com¬ 
pression, but throughout this hook a positive sign before a stress will desig¬ 
nate tension. This seems to be more logical than the alternate negative des¬ 
ignation, since a tensile stress will cause a positive increment, or increase, 
in tlie length of a member. The final sign of uSL/AE for each member 
is determined by the signs of S and u and by the usual rules of algebra. 

(h) An interesting alternate concept as to the physical significance of 
the fictitious stress u is that of its being a deflection coefficient. When 
multiphctl by the change in length (due to any cause whatsoever) of the 
corresponding member, this coefficient u will give the effect (or contribu¬ 
tion) of the change in length of that member on (or to) the required 
deflection component. 

(c) The placing of the unit ficiitious loads for various deflections may 
be better understood by reference to the figures which follow. Consider 
Fig. 4-34. If, for any system of applied’ loads, it is required to find the 
vertical deflection component of any panel point, say B, then place a unit 
fictitious vertical force at B. If the horizontal deflection component of B 
is required, then place a unit fictitious horizontal force at B. 
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If the rotation of the member AB is desired, then a unit fictitious couple 
is applied as in Fig. 4-35. Note the value of the forces of the couple. In this 



Figure 4-35 


case the left side of (4-24) is written as 1 X where 6 represents the 
rotation of member -45 in radians. The author also prefers to change the u in 
the right side of Eq. (4-24) to the subscript a indicating that the several 
stresses represented by Ua are caused by a unit couple rather than by a unit 
force. If it is necessary to find the rotation of member the unit ficti¬ 
tious couple is applied to BC. However, if the angle lx*tween AB and BC is 
desired, thcrindividual rotations of AB and BC can be determined as above 
and the answers combined for the final result, although this will involve 
two complete solutions and considerable labor. A much easier method 
would be to place both unit fictitious <'Oupics on the truss at one time, as 
shown in Fig. 4-3fi. In this case, only six members need be considered for 
the solution instead of working throiyjh the entire structure twice. 

It is desirable that the reader compare each method for finding deflec¬ 
tions with alternate method.s so that he will know which can be applied 
most effectively to a given problem In thi.s connection it is important to 
realize that the value of u, m the method of virtual work, is exactly the 
same as the value of dS/dP in C’asfighano’s first theorem, the latter being 



Figure 4-35 
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merely the rate of change of S with respect to P, or the change per unit 
value of P Obviously this is the stress caused by a unit force and is the 
same as m. The equality of the two methods is expressed by 



L V" SuL 
AE ^ AE 


(4-25) 


The reader should consider the relative amounts of work necessary to 
evaluate BS/dP and u in any given problem (it will usually be found that 
there is slightly less labor involved in the solution by virtual work), for 
therein is the only difference between the two methods. Several examples 
arc present(*d below to demonstrate the application of the method. 

Example 4-21. Using virtual work, find the vertical defleition com¬ 
ponent of point 1' in the truss of I'ig. 4-37. The area of each member 
is 10 in*. Use E — 30, (XK) k/in*. 



FiouRh 4-37 


Table 4-8. 


Member 

.S' (k) 

u (k) 

L(!t) 

SuL 

B2 

-28 

-0.467 

4 

475 

C4 

-35 

-1.333 

4 

+ 190 

A\ 

0 

0 

4 

0 

A3 

+28 

+0.667 

4 

475 

B\ 

-21 

—0.5 

3 

431 

12 

435 

+0.K33 

5 

4150 

23 

-21 

—0.5 

3 

431 

34 

+8 

+0.833 

1 5 

+30 

i(45) 

-10 

0 

1.5 

0 


+582 



+582 X 2 X 12 
10 X 30,000 


+0.047 in. 
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Example 4-22. A six-panel highway bridge truss having the dimensions 
indicated in Fig. 4-38 is constructed with sidewalks outside the trusses so 
that the bottom chords are shaded. What will Iw the vertical deflection 
component of the bottom chord at the center of the bridge when the 
temperature of the bottom chord is 40**!'" below that of the top (‘hord, 
endposts, and webs? (Temperature coefficient of expansion of steel is 
0.0000065 per degree F.) 



The expression for deflection may now bo written as 


1 X - 2a • dL, 


where rfZ/ is the temperature change in th<* lengtii of each inenilx'i 


Tablk 4-9 


Meml)cr 

L (ft) 

40 X 0.000(MMi5/. 

= dl. 

V (k) 

u d/w 

4 

35 

1-0.00910 

+0.625 

+0.00568 

5 

21 

-f0.0054() 

+0.75 

+0.00409 

6 

21 

+0.005-10 

-11.13 

+0.00616 

7 

0 * 

0 

0 

■iil 

8 

35 

+0.00910 

-0.025 

BIBl 

9 

28 

+0.00728 

+0.5 

+0.00364 

10 

35 

+0.00910 

-0.625 

-0.00568 

11 

0 

0 

0 

0 


+0.00821 

1 


^ = + 2 X 0.00821 X 12 = +0.20 in. (up). 
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Example 4-23. It is desired to provide 3 in. of camber at the center of 
the truss shown in Fig. 4-39 by fabricating the endpoets and top chord mem¬ 
bers additionally long. How much should the length of each endpost and 
each panel of the top chord be increased? 



Assume that each endpast and each section of top chord is increased 
0.1 in. 


Table 4-10. 


Member 

u 

dL 

u dL 

1 

+0.625 

+0.1 

+0.0625 

2 

+0 750 

+0.1 

+0.0760 

3 

+1.125 

+0.1 

+0.1125 


+0.2500 


= 2 X 0.250 = 4-0.50 in. 


The required iiu'rease of length for each section will be 

X 0.1 = 0.60 in. 

U.5U 


If we use the practical value of 0.G25 in., the theoretical camber will be 


6.25 X 0.50 = 3.125 in. 


Problems 

4-24. Find the vertical deflection component of point E (see Fig. 4-40). 
Sectional areas of members are indicated. 30,000 k/in^. [Ans.: 0.082 in.] 
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Figure 4-40 


4-25. Find the rotation, in seconds, of the lower chord niembor 2-3 resulting 
from the dead load stresses shown in Fig. 4-41. Sectional areas are indicated. 
E « 30,000 k/in^. [.4ns.; 79 sec.] 


E 46 m* Z> 52in* C B A 



Figure 4-41 


4-26. Determine the vertical deflection component of point B (see Pig. 4-42) 
as caused by the 100 k load at B. Sectional areas of the members in square 
inches are shown on the illustration. E = 30,000 k/in^. [Amr 0.17 in.] 


4-27. Find the horizontal deflection component of the right end of the struc¬ 
ture in Fig. 4-43. All members have sectional areas of 3 in®. E = 30,000 k/in®. 
[4ns.; 1.48 in. to right.] 



Figure 4-42 


PlGUKr. 4-43 






104 


METHODS FOR COMPUTING DEFLECTIONS 


(CilAP. 4 


4-28. It IS required to build a singlc-lanc bridge over a canyon for a road to 
a new mine. Conditions at the site, equipment, and materials available lead to a 
solution as indicated in Fig; 4-44(a). Members AB and BC are 1-in. diameter 
wire strands with a sectional area of 0.577 in. and a modulus of elasticity of 
24,000 k/in^. Two sets of strands are to be used, one in the vertical plane of 
each side of the roadway, and two adjustable members BD, one for each set of 
strands, support the ends of the simple trusses at the span center. Ends C of the 
two strands are connected to the top of a stetd tower. Each strand works against 
a vertical truss having dimensions and member sectional areas as shown in 
auxiliary Fig. 4-44(b). E for the towers is 30,000 k/in^. The maximum load 
which will be permitted over the bridges will increase the stress in each member 
BD by 20 k. Neglecting the elastic strain in BD, what is the theoretical amount 
that D should be placed above E and F so that D will not deflect below their 
level during the passage of the maximum load? What is the maximum horizontal 
deflection component of [.4ns..'vertical 7.91 in., horizontal = 1.62 in.] 



4-8 Deflections resulting from flexural strains. It has been established 
that whenever a linear defleetion component is to be computed by the 
method of virtual work, a unit fictitious force is applied at the point, and 
in the direction, of the desired deflection. In this case the external virtual 
work iscxprchsed as 1 X A. If a rotational deflection component is required, 
a unit fictitious couple is applied at the point, and in the plane, of the 
re<iuir('d deflection and, in this second case, the external virtual work is 
written as 1 X 

Actually, of course, the type of internal strain in a structure will not 
affect the form of the expression for the external virtual work. Conse¬ 
quently, the above expressions for external virtual work will apply in all 
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cases, regardless of whether the internal strain is axial, flexural, torsional, 
or shearing. Therefore, in order to extend the method of virtual work to 
compute deflections resulting from strains other than axial, it is only 
necessary to develop the correct expressions for internal virtual work for 
these other types of strains. The proper expression for internal virtual 
work resulting from flexural strains will now be developed. 



Consider the simple beam shown in Fig. 4-45. Assume that as the result 
of any conceivable system of real loads (tlie real loads are not shown in the 
figure), each section along the beam x distance from the left end is sub¬ 
jected to an internal moment M x. For the purpose of this discussion assume 
that it is denred to find the vertical deflection component of point A as 
caused by the real loads. Since a linear deflection is desired, a unit fictitious 
vertical force is applied at A as shown. 

For the time being, assume that the real loads are removed from the 
beam and that the 1 k fictitious forcti acts alone. Each section x along the 
beam is subjected to an internal fictitious moment m* caused by this unit 
fictitious force. Virtual displacements are now impressed on the beam by 
replacing the real loads, and the internal fictitious moment on one face of 
the differential segment is caused to rotate through some virtual angle 
relative to the other face, because of the flexural strain resulting from the 
application of the real loads. The internal virtual work for a length dx 
is then 

It is necessary to evaluate Px hi terms of the real loads and the properties 
of the beam. Under the action of these real loads the unit stress in the 
fiber y distance from the neutral axis is 
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and the unit strain in this fiber will be 


Unit stress 
E 


— dt 
E 


Mx* y 
El 


Consequently, the total strain (represented by AdXy), or increment of 
length, of this fiber in a length dx is then 

- Mx-y , 

Adxy TP T * dx* 
hi 

Since the angle is small, the rotation of the right face of the segment 
relative to the left face will be 

a A. ZkdXti 

= tan jSx = 

and therefore 

_ Mx - y dx _ Mxdx . . 

El y El ^^"26) 




(4-26) 


(The derivation of this important expression for the flexural strain in a 
length dx of a member as caused by a moment Af, should be remembered, 
for it will be used in future derivations.) 

If the value of fix from Eq. (4-26) is substituted in the previously de¬ 
rived expression for the internal virtual work in a segment of length dx, 
the result is 

Mx dx 

mx gj 

To complete the derivation of the expression for the internal virtual work 
resulting from flexural strains in the total length L, we integrate the 
above and obtain 

fh 

I m M dx 

Jo El 

(The subscripts x are omitted from M and m in this final expression, the 
significan(*e of these terms being apparent without them.) 

If a linear deflection component resulting from flexure is desired, the 
basic equation is therefore 


X A 


mM dx 
El 


(4-27) 


If a rotational deflection component is required, the equation is 


1 X 6 


-/ 


mail/ dx 
El 


(4-28) 
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where M is the internal moment at section x as caused by the real loads, 
m is the internal moment at section x as caused by a unit fictitious force, 
and via is the internal moment at section x resulting from a unit fictitious 
couple. It is suggested that the subscript a be used whenever m is caused 
by a unit fictitious couple, since, in certain cases, this procedure will serve 
to avoid considerable confusion. 

Example 4-29. Find the vertical deflection of the center of the beam 
of Fig. 4-46, using the method of virtual work. Use E — 30,000 k/in® 



Figure 4-46 


Table 4-11. 


Se<‘tion 


r = 0 
at 


X incrciii^uig M (ft’k) 


m (ft-k) 


AB A AU> B ■\- 5r 0.5 j 

BC B BioC ~\ 25 + 5j >-2.5 0.5/ 




1Q8 METHODS FOU COMPUTING DEFLECTIONS [CHAP. 4 

Example Using the method of virtual work, find the horizontal, 

verti(*al, and rotational deflection components of point A (see Fig. 4-47) 
as caused by the 10 k load. Consider that any internal moment resulting 
in tension on the outside of the frame is positive and assume the necessary 
unit fictitious forces and the unit fictitious couple to act in the directions 
indicated. (Note that those fictitious loads have all been assumed with 
senses opposite to the obvious deflection components and, therefore, all 
answers should be negativ(* ) 



Tadlk 4 12. 


Scr- 1 
tion 1 

J* - 0 ' - - ‘ 

at 1 creasing 

1 

j 

M (ft-k) 

nih (ft-k) 

l”" " , 

VI ^ (ft-k) 

(ft-k) 

\fi 

-1 A to B 

0 

—X 

0 

-1 

liC 

B to r 

-t lOx 

— 5 — X 

0 

— 1 

CD 

(' i r to D 

i 50 

-10 

—X 

— 1 

\h 

I nihAI dx 
■ ,/ K1 ’ 





K A.u 

r (■ ,1 - j )( f lOa-) (lx 

Jo 100 

10)H-50)rfjr 

Jo 200 

-35.42, 


12 X 1728 

-= -2.04 

in., 
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E ^^9 


[ (-x)(+50) & 

J 200 


"12.5, 



-12.5 X 1728 
30,000 


-0.72 in., 





rajd dx 
El 


^ ( -l)(-l-10.r) At 

100 



200 


- 3.75. 


Sa = ■ 


3.75_X 144 
30,000 


—0-018 rad. 


The negative answers in the above equation.s iiulirafo that t he deflection 
components arc opposite in st*nse to the assumed fictitious loads. Note that 
this is an alternate solution foi Kxainple 4 10 Thc‘ two solutioiib should 
be carefully compared. 

Example 4-31 lising virtual work, find the horizontal, verti(‘al, and 
rotational deflection components ol point A (see Tig 4-48). Consider that 
tension on the outside of tiu* frame is positive and assume fictitious actions 
as indicated. E — 30,000 k/iir. 



FiGURC 4-48 
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Table 4-13. 


Sec¬ 

tion 

X * 0 

at 

X in¬ 
creasing 

M (ft-k) 

niH (ft-k) 

ttiw (ft'k) 

(ft-k) 

AB 

A 

A to B 

0 

+0.8x 

+0.6x 

+1 

BC 

B 

B to C 

-t-0.8j 

+8 + 0.8x 

+6 + 0.6x 

+i 

CD 

C 

CtoD 

+8 

+ 16 

+12 + X 

+1 

DE 

D 

DtoE 

+8+ 2x 

+ 16 

+22+x 

+1 


E^a 


/ nikM dx 

i 


.ft 


10 i-io 

(+8 + 0.8x)(+0.8x) dx f ( f ir>)(+8) dx 

0 200 ' 400 


J (m( = +, 3 , 07 , 
Jo 


400 


Aaa 


+ 13.07 X 1728 
30,000 


+0.75 in., 


E^a 


V 


/ m^M dx 

I 



(+6 + 0.6x)(+0.8x) dx 
200 



(+12 + x)(+8) dx 
400 



(+22 + i)(-+8 + 2x) dx 

400 


+17.97, 



+17.97 X 1728 
30,000“ 


+1.03 in.. 
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E>^ =/2=^ 

-L 


(~l~l)(~h0.8x) dx 

200 




L 


10 


(+l)(+8) dx 


400 


4 (±U(±s^ ^ 


„ +0.85X 144 j 

30,000 +0.0041 rad. 


Problkms 

r 

^4-32. Find the vertical, horizontal, and rotational deflection components of 
point A (see Fig. 4-49). ('onsider flexural straias only. E — 30,000 k/in®. 
[.4ns.: = 0.96 in , = 0.29 in., d.\ — 0.0096 rad. clockwise.] 


/ « 100 in* 



lO'-O 

Figuhk 4-49 

4-33. A 21WF62 beam supporth the load.^ indicated in Fig. 4-50. If the beam 
is cut at the center support and considered a.s two sim|ile spans, what will be the 
angular opening between the ends of the two spans at the center support? I of 
the beam is 1327 in^ and E is 30,000 k/in®. |.lns.; 0.0039 rad.] 



lO'-O 

2k/ft 

i20k 



15'-0 

2o'-0 


Figuhk 4-50 
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4-34. Find (from Fig. 4-51): 

(a) The rotational deflection component of B due to a 1 k force acting down 
at A. 

(b) The vertical deflection component of A due to a counterclockwise couple 
of 1 ft'k acting at B, 

(c) The horizontal deflection component of C due to a 1 k force acting down 
at A. 

Consider flexural strains only. K = 30,000 k/in^. | 4/w.; (a) 1.44 X 10”® rad, 
(b) 1.44 X 10'® ft, (c) 0.024 ft ] 



Fiuuui: 4-51 


Figure 4-52 


4-35. Find (fiom Fi^ 1-52) 

(a) The horizontal deflection comiM>ncnt 
of point .1 due to the load shown. 

(h) The horizontal deflection component 
of point A due to 1 k applied horizontally 
at A. 

Consider flexural .strains. = .30,000 k/in®. 
(.Ins., (a) 0188 in., (b) 1.59 in] 

4-36. Find the vi'rtical, horizontal, an<l 
rotational deflection conii)offt*nts of point .1 
(see F'ig. 4- 53) as caused by the 10 k load 
shown. Also, find the horizontal deflection 
at A as caused by u L k load acting to the 
right at A, - 1.56 in. down, 

Aak * 0.14 in. light, d i = 0.013 rad, BAhAt, 
* 0.31 in. right.) 



Figure 4-53 
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4-37. Find the vertical, horizuntal, and retutioimi deflection components of 
point A (sec Fig. 4-54) as caused by flexural strains. E « 30,000 k/in^. I is 
100 in^. I-4ns.: Aa« *= 0.29 m, up, Ah* = 1 01 in. right, Ba * 0.0036 rad, 
counterclockwise.] 



Figuuk 4 54 


4-38. Find the vertical, horizontal, and rotational deflection components of 
point .1 (sec Fig 4-55) ('onsidi'r flexuial strains only. E = 30,000 k/in^. / ih 
200 in'*. |.lns.;AA» = 1 Him down, At* - 0.53 in right, =■ 0.0049 rad. 
counterclockwise ] 



Figl’KI. 4 55 


4 39 Given a prestiessetl concrete beam with a constant moment of inertia I 
tliroughout its length. The compressor cU‘mt‘iits are ijlaced in a parabolic curve 
with an cceentricity at the l>eam ends of //. 


I Center line 
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The equation of the parabola, referred to the left end of the cable, is 


z 




Find the expression for the upward deflection at the center of the beam span as 
caused by the prestressing. Assume that the horizontal component of the com¬ 
pressor elements P is constant throughout the length of the beam. The cable 
eccentricity at the center line is y 4 zq. [.Ins.. (PL^/^EI) (|^ 2 o + y)> 


4-9 Deflections resulting from flexure of nonprismatic members. The 
flexural deflection problems considered thus far, with the exception of 
Example 4-29, have dealt with inemlK*rs, or frames composed of members, 
with constant moments of inertia. Members having a constant moment 
of inertia art* known as prismatic memhers ''J''hc reinforced beam of Ex¬ 
ample 4-29, although nonprismatic, does have constant moments of inertia 
throughout definite segments of its length. Any flexural deflection, either 
linear or rotational, of any point on the beam may be found by methods 
similar to those illustrated in that example. 

Prismatic members will be the only type found or designed in many 
structures, although, in some cdees, nonprismatic memhers are preferable 
to prismatic, from the standpoint of either economy or appearance or both. 
Modern methods of analysis of indeterminate structures, which enable the 
designer to analyze frames composed of nonprismatic members with accu¬ 
racy and speed, and modern methods of fabrication, have had the effect 
of greatly increasing the uw* of nonprismatic memhers. 

The summation of the effects of lionding throughout the length of a 
nonprismatic member may quite often be managed in two ways. The first, 
when possible, is by direct integration The second way consists of dividing 
the memlier into a number of segments and considering that the two 
variables, moment of inertia and bending moment, will have the same 
values throughout the length of each segment as they have at the center 
of that segment. Example 4-40, which follows, will illustrate both methods. 
A preliminary discussion of one point in that example will be of value. 
The statement of Example 4-40 specifies that the uncracked section shall 
be used for determining the various moments of inertia. This is customary 
in the analysis of reinforced concrete structures and simply means that the 
effect of the reinforcing steel i^neglected and the concrete is not considered 
to crack on the tei»sioii side. 

Example 4 -40. The reinforced concrete cantilever beam shown in 
Fig. 4-57 is of itOOO lb concrete. The width is 1 ft and the depths vary as 
indicated. E — 3000k/in“^ Using the method of virtual work, find the 
deflection of point B as caused by the 10 k load. Use the uncracked section 
for /. 
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Solve in the following ways; 

(a) Direct integration. 

(b) Using segments 2 ft long. 

(c) Using segments 3 ft long. 

(d) Using segments 4.5 ft long. 

(e) Using segments 6 ft long. 

(a) The dimensions of the beam are such that if z is expressed in* feet, 
the depth at any section x is 10 + x inches. Xherefore, 



mM dx 
El 


12 f (+x)(+10x) dx _ 10 ^ x*dx 
“ 12E Jo (10 + x)» ^ E Jo (10 + x)3 * 





x*dx 
(10 + x)3 


is in the form 



x"dj 
(o -f x)« 


Let y = a + X, n = 2. Then x = y — o, m ■= 3; dx = dy, a == 10. 
Therefore, 



X* dx 
(10 + x)3 


/. 


18 


( y - o)^dy 


4 




(y^ - 2ay + a') ^ 


= / ^-2a/ y-Uy^a-^ly- 

Jo y Jo J 

-[ 


dy 


2a _ 

y 




= [log, (.+ ») + - 2 ^.-^ 2 ),], 

Fi OO .20 1001 f, , 20 

- j^log, 28 + 2g Jgggj [log. 10 + JJJ 


lOO ' 

200 . 


\u\ 


MKTHODS von < OMIMiTIM<, < I IONS 


4 


\ (1711 

0 ISO. 


OOiUl rj :\il\ I '2 m) 0.5001 


10 / 0 IKO ^ I72S 
:\m) 


! 0 ;s II 



Kkm in ] ^>^ 


E iuM a I ’ 

Iff ^ h 


\ </» \2 


2 10 


\v 

y* ^ 


'i' Mil I in 


SeKiucnt 

j itt) 

1 

* • 

it 10 

• 1 (IM ) 

J' 

1 

< 

.: 
a 

1 

I 

1 

I 1 

1 ;{:;i 

n 00075 

•> 

.1 

0 

M 

2 I‘»7 

0 00411 



2:» 

15 

'j .;75 

01)0712 

\ 

7 

V) 

17 

4.91 ;i 

0 00997 

«> 

0 

SI 

19 

(» S59 

0 0MS2 

i> 

11 

]2I 

21 

9 2(il 

0 01.107 

7 

i;j 

14)<1 

2.1 

I2.1(>7 

0 01.491 

s 

15 

22.') 

25 

15,02.5 

001411 


17 1 2SU 1 27 

240 X OOtKlKi X 144 
:4(KK) 

19 l)S.i 

OdS in 

0 0N7() 

-- * 


l*art.s (<■), (<l). and (<*) arc Mihcd in the inannci illustrated for part (h), 
'I'hc results ot tlu' \arious solutions an* shown in I'ahk* 4 15 


T\iu L 4 15. 
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It is apparent for the above niemhor and loading that satisfactory deflec¬ 
tions may be obtained with a relatively sinnll number of segments. I'his 
would not necessarily be true for other shapes of monilxTs and for other 
types of loads. However, if the segments are taken relatively short, the 
deflections thus obtained will he in close agreement with those which result 
from direct integration. Deflections of nonprismatic members are often 
obtained by the segment method rather than by direct integration, since, 
in many cases, it is imp()ssil>lo to integrate exactly the expressions for 
deflection. 


Pkohi.kms 

A leinforced concictc-.'-lrO) lng}irtM\ I)iiclgc is to litivc a longitudinal 
section (see Fig 4-59) which \m 11 hold Uinmgliout the entiie 24 ft of roadway 
width. What will be the upward defleetion of })oint‘' C iind C' as caused by a line 
loa<! of 4 k per ft of width of roadway at the eentei of the .^pan*' K is 3000 k in*. 
Determine the deflection hy 

(a) Integration. 

(b) Segments 3 ft long in eentei span la) 0 o'y in , (h) 0 53 iii 1 



Fj(;i’ii) 1 50 


4-42. A simple piestiessed concicte hi'ain is ri'etangiilai in s<'eti()n and 1 ft 
wide, and the elevation is as indieateil in I ig *1 CO. 'I’lie l<Mision m tin* compressor 
elements is 350 k. E is 6000 k 'in* Dctcimine 

(a) The vcitical deflection at beam renter due to the weight of the beam. Use 
the segment method with segments 5 ft l<mg Assume the eoncivte to weigh 
150 lb/ft-\ 

(b) The vertical deflection at beam eentei resulting irom prestiessing, ne¬ 
glecting dead load. Use direct integration [dns.; (a) 1.19 m. down, (b) 1.19 
in. up.) 



Figure 4-60 
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4-10 Deflections resulting from shearing strains. In a manner similar 
to that already demonstrated for articulated structures and for flexural 
deflections, it can be shown that the internal virtual work of shear in a 
member of length L is 



vV dx 
~AG 


where V is the shear resulting from the real load system, v is the shear 
resulting from the fictitious load, and A is the area of the cross section of 
the member, except in the case of WF or I steel beams, where A is the area 
of the web. As previously explained in the discussion of shearing internal 
work, K is a form factor. 

Attention is called to the fact that in the case of most beams encountered 
in practice, the defle(*tion due to shearing strains is relatively small com¬ 
pared to that resulting from flexural strains. Table 4-10 shows the ratio 
of shearing strain deflections to flexural strain deflections as computed for 
a 12WF27 steel beam. 


Table 4-16. 


Span to d(^pth 
ratio 


(\>ncentratcd load 
at center 


Uniform load 


r» 

10 

15 

20 


0.60 
0.15 
0.07 
0 04 


0.48 

0.12 

0.05 

0.03 


Problems 

4*’43. Using virtual \v(»rk, find the vertical deflection of the free end of the 
cantilever (see Fig. 4 (>I) resulting fiom (a) flexure, and (h) shear E = 
30,0lX) k in^. G ~ 12.000 k/in'-*, - 597 in^, and web area = 5.27 in^. 

1/1 NS..* (a) 1.08 111 ., (b) 0 03 m.) 

|10 k 

I2WF72 i 

l5'-0 I 

Figvhi: 4-61 

4-44. Using Mitual woik, finil the \ertieal deflection at the center of the 
10WF45 beam lesiiltiiig from (a) flexuie, and (h) shear. Cross-sectional area of 
web == 3.5 I = 249 in‘, E = 30.000 k and G * 12,000 k in". (.Ins..* 
(a) 0.38 in., (h) O.OI in ] 
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Figure 4-62 

4-11 Deflections resultinK from torsional strains. The expression for 
the interna] virtual work resulting from torsional strains will now be 
derived. Assume that the unit fictitious torque t is first applied to the free 
end of the cantilever in Fig. 4-63. All internal sections will be subjected 



to this torque. The real torque T is now superimposed on the free end of 
the cantilever and, as a result, the shaft is strained throughout its length. 
Consider the segment dz in length. The face of the segment nearer the 
free end will, as the result of the action of the torque T, rotate through X 
radians relative to the face nearer the fixed end. The fictitious torque t 
already acting on the near face will "ride*' through X radians at its full 
value and, consequently, the internal virtual work in the segment will be fX. 

It is now necessary to evaluate X. Under the action, of T, the unit shear¬ 
ing stress on the surface of the shaft is 

Tr 


where J is the polar moment of inertia of the shaft cross section. The 
torsional shearing strain, represented by 7 , on the surface of the shaft in a 
length dx is 
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and the value of \ becomes 

Tr dx _ Tdx 

7g r “ yc ■ 


The internal virtual work in a length dx is therefore 


and in length L is 



Tdx 

JG 


f 



iTdx 

JG 


l‘\ir cMms sections other than circular the remarks of Section 4-3(d) relative 
to the values of J apply. 

Ex \MPLK 4 15 Ciiven a 4-in standard pipe bracket (see Fig. 4-64) having 
a 90° angle at B aiul (\ and located in a horizontal plane. Find the vertical 
deflection coinpoiuMit of ^'1 and the rotation of end A of segment AB about 
the axis of AB, as caused by a vertical load of 2 k applied at A. The plane 
moment of inertia of the pipe is 7 23 in^ and the polar moment of inertia 
is 14 H) ni'^ G -- I2,(KM) k iir and B =• 30,(KX) k/in^ Use the method 
of virtual work 



Taule 4-17. 


: s<‘g-. j 

I UU'Ilt I 

= 0 

at 

Ji in- , 
cM'asinp, \ 

M 

at-k) 1 

T 

tft-k) 

Ift-k) 

(ft-k)‘ 

t 

(ft-k) 

(ft'k) 

AB 

.1 

1 to B 1 


0 

+X 

0 

0 

+1 

j liC 

B 

n to (’ 1 


+ 2 

-\-X 

+1 

+1 

• « 

0 

\ C]> 


(Mo J) j4 

2 -I- 2j' 

-t-4 

+l + J- 

0 

+2 

+1 
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In Table 4-17, for any section x in the resp^ictivc segments; 

(i) M is the plane bending moment caused by thc^ 2 k load 

(ii) T is the tonjuc, or polar moment, resulting from the 2 k load. 

(iii) m is the plane bending moment due to the 1 k fictitious force. 

(iv) wia is the plane bending moment resulting from the I ft-k fictitious 
couple. 

(v) t is the torque due to the 1 k fictitious force 

(vi) ta is the torque caused by the 1 ft*k fictitious couple 


The expression for vertical defit*ction is 


1 


f wiA/rfx , f iT dx 

~Er^J 'G.r> 


I X A 




r)(+2j-) d 


' ^ L 
I 


C+J)(j 2.r) dx 


4/ (4 1 t x)i-\2 ^ 2.r)dx 


] 


GjUo 


(H)(4 2)f/..M J (42)(|4)rfj-], 


48 X1728 , 28 X 1728 

^ ^,(K)0X7.2:i ' 12,0()0 X iT Hi ^ 


For rotation, 


1 X ^ = 



m„M dx . [ taT d.i 

~Y7~ W 

^(fl)(-t2j-)</<- , 

■ • AV " - 'A 


(+_1_)(J 4) dx 
GJ 


4 X 144 12 X 144 

:i0,000”x 7 2:i 12,000 X 14.40 


40 , 01:1 rad. 


Problems 

4-*46. Using virtual work, find the vertical deflection component of point D 
(see Fig. 4--65) as caused by the 0.2 k vertical load at D. Points .1, B, and C are 
in one vertical plane; points B, C, and D arc in one horizontal plane. Consider 
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flexure and torsion. The bracket is of 3-in. diameter standard pipe with a plane 
moment of inertia of 3 in'* and area of 2.23 in^. E = 30,000,k/in2 and G = 
12,000 k/in“. [/Ins.; 0.92 in. down.] 



Rkvip;\v Pkorlems 

4-47 Find the horizontal deflection (•(iiupoiieiit of A (see Fij; 4 (id) due to 
i\\v 2 k load at A , bv usihr the methods of 

(a) Rf*al work 

(b) Ca.stiKliano\s hist fhoorcin. 

((') Virtual noik 

C'onsidei fle\inal strain.s only H ^ 30.(X>0 k, in- \Ans 0.19 in) 



Figuki 4 -00 



Fig IT It K 4-07 


4-48. Find the vertical and lotaliona! deflection eomponoiits of point C on the 
cantilever of Fig. 4 07 by 

(a) Castigliuno's hrst theorem. 

(b) Virtual work 

Toiisider flexural strains only. / = 5000 in*. E = 30,000 k/m-. [.4ns.; 

= 0.09 in., Oc = 0 0038 rad, eloekwi.se] 

4-49. Find the vertical deflection component of point 1) (see Fig. 4-68) by: 
(a) Real work. 

(h) Virtual work 

(c) ('astigliano*s first theorem. 

Consider flexural strains only. E - 30.000 k/iu“. (/Ins.. 2.88 in ] 
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Figure: 4-68 

4-50. Fiml the vortical deflection component of point .4 (see Fig. 4-69) by 
virtual work. Neglect shearing strains in the beam. E — IIO.OOO k/in^. Mns.; 
1.21 in.} 


12W'K50 
A ^ 14 71 
/ 394 


Fiouri. 4-09 

4-51. The support for a monorail hoist is cantilevered as shown in Fig, 4-70 
and suitable latiTal bracing is provided, Fiiul the vertical deflection I'omponcnt 
of point A by virtual work. Consider that the splice to tin* left of B will not 
transmit moment. The cross-set'tional areas of the various mi'mhcrs are noted 
on the illustration. IC = 30.000 k/in^. I Ihs 1 22 in.) 




Figurk 4-70 


4-52. Find the vertical deflection component of points .4 and A' (see Fig. 4-71) 
when these points are simultaneously loaded with vertical downward forces of 
2 k each. The member CDE is a 10WF21 steel beam with a moment of inertia 
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of 1(M» iii^ and A of D.19 The members ABC and A'B'C' are 5-in. ^ standard 
weight ])ipe with a plane moment of inertia of 15.16 in^. Seetional areas for the 
truss mi'inbers. in Mjuare inches, ate shown on the illustiation. l^se a valueior 
E of 30,000 k/in^, and for G of 12,000 k/in^. Consider axial, flexural, and 
torsional strains. [/Ins.; 6.24 in ] 



J'utVRK 4-71 

4-12 Maxwell’s theorem of reciprocal deflections. Maxwell's reciprocal 
defUrtion theorem was developed in the form of three propositions in 
St'etion 3 10. Interesting and easily understood alternate demonstrations 
are pos.sible, however, by the method of virtual work and it is advisable 
that these be considered at this point. 

Proposition 1, for the (‘aac» of two unit forces applied separately to a 
striH'ture, lui.s Im'cii stated as follows* Any linear deflection component of any 
pouit A, rcauthng from the application of a unit force at any othtr point B, 
ta rquaJ zn magnitude, to the linear deflecUon component of B {zn the direction 
of the first applied force, at B) resulting from the application of a unit force 
at A applied m the direction of the original deflection component of A. The 
alternate demonstration will be developed in connection with Fig. 4-72, 
where A and B may Ik' any two points. 

Ihoposition I, for the tw'O structures shown in Fig 4-72(a) and (b), 
4*nn Im‘ cxpri'SHinl as 

^AvHh — 

This ma\ Ik* piove<l a.s follows* 

I wi M dx I m \ j - niHh' dx 

-—iU - 
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-4 


1 k (fictitious) 


' \B 




11 k(r«al) 

• 1 k (real) 

’"cr 

— 1 " 

B'\ 

Figuhl 4-72 

(b) 


k (fictitious) 


where tm/za Ls the moment at any section caused by tlie 1 k real force at 
fi in Fig 4-72(a), and 7n.t„ is due to the 1 k fictitious force at A Also, 


^lihAv 



m.i,, • f(c 

El 


« 


where m inow represents the moment at any section due to the I k leul 
vertical force at A in Fig 4-72(h), and muk is the moment resulting from 
the 1 k fictitious force at B. rompunson of the two integrals shows (hut 


~ ^lihA It 

Proposition 2, covering the case of a force and a couple iipplic<l sep¬ 
arately at an}' two di/Tcrent points on a fttructure, has [)ccn stat'vl as 
follows. Any Ivuvr drflectinn rompotu^nt of any point A, an causvd hy a unit 
couple appited at any other point is ajnal in magnitude to the ndiltonal 
deflection of B in radians rrsuiting from On applieaUon of a unit force at A 
in the direction of the original linear deflection component of A Assuming 
for the purpose ol the demonstration that a vintieal deflection component 
is to he coii.sid(*red at A, this proposition is t‘\pr(\ssed as 



OlHw I , 


(As previously nulicaterh the low<‘r-case m following B in the su)>scripl is 
redundaht, but the author often prefers to use it in order to maintain the 
four-letter subscript system.) Imagine that a unit real couple is applied 
at B, in Fig 4 i2 (a), in place of the unit real load shown 'I'heii the 
expression for 

f m .'1/ d.c f d.r 

~ J -J 

where niaBm is the moment at any section due to the unit real couple at By 
and m.it is the moment at any section as caused by the unit fictitious 
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vertical load at A. Now, in Fig. 4-72(b), consider that the unit fictitious 
liorizontal force at B is replaced by a unit fictitious couple. The value of 
‘8 given by 

/ m M dx I m^BmmAvdx 
El El 

aixl coniiKirison of the above expression with that for indicates that 

^\vfim OlJtfn ij. 

r'or the case of the two unit couples applied separately to any two points 
of a structun', Proposition 3 has been previously stated as follows; The 
rotational (iefifrlion of any point A on a structure, as caused hy a unit couple 
aeting at any other point B, is equal in magnitude to the rotational deflection 
of B as caused hy a unit couple acting at A. The above proposition is ex- 
prc\ssc»d by 

01 Arnlim ~ OljiniAmi 


aiul lliat this relationship is true can easily he proved hy virtual work, 
usinj; in<‘lh()(ls similar to those used in verifying the first two propositions. 

Attention is called to the fact that, although a frame composed of 
riieniliers whit'h are primarily flexural was used in the above demonstra¬ 
tions. the resulting relationships could have been proved just as easily 
with an articulated structure or for deflediuns resulting from shearing 
or torsional strains. 

Tliese propositions are extremely important, for not only do they serve 
to rediue the amount of work involved in analyzing many indeterminate 
structures, hut also they are the basis for various methods of model 
analysis Siiu'e they will he used repeatedly in suhse<|ucnt problems, 
the reader sJiould be certain that ho thoroughly understands them. 

Part 5. Moment Areas and Elastic Weights 

4-13 General. The moment-area method and the method of elastic 
weights, both useful for finding slopes and defleetions of flexural members, 
are rather closely related Each method comprises two principles or 
propositions The two propositions eonswlered first frame the moment- 
area method and are due to Professor t'harles E (Jreene of the Imiversity 
of Michigan, who introdiurd them in 1873. The last two propositions 
constitute the method of elastic weights, more commonly known as the 
conjugate beam method, and were announced in an outstanding pai>er (3) 
pn'W'iited hy Otto Mohr in IStiS It was in this same paper that Mohr 
disru.sse<l the representation ol the elastic curve as a string polygon. 



4-14] 


THE MOMENT-AREA METHOD 


127 


In general, the conjugate beam method is of much greater practical 
importance than the moment-area method. Occasionally, however, a 
problem or demonstration will be encountered in which moment areas 
can be applied to better advantage. 

4r-14 The moment-area method. Proposition 1: The difference in 
slope between any two sections of a loaded flexural member is equal to the area 
of the M/Et diagram between these two sections. 



Figure 4-73 


As a first, and quite simple, demonstration of the above proposition, 
consider the cantilever beam of Fig 4-73. Assume that the whole beam is 
rigid, except for the differential slice dz. Under the action of Mb, the l>eam 
will deflect as in Fig. 4-74. 



Figukf 4-74 


It has be(;n previously demonstrated (Eq 4-26) that 


M dx 

El > 


where M is the internal moment in the differential slice as caused by any 
system of applied loads Thp bending moment diagram will be of the 
shape indicated in Fig 4-75. If each ordinate is made Mb/E l, it is ob- 




E! 


Figure 4-75 

vious that dB will equal the area of the indicated differential slice. Actually 
the whole beam is elastic, and thus each differential slice will contribute 
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a d$. If we wish to determine the difference in ^lope between any two 
points, us A and the value of B will be 



Mb dx 
KI~ 


This is the area of the M/El diagram betwcM'ii points A and B, 

IMtoposiTioN 2. The tangential denat*(m of point B on a loaded dexural 
member, from a tangent to the deflection curre at point A, is equal to the mo- 
merit of the area of the M /El diagram between A and B about B. 

V\)v u demuiistration ol this proposition w<* left r again to Tig 1-74. It 
IS apparent that (he flexural strain in the differential slice dx will result in 
a .small deflection d^ at B, and this deflection will be 


f/A ,r dd 


Mh dx 

~El 


lf» then, It IS recjuired to find the deflection of B relative to *1, it can be 
found by Munniing all the values of rfA as contributed by all the differen¬ 
tial slices. This would obviously bo the summation of the moments of all 
the differential slices of the M/El diagram about /^» or, in other words, the 
moment of the entire M/EI diagram bet\\<'en .1 and B about B. 

Kx VMPLE 4-5;i. The steel beam sho\Mi in Tig 4-7t) has a moment of 
iiuTtia of 200 in'* und an E of .S0,tXX) k/in^. Tsing (lu* moment-area method, 
find. 

(a) The differeueo in slop*' l>etweeii X aiul 

(b) The deflection of A' from a tangent at 1' 



Tmvm 4 -70 



4-151 


THK rONJ\'<i\rK lU-.AM Mtmidl) 


12 \) 


(a) The area of the M;EI diagram between X and Y its 



205 

El 


('’hange in .slopes between A" and is 


205 y I 4 4 
;M),(MK) X 2(K) 


0 (KM0‘J la.i 


(1)4 To obtain iht' moment of the M !.'/ diagram between 1' antJ A' 
about A", it is eonvenient to divnle the diagram jnlo leelangies and tri¬ 
angles as show n in I'lg 4 "ti 




10 X 2 ' ! 


"x‘>X * 
»> 


«> 


IHti 7 

A/ 


tSr.T 172S 
dO.'lHH) ' JtH) 


0 1 4 


Pnom.t Ms. 

4-54 Using Ui(‘ nii)ni<sit'':iie;i method, timl (,iM»m l ig 1 77) 

(a) The difference in slopi* bet ween A and 1 
(h) The deflection of \ fiom a tangent at ) 

E ■= 30.000 k III- and / - 2(M) rn* i b/s- (a)0i)':57 /a<!. (b) 0.27 in 



J# n 


Fioi Rf \ 77 



4-15 The conjugate beam method. Piopositions 3 and 4, upoti which 
the rorijuffnlr hnim fncthiM/ is t)ase(l. will now' be dt^veloped For a demon- 
stratioii of Proposition 5, con.-'KltM- tin* "imple beam of Fig. 4-78, loaded so 
as to produee the bending moment diagram indicated. If the entire beam, 
with the e\(‘eption of the segment //i. is eonsideri'd to be rigid, then ilio 
flexural strain in the .segment r/t will result in the deflected beam shown 
in (b). 
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Now, 


ddA + dds — dd = 


M^dx 
El ' 


and 


X ► dBx = y • dBsf dBA = ~ dBs- 

X 


Substituting Eq. (4-30) in (4-29), 


ld0s + des = ^ 


dBs 


\I + v/ 


M x dx 
X + y/ El 


X Mx dx 
L ■ El 


and 


(4-29) 

(4-30) 


(4-31) 


y Mxdx 

-L ~Er 


(4-32) 


But Eq. (4-31) would be the right-hand reaction of a simple beam (called 
the conjugate beam) loaded with the elastic weight M^dx/El and Eq. 
(4-32) would be the left-hand reaction. If the entire beam is considered 
to be elastic, then the resulting ^lope at the right end would be 
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and, at the left end, 

- r ^ ^ ■ <*-“) 

But Efjs (4-33) and (4-34) arc, respectively, the rifi;ht and left reactions 
for a simple conjugate beam loaded with the entire M/EI diagram. 
Therefore the slopes at the ends of the real beam are the reactions (that is, 
the shears) at the corresponding ends of the conjugate beam. Moreover, 
the slope at any other section of the real beam will be the end slope 
minus the flexural strain from that end to the section in question. By 
Proposition 1, however, this flexural strain is given by the area of the M/EI 
diagram, which is the load on the conjugate beam, between these two 
points. That is, the slope at any section of the real beam is equal to either 
end reaction of the conjugate beam minus the elastic load between that 
end and the section in question. 1'his, obviously, would be the shear in 
the conjugate beam at the section. Therefore, Proposition 3 is stated as 
follows: 

The slope at any section of a loaded beam, relative to the original axis of the 
beanij is equal to the shear in the conjugate beam at the ctnrresponding section. 



Fiourh 4-79 


The beam of I'ig. 4-79, which will be used to develop Proposition 4, is 
loaded with a system of loads causing the bending moment diagram in¬ 
dicated in (a). The deflected beam is shown in (b), and we wish to find the 
deflection de. From the figure, 


de df ^ c/, 
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which is equal to xa^SA minus the moment of the M/El diagram from A 
to C about C. But, since ^.4 is the left reaction of the conjugate beam, the 
above expression for dc is obviously the internal moment at section C of 
tlie conjugate beam. I'horefore, Proposition 4 is slated as: 

Thr deflectim at a giren sretim of a loaded beam, relative to its original 
position, IS eqval to the bending inonn nt at the corresponding section of the 
conjugate’ beam. 

4-16 Relationships between the real beam and the conjugate beam. 

iVopositiona 3 and 4 having been demonstrated, it is now possible to estab¬ 
lish certain definite relationships between the conjugate beam and the 
roi\\ bc»am. Several of those relationships, which are obvious from the 
statements of the propositions, are as follows: 

(a) The span of the conjugate beam is equal to the span of the leal beam. 

(b) Th(‘ load of the conjugate beam is the M/El diagram of the real 
beam 

(c) Th<‘ shear at any section of the corgugate«beam is equal to the slope 
of the corresponding section of the real beam. 

(d) The moment at any section of the conjugate beam is equal to the 
deflection at the corresponding section of the n*al beam. 

In addition to the above, the (‘onjtigale beam must be supported in a 
manner consisb'nt with the* constraints of the real beam. The proper sup- 
poits ft)r the conjugate beam can be easily deduced from relaiioi^ships 
(c) and (d) as stated above lor example, if the real beam has a fixed 
support tuhich means no rotation or deflection of the beam at the sup- 
])ort). th(‘ corresponding section of th<^ conjugate beam cannot have any 
shear or moment nesting on it C’onsequcntly, this end of the conjugate 
beam is entiredy fre(‘ and un,supported On the other hand, if one end of 
the n‘al beam is fre(‘, as, for example, the free end of a cantilever, it will 
luive l)Oth slope and vertical deflection when the beam is loaded. The 
» (»rr(‘spi»mliiig end of ihc conjugati' l)cuin will therefore be fixed, .sin(‘e it 
muM l»a\e both shear and moment acting on it. In other words, if the 
n*al beam is a eantilever, tbe conjugate beam is also a cantilever, but with 
the h\ed supp<»rt on the o|)p<isite end If the support at the end of the 
real liejim is simple iihal is, no moment restraint is provided), then this 
end ol ihc real beam wil! rotate but will not deflect under load. The sup- 
p<iit at the corre.sponflirtg section of the conjugate l>eam must provide 
stii'ar. but ra* mimuMit. and con.M'r|U(Mitly it will also be a simple support. 

riic foregoing discus'^ioi) of type.^ of support for the conjugate lieam at 
puint’^ !'orr(*spoiulinu to tbe iod^ of tbe real }»eam (tlu* r(‘al beam may be 
i'll her a ^ingli' span or continuous ami of tw'o or more spans) can l)cst be 
sununan-id ji's m 'fal)!*’ I IS 
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Table 

Real beam support 
at end 

Free end of cantilever 

Simple 

Fixed 


ileal beam 



(b) 


-18 

Ctmjugate beam support 
at corresponding cn<t 

Fixed 

Simple 

Fn‘e end of cantilevf 


Conjugate beam 



(d) 

Ma 

Froiinr 4 SO 

In Fig. 4-80, the loaded real iK^ains. and the correspomling conjugate 
beams, will serve to illustrate the above diseii.ssion. Ft is important to 
note here that the MjKl diagrams have been drawn on the side of the 
conjugate l>eam corresponding to the compression side of the real beam. 
The M/E! load is ahvays considen'd to push against the conjugate beam, 
whether it be up or down If these ruh‘s are followed, then the real beam, 
at any section, will deflect toward the tension side of the conjugate beam 
at the corresponding section. 

If the real bc*ani is continuous, as in I'ig 4 81, then the conjugate beam 









I'jXami’LK 4 r>(> Vaiuff the cunjugatc beam method, find (see Fig. 4-86): 
(a) 'rhf* (Jeflerfioii at li 

(>») Th(‘ seelion of inaxiniuin (Jofioction in the span. 

E moo k/iii^ 




Figuue 4-86 


The loaded eonjugafe heaiu is represented by Fig. 4-87 



Figure 4-87 

(a) Assuming u busie moment of inertia of 100 in^, the relative moments 
of inertia of the three segments of the beam, from left to right, are 3, 2, 
and 1. The M/EI diagram is subdivided into triangles and a rectangle, as 
indicated in Fig. 4-87, and the values of Wi through W 4 arc computed 
below: 


Wi - 12 X I X i = 18, 
IFg = 12 X I X i = 27. 


1^2 = 12 X 9 X J = 54, 
IF 4 = 24 X f = 108. 
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4-16J 

These values act through the centroids of their respective M/El triangle 
or rectangle. Each reaction of the conjugate beam is found by taking 
moments about the other reaction. The results are 

Ra = 77, R'o -- 130. 

The deflection of B on the real beam is found by computing the moment 
at B' in the conjugate beam: 

4. - (77 X 9 18 X 3) ‘ 

(b) The section of maximum deflection in the real beam will correspond 
to the section of maximum moment in the conjugate beam, and this, of 
course, will l)c at the section of zero sh«*ar in the conjugate beam. The 
shear at B' will he 77-18 — 59. By inspection, therefon*, the section of 
zero shear will be l>etween B' and C' 'I'he lf)ad diagnam for the conjugate 
beam between these points, adjusted for the relative moment of inertia of 
the section, is shown in Fig. 4-88. 



Fjuukk 4 8S 

The area of the M/EI diagram from B* to any point .r to the light of 
B' (between B' and C') is 


±•2 

^ + 0.r. 
o 

Since the shear at B' is 59, the re(|uircd equation for lotrating the section 
of zero shear is 


and 



X - 7.07 ft. 


The section of maximum (ieflcction is H>.07 ft to the right of A. 
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Example 4-57. Using the conjugate beam method, find (see Fig. 4r-89): 

(a) The deflection of F. 

(b) The deflection of B. 

(c) The slope at B. 

(d) The slope at C 

E ^ :U),000 k/in^. 


/ = 200 111^^4=^- TT- j--Ji 

^ C / = 400 \n* D ^ * 400 m* 


i 


B Link 


10 k 
F 


1 10'4) 

1 lO'-O 

8'-0 

1 1 




The conjugate beam, with ordinates adjusted for the different moments 
of inertia, is shown in Tig 4-81). Note that E has been omitted in these 
ordinates for eonvenience, hut that it is introduced in the final evaluation 
of each answer When they are constant, il is most convenient to tem¬ 
porarily omit both E and I in this same manner. 




i 


2.0 X ^ -f 

tj 


I 0 X 


20 ] A 
2 10 


+ 0.8 X 


16 

3 


20.26, 



20’26 X 1728 
30,000 


1.17 in. 


(»>) 



19 

3 ’ 



40 X 1728 
3 X 30,000 


0.77 111. 


{<•) KBh -2 0 . 



2.0 X 144 
ilO'iXX) 


O.OOWi rad. 
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(d) The shear on the pin at D* is 



X Y + 10 X 

•5 




and the shear to the right of C* will be 

2.0 - 1.0 = 1.0. 


The conjugate beam method provides a means for evaluating redundant 
moments in continuous beams. Usually, however, it is not a preferred 
method of analysis for this type of problem Nevertheless, since it occa¬ 
sionally may be found useful when a continuous beam is nonprismatic, this 
kind of application will be demonstrated in Example 4-58. A preliminary 
discussion of one point is in order, however, before proceeding with the 
example. When a continuous beam is to be analyzed by the conjugate 
beam method, the internal moments at supports art* always selected as the 
redundants Each redundant moment necessitates the writing of one 
condition equation Particular attention is called to the fact that each 
condition equation, although written to directly express a particular re- 
quiremciit for equilibrium of the whole or a part of the conjugate beam, 
at the same time indirectly expresses a requirement for the geometrical 
coherence of the real beam 

Ex\mple 4-58 I sing the conjugate beam method, find (sec Fig. 4-90): 

(a) The moment.s at .1 and li. 

(b) The section of maximum iJ(*flection in BC 

(c) The maximum deflection in HC 

1 = 200 in^ and E = 50,000 k/in^ 



Figure 4-90 
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The beam under discussion is indeterminate to the second degree and 
the redundant moments are Ma and Mb- It is suggested that redundant 
moments always be assumed as positive; that is, that they be assumed 
with senses to cause compression on the top side of the beam. This has 
been done in loading the conjugate beam of Fig. 4-91. Note that since E 
and I are constant, they have been omitted from the loading. 



Figure 4-91 


(a) Since two unknowns exist, two equations are required, each express¬ 
ing a necessary condition for the equilibrium of a part, or of all, of the 
conjugate Ix^am. Perhaps the most obvious of these in the beam of Fig. 
4--91 is the re(}uircment that the sum of the first moments of all the elastic 
loads on the span A'li' about B' must be zero. In other words, ZMq, = 0. 
This, from the conjugate beam of Fig. 4-91, is written as 

5Ma bMa X + 125 X ^ = 0, 


from which 

2Ma 4 Mb + 37.5 = 0. (4-35) 


The second condition equation is, in the author’s opinion, most con¬ 
veniently written to express the requirement that the pin at B\ when 
considered as a free body, must be in equilibrium. That is, 2F = 0 for 
the pin. This is expressed as 


5Jlf^ + bMs F 125 + 


150 X 25/3 + 7.5Jf g X 10 

15 



from which 


Ma + 2Mb + 41.7 = 0. 


(4-3C) 


The simultaneous solution of Eqs. (4-35) and (4-36) will result in 


Ma = -11.1 ft k and Mb = - 15.3 ft k. 
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The complete load on the conjugate beam, omitting El, can now b® repre¬ 
sented as shown in Fig. 4-92. 



(h) The section of maximum deflection in the spun BC of the real beam 
will coincide with the section of zero shear in BV\ In order to locate this 
section of zero shear, it is first necessary to solve for This is most 
conveniently done by (considering Mb (in Fig 4-91) to have its correct 
sign and magnitude and then to take moments about li' When this is 
done, the resulting (Hiuation. assuniing is up, is 

loft; f 7.5 X 153 X 5 - 150 X = 0, 


from whic^h 



+ 28 5 


This reaction is shown in Fig. 4-92, as well as the value of the ordinati* of 
the M diagram at any section a from T'. I'he expression for the sheui at 
any section distance .r from ('' is then written, and this, when equated to 
zero and solved for x, will locate the section of zero shear in the span B*C*. 
This expression is 

»> 

28 50 - 0 08 ^ - 0, 


from which 


.r ~ 7.Go ft. 


(c) In accordanc(‘ with the above, the section-of maximum deflection 
ill span BC is 7.05 ft to the left of C If we take moments about the 
corresponding section of the conjugate l)eam, the result is 


BIXuax = 28.50 X 7.05 - 0.98 X 


/.bo 


X 


7.65 


= 145, 


^miix 


145 X 1728 
30,000 X 200 


0.04 in. 


2 


3 
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Problems 

4-59. Using the conjugate beam method, find (see Fig. 4-93): 

(a) The deflection at B. 

(b) The section of maximum deflection in the span. 

E — 30,000 k/in®. [Ana.: (a) 0.40 in , (b) 16.98 ft to right of A.] 

1 C k 

r 

i / = 200 L 


1 lO'-O 

lO'-O 

lO'-O 

1 1 



Figuri: 4-93 


4-60. I'Kiiig the conjugate benin method, find (see Fig 4-94) 

(a) Th(‘ deflection of B and C. t 

(b) The deflection of E. 

(c) The slope at B. 

(d) The slope at I). 

K = 30,000k/in‘. (a) 0.48 in ,(!))0.15 in., (c) 0.006 rad, (d) 0007 rad.] 

^ I ,j.t / =. 2(n iii< ^ 1 

r I ^ 100 m* ^ D 

y -0 y-o I 5'-o I 5'-o 


Figuri 4-94 


4 61 Using tlie conjuguU' tx'ain method, find (see Fig 4 95) 

(a) The moment at B. 

(b) The distance from 1 to tlu^ s(‘etion <jf maximum deflection. 

((■) I'lie \a!ue of the maximuiu defleitiiRi. 

A' - 30,000 k m- amf 7 - 172 s nU [Arts (tv) 74 8 fUk, (b) 11.1 ft, 
{v) 0.5! in 1 |l 7 

\ 

A 


I- 


9-0 


23'-0 


Figuri 4-95 
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4-62. Find the moment at .1, in the prismatic fixed end beam shown in 
Fig. 4-96, by the conjugate beam method, l-ltw.: —Pab^/L*.) 


FiGunn 4-96 


4-63. Using the conjugate beam method as required, 6nd (see Fig 4-97). 

(a) The moments at A and B. 

(b) The distance from C t<i the point of maximum deflection in BC 

(c) The maximum deflection in span BC. 

(d) The slope at B. 

/ « SOOin^ and E = 30,000 k/W. (.Ins.* (a) Ma -= 18.75 ft-k. Mo « 
—37.6 ft'k, (b) 14 14 ft, (c) 0.41 in., (d) 0.0018 iiul.) 


|]0k 



20'-0 

1 

iy-0 

-0 


I 1 

Figuri 4-97 


Part 6. The Conjugate Structure 

I 

4-17 General. The conjugate structure is an extension of the method of 
elastiq weights into two diinensions The method, as hereafter set forth, 
was developed independently by the author in 1940. (The principles are so 
simple, how'ever, that others have proliably originated similar applications.) 
In the evaluation of deflections of single-story rigid frames, either single 
or multi-span, the method is extremely useful. 

^18 Development of the method. Consider the frame of I'ig 4-f)8 If 
all of the frame is <‘on.siden‘d to Ik' entirely rigid, except the S4*ginent dr, 
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Figuuk 4-98 


then, under the action of the load P, the flexural strain in the segment will 
he 


M 

El 




Fiorm 4-99 


wliiTe M is the inonuMit on th(' segment caused by P Tht' frame will then 
assume the shape shown in Fig 4 -99 It is apparent that 
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and that 





Mdx 

KI 


Now fonsidor a strurturo which is identical with the given frame as to 
the lengths of its members and their ndative positions. This alternate 
structure, hereafter called the conjugate structure, is located in a horizontal 
plane and the end corresponding to the point A is fixed. Figure 4-100 



/ / 
y 

Figuui 4-100 


results If the flexural strain in the segmenl is considered as a vertical load 
acting on the conjugate structure at a point corresponding to the position 
of the Ht'gment in the original .sfriicturc (as shown in Fig 4-100), then, 
taking moments at A, 



Also, 



Shear at .1 
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Taking moments about Bj 

t 

My = Xh' d$ ~ 6b rr M X = Vh' dB — Bsk- 

Also, 

Shear at B ~ dS — dds- 

Now, if the frame is considered to be elastic throughout, the conjugate 
structure will be as shown in Fig. 4-101. Note that when the M/EI 
diagram is of a shape such that the centroid is known, the whole load 
(area of MfEl diagram) can h<^ considered to act through this centroid 
when taking ihomcnts 



Having demonstrated how the conjugate structure is proportioned and 
used, we will now formulate a group of governing principles. Principles 
(9), (10), and (11) will be found to be somewhat involved, but fortunately, 
since the senses of deflections and rotations can usually he determined by 
inspection, it is seldom necessary to use these. The principles are: 

(1) The conjugate structure, for a given real structure, is identical to the 
real structure with regard to the lengths of the members and their relative 
position. 

(2) The conjugate structure is positioned in a horizontal plane. 

(3) Two different concepts as to the exact manner of loading the conju¬ 
gate structure are tenable. The first of these conceives of a conjugate struc¬ 
ture composed of members represented by lines and loaded with an M/EI 
diagram in exactly the same manner as the conjugate beam. Thus, in a 
length dx along a member, the load is M dx/EI. The alternate concept 
considers that the members of the conjugate structure have definite 
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width. This width, at any section, is equal to the value of l/AV for the 
real structure at the corresponding section. Consociuently, in a length dx 
along a member, the area is given by dx/EL This is called an elastic area 
and it represents the elastic flexural strain at the corresponding section of 
the real structure, in a length dx, as caus(!d by a unit moment. The in¬ 
tensity of load on this elastic area is the value of the bonding moment at 
this same section of the real structure. Thus, as before, the load on the 
conjugate structure in a length dx along a member is given by M dx/EL 
This is recognized as the elastic flexural strain at the corresponding 
section of the real structure in the length dx. Consequently, the load on 
the conjugate structure (or the conjugate beam) is often designated as 
an elastic load. It is apparent that the conjugate structure (or the con¬ 
jugate beam) is actually loaded with the flexural strains of the real 
structure. 

(4) If the flexural strain at a given section of the real structure is such 
as to cause tension on the outside fibers, then this flexural strain is repre¬ 
sented as a downward load on the conjugate structure. If compression 
exists on the outside fibers of the real structure, the load on the correspond¬ 
ing section of the conjugate structure is up. 

(5) The conjugate stnicture, under the action of the flexural strains of 
the real structure as loads, and the conseciuent reactions of the conjugate 
structure, must satisfy three equilibrium condition equations: 

^ 0, ZMt, =: 0. ZV ^ 0. 

% 

The . 1 '- and y-axes are as shown in I'ig. 4-100. 

(G) The shear at any section of the conjugate structure is the slope of 
the corresponding section of the real structure. 

(7) The internal moment on any section of the conjugate structure is the 
deflection of the corresponding section of the real structure in a direction 
perpc‘ndicular to the lever arm u.sed to find any particular moment. 

(8) The end of the conjugate structure corresponding to the end of the 
real structure that deflects always has a fixed support. 

(9) If a section be passed through any point of the'conjugate structure 
and if the portion of the fonjugate structure to the right of the section 
tends to move down with respect to the part to the left of the section, then 
the rotation of the corresponding point of the real stnicture is counter- 
clockwi.se. Diagonal sections are pa.s.sed from upper right to lower left 
through right-hand vertical members, and from upper left to lower right 
through left-hand \'crtical members. 

(10) If the moment at any point on a horizontal or inclined member of 
the conjugata*structure, about an axis through that point parallel to the 
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y-y-axis, results in tension in the member top fibers normal to this axis, 
then the vertical deflection of the corresponding point on the real structure 
is down. 

(11) If tlie moment at any point on a vertical or inclined member of the 
conjugate structure, about an axis through that point parallel to the 
.r-a:-axis, results in tt*nsiou in the member top fibers normal to this axis, 
and if the supported cMid of the meinl)cr has an algebraically larger 
y-coordinate than the unsupported end, then the horizontal deflection 
component of the coriH'sponding point of the real structure is toward the 
right, provided the fixed support of the conjugate structure is to the right, 
hut toward the left if the fixed support of the conjugate structure is to the 
loft. If, however, the supported end of the conjugate structure member 
has an algebnueiilly smaller y-eoordinale than the unsupported end, then 
ItMision in the member tup fibers as deseribed above will signify a hori¬ 
zontal defle(*tion component of the corresponding point on the real struc¬ 
ture to the left if the conjugate structure fixed support is to the right, and 
a (l(^fie(tioii to the right when the conjugate structure fixed support is to 
the left. 

This last principle will be clarified by reference to Fig. 4-102. Figure 
4-l02(a) shows a real structure and Fig. 4-102(b) shows the correspond¬ 
ing e(»njugate structure. The supported end of AB in the conjugate struc¬ 
ture is at /?, and the supported end of BC is at C, and therefore each mem¬ 
ber has a supported end with a y-eoordinate algebraically larger than the 


r 



(u) 

Fiourk 4-102(a) 
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Fiourk 4-102(b) 


unsupported end. Consequently, the tension on the tup fibers normal to 
the x-axis, which under the given loading will exist throughout AB and 
BC^ signifies a horizontal deflection component to the right for all corre¬ 
sponding points ol AB and BV oi* the real structure. The member CD 
on the conjugate structure, hotAever, with its supported end at Z), falls 
into the oppasitc classification, for which tension on the top side indicates 
(in this case) a horizontal deflection component of corrc:sponding points 
on the real structure toward the left. It is probable that some point along 
CD of the real structure will have zero horizontal deflection. The corre¬ 
sponding point on the conjugate structure will be the point at which the 
moment of the Mastic* loads, about an axis parallel to the x-x-axis and 
through the point, will bo zero. All sections l)etwecn this point and C 
Avill have compression on the top fibers of the conjugate structure, and 
corresponding sections of the real structure will deflect to the right; 
Avhiie all sections l)etween this point and D will have tension on the top 
fibers, and corresponding sections of the real structure will deflect to the 
left. 

Note particularly that the sign conventions outlined in Principles (9), 
(10), and (11) will apply only if the sign convention of (4) is adopted. 
Attention is again cr.llod to the fact that in most oases it will be 
unnecessary to use I'rinciples (9), (10), and (11), since the senses 
of the various deflection components can usually be determined by in¬ 
spection. 
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4-19 Demonstration of the method. Several examples will serve to 
demonstrate the application of the method. 

Example 4-G4. Find the horizontal, vertical, and rotational deflection 
components of point A (see Fig. 4-103) as caused by the 10 k load. 
E = 30,000 k/in^. (This is the same problem as in Examples 4-10 and 
4-30, The three methods of solution should be carefully compared.) 



The conjugate structure would he represented by Fig. 4-104: 


jO X ]0 



E^Ah = 1.25 X S.33 f 2.5 X 10 = 35.41, 
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^Ak 


35.41 X 1728 
30,000 


= 2.04 in. 


The direction of the above deflection is to the right, from Principle (II). 


= 2..5 X 5 = 12 o, 



12 5 X -1728 _ . 

SO.OOt')' - 0 72111., 


and this deflection must be down, from Principle (10). 


EBa^ 1,25 + 25 - 3.75, 


3.75 X 144 

:i0.000 


0.018 rad. 


The above rotation must be counterclockwise, from Principle (6). 

Example 4-65. Using the conjugate structure, find the horizontal, 
vertical, and rotational deflection ^'omponents of point A (see Fig. 4-105). 
E = 30^000 k/in*. (This is an alternate solution for the problem of 
Example 4-31.) 



The conjugate stnicture is represented by Fig. 4-106: 
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20X 10 



0.26 


40 

- 0.2 X ^ + 0.2 X 
»» 


IG f 0.2 X IG + 0.25 X IG = 13.07, 


l»‘J.07 X 1728 ^ mm • - .1 • i, fTJ • • I /IlM 

A.ia = - O.rfo JM. to the right [Principle (11)], 

A’A.,,. = 0.2 X 10 + 0.2 X 17 + 0.2 X 27 + 0.25 X ^ = 17.97, 

*5 

^ 17.97 X 1728 , . , fT> - • 1 /1AM 

A.ir -= —;{yo6b— [Principle (10)], 


KSa = 0.2 + 0.2 H 0.2 4 0.25 = 0.85, 



0.85 X 144 
.lO^OOO 


0 0041 rad counterclockwise [Principle (9)]. 


Example 4-GG. Using the conjugate structure, find the vertical, hori¬ 
zontal, and rotational deflection components of point A (see Fig. 4-107) 
as caused hy the 10 k load Also, find the horizontal deflection component 
of point A as caused by a 1 k load acting to the right at A. E = .'10,000 k/in^. 



DEMONSTRATION OF THE METHOD 



Figure 4-107 
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EAav --- 0.25 X 8.33 -f 2.5 N 10 -- 27.08, 


. 27.08 X 172K . , 


Eti.Ah - 0.25 X 10 =- 2 5, 


2 5 X 1728 „ ,. . 

= ~300()0 “ ^ ^ 


E0^ --- 2.5 f 0.25 - 2.75, 


7S y 144 

-- “ 0.013 lad c'ouuterclofkwise. 


]''or a 1 k load acting horizontHlly (o the right at -4, the conjugafo struc¬ 
ture would he reprosonted hy Fig 4-108: 


JO V ]() 
2 y 2fH) 



0 i 2 r> 


EhAh-=^ 0.25 X 0.()7 + 0.2 X 10 -|- 2 X 0.125 X 0.07 



^Ah = 0.31 in. to the right 
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Example 4-67. Using the conjugate structure, find (see Fig. 4-109): 

(a) The horizontal deflection of point A caused by the 20 k loud 

(b) The* horizontal deflection of A caused by 1 k applied horizontally a4 
A acting toward the left. 



FiGtiUi A- 100 


(ii) In Ibis (-use point .1 has no vfTliral dofiortion coniponcnt, and thus, 
evcMT though this end of the conjugate structure must be fixed, the moment 
about the /y-axis through A must be zero This can be aceoniplished only 
by applying an external load ^/>at the free end of the conjugate structure 
to give == 0. A.ssuming Bj) as down on the conjugate; structure 

(as it oliviously would have to be), the equation is 


Therefore, 


Bi, X 10 0 04 X 8 = 0. 

Bn - ().;i2, 


and this value of Bp, if multiplied by 14 4 and divided by Ii ='*30,(KW k/in^, 
will give the slope of the right-hand leg Note that this value of Bp does 
not enter into the solution for since its tj lever arm is zero. If, how¬ 
ever, the frame had une(|ual l<'gs, it would have appeared in the eipiation 
for Sah 

A'A.t/, = 0.04 X 24 - ir>:w, 




1^38 X irm 
.30,000 


0.88 in, to the eft. 
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1000 


0 570 


24 X 24 _ 
2 X ~5db “■ 


Bii = 0 768 


Figure 4-110 


(b) »/> X IG - 0.384 X 8 - 0.57G X 16 0, 

Bu = 0.7G8, 

£64/. =- 0.384 X 24 + 2 X 0.57C X IG =- 27.63, 

, 27.63 X 1728 , „ . * 1 r* 

^Ah = 30 000*— 

Example 4-G8. For the concrete culvert .section shown in Fig. 4-111, 
consider that a cut is made at A, Using the conjugate structure, and 
considering that end A of AD is fixed in the real structure after cutting, 
find the three deflection components of end A of AB. Consider a length 
of culvert of 1 ft perpendicular to the paper. Ee — 3000 k/in®. 


!0 k 


o'-O 


r-0 cf 


J'-O 


lO'-O 




k/ft = 


Figure 4-111 


/ X 12* = 1728 in*. 
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FiacRE 4-112 


EAah = 300 X 3 + 166.7 X 6 = 1900, 

^ 1900 X 1728 - 

= 3000 X 1728 = *” 

on 

E^Av = 125 X ~ + 300 X 10 4 166.7 X ^ = 5291, 


5291 X 1728 
" 3000 X J728 


1.76 in. down, 


E0a = 125 4 300 4- 166.7 = 591.7, 



= 0.016 rad counterclockwise. 

:1000X 1728 


4-20 Application to multi-span frames. As previously indicated, the 
conjugate structure is u.scful in 6nding deflections of multi-span single¬ 
story rigid frames after they have Ijeen reduced to statically determinate 
and stable structures by removal of redundant reaction components. 
Suppose, for example, that we wish to find the stresses in the frame of 
Fig. 4-113. If the solution is to be effected by the general method (dis¬ 
cussed in Section 3-5 and to be further discussed in detail in Chapter 5), 
the first step is to reduce the structure to determinateness by removing 
reaction components. As previously explained, this can be done by re- 
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Figure 4-113 


moving any combination of reaction components desired, so long as the 
final structure is determinate and stable. Assume that in the given case 
both reaction components are removed at C and the horizontal component 
is removed at B. The result is shown in Fig. 4-114, with the dashed lines 
indicating how the frame will deflect under the action of the load P. A 
number of other deflection components (»f B and C under certain other 
loads an* necessary for a complete solution of the problem by the general 
method, l)ut the immediate obje(‘t of this discussion is to explain how 
the conjugate* structure can be used to find (he deflection components 
indicated in Fig. 4-111. 


ir 

I 



^Ch 

Figure 4-114 





As a beginning, (he conjugate structure for'the span AZl is as shown in 
I'ig. 4-115. The horizontal deflection components of B and />, and the 
rotational deflection component of D, may be found from this structure. 
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Figure 4-116 Figure 4-116 


The conjugate structure for span BC is shown in Fig. 4-11(>. This is 
loaded at its unsupported end D with the rotation and horisontal deflec¬ 
tion of Df as determined from the conjugate structure in Fig. 4-115. The 
rotation of Z) is properly represented as a concentrated load, and the 
horizontal displacement of Z) as a couple about an axis through Z> parallel 
to the x-x axis. The required vertical and horizontal deflection com¬ 
ponents of C may be readily found from Fig. 4-116. In a similar manner, 
deflection components resulting from any system of applied loads on a 
frame with any number of spans may be determined. The application of 
the method to a two-span rigid frame is demonstrated in the example which 
follows. 

Example 4r-69. In order to analyze a two-span rigid frame by the 
general method, reaction components have been removed to reduce the 
actual structure to that shown in Fig. 4-117. One step in the solution 
requires that a 1 k horizontal load be applied at A and that the resulting 
deflection components, vertical and horizontal at A, and horizontal at F, 
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be determined. Assuming that I is 400 in^ and that E is 30,000 k/in^, 
evaluate these deflection components. The conjugate structure for the 
span FJf with elastic loads, is shown in Fig. 4-118. The upward reaction 



Figurf. 4-118 


at J is found by taking moments about a y~a.x\8 through F. This having 
been evaluated as 1.398, then we hnd E'^dhah by taking moments about 
an x-axid through D as follows: 


E • ^DkAh = 1.398 X 15 + 2 X 0.270 x 6.67 

+ 2 X 0.838 X 5 — 0.281 X 5 

= 31.7 (relative value), 


^DhAh == 


31.7 X 1728 
30.000 


1.83 in., 


E* Bd = shear at D == 1.117 (relative value). 
Taking moments about an .r-axis through F, 
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E • SpkAk = 2 X 0.279 X 21.67 + 2 X 0.838 X 20 + 0.281 X 10 
= 48.5 (relative value) 


48.5 X 1728 
30,000 


2.79 ill. 


The conjugate etructure for the span AF is shown in Fig. 4-119. 





162 


METHODS FOR COMPUTING DEFLECTIONS 


[chap. 4 


Attention is called to the fact that in a complete analysis by the general 
method, there would be no particular advantage in using absolute values 
for deflections. Relative values are ordinarily used in the condition equa¬ 
tions, which are solved simultaneously to evaluate the redundant reactions. 

In the above example it was possible to consider each portion of the 
elastic load, that is, each triangle or rectangle, as a single elastic force act¬ 
ing through its centroid. This, however, cannot be done if the members 
of the frame are nonprismatic. In this latter case, it is necessary to divide 
the frame into segments, assuming that the values for M and I which exist 
at the center of each segment will hold throughout the entire length of 
that segment. 


Problems 

4-70. By the conjugate structure, find fsee Fig. 4-120)* 

(a) The horizontal deflection component of A . 

(b) The rotation of D. 

(c) The rotational deflection component of A . 

(d) The horizontal deflection component of C. 

F « 30,000 k/in2. [Ann.: (a) 4..35 in., (b) 0.0086 rad, (c) 0.0095 rad, 
(d) 2.07 in.] 



9 



Figure 4-121 


4-71. For the cantilever shown in Fig. 4-121 find: 

(a) The vertical deflection component of point A as caused by the 3 k vertical 
load acting alone. 

(b) The rotational deflection component of point .i resulting from the action 
of the 2 ft*k couple acting alone. 

Use E = 30,000 k/in^. [.Ins..- (a) 2.54 in., (b) 0.0015 rad.] 
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4-72. Find the three deflection components of |>oint A (see Fig. 4-122) using 
the conjugate structure. E « 30,000 k/in^. Idn«.;A^fc - 9.3in.,AA« « 36.4in., 
$A ^ 0.089 rad.) 



Figure 4-122 


4-73. Find the horizontal deflection component of point A (see Fig. 4-123) 
as caused by the 10 k concentrated load at span center. The various moments of 
inertia are indicated on the members of the frame. E = 30,000 k/in^. 

29.1 in.] 



Figure 4-123 


4-74. Find the vertical and horizontal deflection components of point A and 
the horizontal deflection component of point F of the frame of Fig. 4-117, as 
caused by a vertical load of 1 k acting down at .4. lAns.: * 6.85 in., 

Aaaa^ * 5.14 in., A^a^v ™ 2.57 in.] 
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Part 7. The Williot-Mohr Diagram 

4-21 General. The Williot-Mohr diagram provides an exeollent method 
for determining the absolute displacements of the joints of articulated 
stru(*tures. The Fi'cnch engineer AVilliot develoix'd the original idea in 
1877; however, when used alone, his diagram is of limited value. The 
deflections obtained by its use will be absolute only if the graphical con¬ 
struction is referred to a structural memlicr \\hich remains fixed in direc- 
tioii with at least one end fixed in location during deflection. Wlien all 
members of a structure move, that is, citlu'r translate or rotate^ or both, 
lluMi the Williot diagram will give rehitivi' deflections 

In 1887 Professor Otto Mohr, of J)res<ien, having realized the iiotentiul 
value ot the Wdliot diagram, as well as its particular shortcomings, 
pul)lished his rotation diagram. Tins, coml>in('d with the work of Williot, 
jirovidi's a nu’thod which is une(|ualed as a means for determining the 
absolute displacements of the joints of articulated structures 


4-22 The Williot diagram. As a b('gunung. consider the small cantilever 
t mss show n full-si/e m Fig A 121(a) A^sumethat the structural material 
will behave elastically in sjiite of \cry large strains, and consider that ea(‘h 
member, except /ic, is strained oik^ unit, one unit Ix^mg ecpial to onc-tenth 
tlw‘ k'ligtli of the ])anel The strain foi each member is written in units on 
the sk(‘teh of the truss, a jiositive sign indicating a strain causing an iu- 
iT(*ase 111 length of the member. 

We wisli to fnul the d<'fl(M'tioiis of all paiu'l points n'sultmg from the 
indicati'd strains In the cas<* of the small tru'^s under consid(M*ation. this 
can easily be done as shown in Fig. 4-lLMtb) Starting with the points 
n' and d', drawn in tluar true positions, tlu* new location ot c, that is, c\ 
must he deternuiuHl Inst I'liis is because it is ihe only joint ti(*d directly 
to tlie IimmI points a and d by two members, ar (2) aiul dc (.J) 'J'he nicnibm* 
flc is tirst drawn from (d in its original din'ction and length, and the posi¬ 
tive strain of one unit is then added to the original length of the member 
(this IS shown in Fig l-124(b) and labele<l “2” to idiMilily the strain with 
its member). Thi* new location of r (that is. r') must be <ai the arc through 
which the end c' ol the strained member oc, which might now Ik* tlesig- 
nati*<l n'c', will pass wlieii the membt'r is rotated about a' as a center. A 
similar operation is then jM'rlorined with the member f/c. From d' the 
member dc is ilrawii in its original direi^tion and IcMigih, and the length is 
tlum decivas(»d by the amount oi the com|m'ssive strain, liilK'led “d” in 
this ease. The strained memlM*r tl'v' is then rotated about d' as a center so 
that v' strikes an arc. Obvioii.sly, tin* correct location of will be at the 
inlorseetion of the two arcs. 
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Having ha atod e\ \vv ran now locate b\ inasmuch as this point is ticsd 
to a and r l>y the* two niomhors ah (1) and bp (4). Wo pnxvod as boforo, 
the momlKT ah boin^ drawn from a' in its original direction and length, 
th(‘ strain 1 add<*d, and an arc sw'ung Then the nieinlxT rh is drawn from 
c' in its original direction and length, the compressive strain 4 is subtracted 
Irom the length, and an arc is swung to intersect the arc previously formed 
by rotating n*l/ The intersection of the t\vo arcs is the location of b'. 
Similarlv, and then r', are located If the unstrained truss of Fig 
4 124(a) IS superimyxised on the deflected structure of 4-12^ (h), with a 
on a' and d on r/', the ahsolute {hsplaceincmt of each joint can be measured 
dirt'clly. 

Tlie above construction is perfectly satisfactory for the assumed small 
truss Obviously, howewer, a full-seale <‘onstruction as demonstrated 
abo\(* would be imyiractical for an actual structure. The strains in an 
actual structun* are very small, and angl<‘s of rotation are so small that 
the angles and theii sines and tangents are efjual Hence a full-scale 
construction \vould be of little \aluc 

Wilhot p<‘rc(*i\’c*d that if exactly the same operations as previously 
described are perfoiiiK'd in the same se<juenee, but on the basis of the 
ongmul lengths of all members Ixung zero, then exactly the same informa¬ 
tion may is' obtained from the resulting diagram. In addition, since no 
conshicrnliun need be given to the actual size of the structure, the analyst 
is free to clioose the scale of the graphical ('oiistruction so as to magnify 
th(» strains, with resulting increase in accuracy. 

For an illustration of the Williot construction, refer again to Fig. 
4 124(a) ('on.sider that, with point a held in position, the lengths of all 
memluTs an' rcxJuced to zero This brings all panel points, including d, 
into coincid<Mico with o, and this point of coincidence, labeled x in Fig. 
4-124(c), is the starting point of the Wilhot diagram. Each deflected 
panel point must be loeated by means of the strains in two members 
int(^rsecting at that panel point-and having their other ends at points 
w'liK'h arc already locate<l. Joints a and d are fixed in position, and there¬ 
fore the d<'flected position of e (that is, r') must first be determined, fol¬ 
lowed by b', /', and c\ in that order. 

In order to locate c' in Fig. 4-124(<*). draw the strain labeled "2" 
from the starting point in the proper amount (note that the seale of the 
strains has been douliled in 4-124(c) to give a larger diagram) and parallel 
to member 2 Since a tensile strain is indicated for this menilier, e in the 
structure will move aw'ay from a, and therefore strain 2 is drawn down and 
to the right. Memlier has a compression strain, and consequently e 
moves to the loft relative to rf. Strain 3 is therefore drawn to the left from 
the starting point. 

Refereneo to Fig; 4-r24(b) shows that the strains 2 and 3 appear in the 
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same relative positions therein as in 4-124(c). .In Fig. 4-124(b), after 
strains 2 and 3 had been drawn, the next step was to swing ares with the 
ends of the strained members 2 and 3, and the intersection of these arcs 
located e* in that figure. In the Williot construction, however, these arcs 
are assumed to be straight lines which are perpendicular to the original 
directions of members 2 and 3. Obviously this is a poor assumption for 
the truss under discussion, because of the very large strains, but in the 
usual practical problem it is entirely valid. Consequently, in Fig. 4-124(c) 
the arcs of 4-124(b) are replaced by perpendicular lines drawn at the ends 
of strains 2 and 3, and the intersection of these perpendiculars locates 
Not-e that the strains 2 and 3 and the arcs of 4-124(b) are in the same 
relative positions as the strains 2 and 3 and the perpendiculars of 
4-124(c). In (c), however, the scale has been chosen to magnify the strains 
in order to give greater accuracy. In 4-124(b) such a magnification is 
impossible without a corresponding increase in the drawn lengths of the 
members. 

The position of c* having been determined in Fig. 4-124 (c), the next 
step is to draw the strains 1 and 4 from a and c' in the proper magnitude 
and direction. For example, because of the compressive strain in member 
4, the joint b will move down with respect to c, and therefore strain 4 is 
drawn doAvn from c\ The strain in member 1 is tensile arid b will move 
to the right relative to a Consequently, strain 1 is drawn to the right from 
point a in 4-124 (c). The intersection of perpendiculars drawn through 
the ends of jthesi' strains in 4-124(c) will locate 6'. 

Points/' and c' are similarly found. Note that in locating c\ since no 
strain exists in member 5, no strain 5 is drawn from 6' in Fig. 4-]24(c). 
In spite of this, however, a line is drawn from the end of this zero strain 
(actually b') in a direction perpendicular to member 5. This, of course, 
corresponds to the an* which was swung with the end of the unstrained 
member 5 in 4-124(b). 

The deflections obtained from the Williot diagram arc always relative 
to an assumed fixed point which is located at one end of a member as¬ 
sumed fixed in direction If the point and the member are in fact fixed in 
location and direction, then the deflections are relative to an actual fixed 
point and direction, and are absolute. 

In most cases, when the deflections obtained by the Williot diagram are 
relative, they are of little practical value. There are certain cases, how¬ 
ever, in which relative deflections are useful. For example, if the deflections 
of the joints of a symmetrical truss that is loaded symmetrically are 
required, and if the Williot diagram is referred to a center vertical member 
(if such does not exist, one may be assumed), then the resulting deflections, 
even though relative, will give the desired information. Relative deflections 
are also used in secondary stress problems. 
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I'xAMru: 4-7.J. Tind tho vertical dofloetiou of panel points c and d (*sec 
Kig. 4-I2r>) I)y the Williot diagram. Strains are marked on the truss 
members, with a positive .sign iiuheating a tensile strain. Consider that 
panel point d is the fixed point. The memIxT dr Mill not rotate during 
deflection of the truss. 



S<ai(* llH tM|s> 



IS JO n 



Figvui- 4-12*) 
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Example 4r-7G. A camber of C in. is required at the center of the truss 
of Fig. 4--126. What increase in ea<‘h top chord panel length and each end- 
post will be necessary to obtain this caml>er? Scale for trusa 

0 ft 



8 ol JO'-O U'AY-O 


Figuri: 4-120 


A solution will first be complctcKl to find the ca]nl)er resulting from an 
increase of one-quarter inch in the length of each top chord member and 
each endpost. Then, by direct proportion, the required increase for a C in. 
camber will be determined. The member cr will not rotate and point e is 
taken as the fixed point. 


0 , r- t 



0.25 


AL = 6 X = 0.71 in. (use 0.75 in.). 


0 75 

Actual camber = X 0 = 6.3G in. 
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Example 4-77. I'ind the vertical and horizontal deflection components 
of joint a in the tni.ss of Fig. 4-128, as caused by the application of the 
indicated loads. E ~ 20,000 k/in^ 



Fi(ii iti. 4-120 


0 l.S 111 
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All stresses having been found, the strains in the truss members are 
computed by SL/AE. The value of A is 3 in^ for all members. The re¬ 
sulting strains are marked on the members, a positive sign indicating a 
tensile strain. The Williot diagram is drawn as shown in Fig. 4-129. The 
line is taken as the line fixed in direction (as it actuall}’' is) and joint 
d is taken as the fixed point. 


Problems 

4-78. What would be the sag at the center of the truss shown in Fig. 4-130 if 
all members of the lower chord were fabricated 0,25 in. too long? Assume point e 
as fixed in location and member er as fixed in direction Suggested scales: truss, 
1 in. = 30 ft; strains, 1 in. = 0.50 in. [An«.: 1.40 in ] 


H t a r o n m 



Figure 4-130 


4-79. Find the horizontal and vertical deflection components ol panel point 4 
for the dead load strains indicated in Fig. 4-131. Stiains are symmetrical. 
Assume joint 4 as fixed in location and member CA as fixed in direction. Sug¬ 
gested scales: truss, 1 in. = 30 ft; strains, 1 in = 0.10 in. [An*..* vertical = 
0.41 in., horizontal — 0.09 in.] 


A’ OmmP 00.il in (' A A 



Oof 2j'-0 = l.Ml^-O 


Figure 4-131 
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4-80. An aerial conveyor tower is strained 
as indicated in Fig. 4-132. Find the hori¬ 
zontal and vertical deflection components of 
point A. The line between D and E is fixed 
tn direction and length. Suggested scales: 
tower, 1 in. = 5 ft; strains, 1 in. = 0.2 in. 
{Ana,: horizontal = 0.74 in,, vertical = 0.03 


Figure 4-132 


4-23 The Mohr rotation diagram. As indicated in Reciioii 4-22, if the 
construction of the Williot diagram can be referred to a nontranslating 
end of a nonrotating member in a deflecting articulated structure, then 
the deflections obtained from the Williot diagram will be absolute. In 
many deflecting articulated structures, however, no such joint and mem¬ 
ber will exist. Conse(iuently, the joint displacements obtained from the 
Williot construction will be relative to some joint and member which are 
not, in fact, fixed in position and direction. In most cases these relative 
displacements, with the exceptions noted in Section 4-22, are of little 
value. 

Actually, of course, the Williot diagram can be constructed with re- 
s|M'ct to any assumed fixed joint located at one end of an assumed non¬ 
rotating member. For example, (‘onsider the solid-line truss of Fig. 
4-133(a). This is the same small cantilever truss, drawn full-scale, as 
shown in Fig. 4-124(a). In this case, however, the displacements of the 
truss joints are to be determined on the assumption that joint c will 
remain fixed in position and that member cf will not rotate. The distorted 
truss, indicated by long and short dashed lines in Fig. 4-133(b), is developed 
by following exactly the same pro(‘edure as previously explained in con¬ 
nection with Fig. 4124(b), except that the construction is now started 
with the joint marked r'. Starting with c\ the sequence in which the joints 
are located in Fig. 4-133(b) is/', y, r\ o', and d'. If the unstrained truss 
is superimposed on the strained truss, with a on a' and d on d', then the 
distance from each double-primed to the primed letter is the magnitude of 
the deflection of that joint. The unstrained truss is indicated by dot-and- 
dash lines in I'ig. 4-133(b). The direction of each displacement, however, 
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Figurk 4-13;i 


is in error by the angle between a'd' and the vertical In other words, the 
correct direction of each displacement would be obtained by rotating the 
entire figure in a clockwise direction until a'd' were vertical. This error, 
although very considerable in the construction used for this demonstra¬ 
tion, becomes insignificant if the same operation is performed with an 
actual structure. The strains in the truss members have been taken to be 
extremely large, about 0.10, so as to demonstrate satisfactorily the various 
steps in the graphical construction, and these very large strains result in 
the above error. In an actual steel truss the strains would probably not 
exceed 0.0007. 
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A full-scale construction such as shown in Fig is practically 

impossible for an a(*tual structure. The same information regarding the 
displacements of all joints (relati\'e to c a.s fixed in location and member cf 
as fixed in direction) may Ih* readily olituinod, ho\vev<*r, by the Williot 
diagram 'fhe solid lin(‘s m l''ig. 4-FW(c) show this diagram (the scale ha.s 
boon doubled as compai’od to 4 !H:i(b)] but th(‘ information which may 
be obtained from it is (|inte ust^es.'s The difficulty is due to the fact that 
the constriK'fion has been Imsed on false assumptions, and (*onse(|uent! 3 ’' 
the indicated joint displacements are not consistent with the constraints. 
The Wilhot diagram cannot be rotated: ob\!oiisly, then, the only alterna¬ 
tive is to rotate th<‘ unstrained structure so that its eonsTramts (reactions) 
are <-onHistent ^Mth tlu' indicated joint displacements of tlie Wilhot dia¬ 
gram This, of course, was done in I'lg I l.'i.’hb) in the full-scale con- 
slniction Th(» Mohr rotation diagram accoiaplish<‘s the same thing. 

To umlerstand \\hy the Mohr eonstrnetion will give the displacement 
of joints as caused lij’ rotation of th(' siructnre, coiisidiM* h'lg 4 l.‘l.'i(a) 
'J'he dof-dash truss lias h(*eii rolatiMl about a to the sanx' position as in 
Fig l-l.*U{b) Note, howevei, that 6" and c" are sliown dn(*clly above b 
and r, resj>ectiv(4y, instead of being on an's passing thioiigh h and r with 
a as a center This is lieeause m tin* case oi an actual MructuH* tlie angle 
of rotation is exlreincly small, and, ioi all jiractjeal puiposes, ihcM* is no 
hori/ontal displacenn'iit of b ainl r during the rotation Simihiily, there is 
no veiticai displacement of d 

All joint displacements an* proportional to tin* iengtfi of tlu* radial line 
from the joint to the center of rotation Smci* the angle ol rotation is very 
small, eacli joint displacement will occur m a direction |)ei])en(li<ular to 
tlu* radial line to the joint If, now, in I'lg 4 lo-Sla) tlu* h*ngtlis of all 
members are reduc<*d to z<*n), all joints ol the unrotated tiu^" become 
eoincidi*nt with a In addition, all lines of joint disjilacenieni. snrh as d//'', 
cc", rr", ete , are pulled m to originate at the joint and c(‘iilcr of lotatioii 
a Tliese lines are shown in Fig 4 ld.‘l(a), all drawn fioin a II the lines 
v'T\ b'[r\ and h'V" are drawn ishowirin I lo.'Ua) as short dashed lines), 
the result will Im* a scale drawing of the original truss, but lotated Pt)” ironi 
its oiiginal position This small-scale tlrawnig is the Mohr rotalion fliaqram. 

In order to In* of ])ractieul value the rotation diugiam must lx* sup(*r- 
imposed on tlu* Williot diagram It must show the elTects of a rotation of 
the unstrained structure aliout a pinned reaction joint, and tliis joint is 
designated as the eent(*r of rotation y in the Mohr diagram This rotation 
l>rings thi* other reaction joint into a position so that the indicated aliso- 
lutt* displacement ol this other reaetion joint (the distance from the double- 
primed to tlu* single-primed letter for that joint) will he consistent with 
the constraint imposed b,v that reaetion. In the case of the cantilever 
truss under discussion, the structure is rotated about the (*entcr of rota- 
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tion 2/ = a' in Fig. 4-133(b) so as to bring joint d into coincidence with d\ 
Therefore, a" and d” of the Mohr diagram coincide with a' and d* in Fig. 
4-133(c). The remainder of the rotation diagram is readily constructed 
by drawing each member of the Mohr truss perpendicular to the corre¬ 
sponding member of the original structure. The absolute deflection of any 
joint (except for the errors due to large strains, as previously discussed) 
will be the distance from any double-primed letter to the corresponding 
single-primed letter. 

The above demonstration illustrates the fundamentals of the rotation 
diagram. It docs not, however, indicate that two necessary principles are 
available for locating the position of the rotated reaction so as to make it 
consistent with the Williot diagram. It has been established that in the 
Mohr diagram the distance from the center of rotation y to any double- 
primed joint designation is the displacement of that joint due to rotation. 
This displacement will always be perpendicular to the direction of the radial 
line, in the original structure, from the center of rotation to the joint. 
Consequently, the hrst principle is as follows: 

The rotated constraint (reaction) mil always l)e located in the Mohr dia¬ 
gram on a line drawn through the center of rotation y of the Mohr diagram tn a 
direction perpendindar to the straight line joining the two extenor constraints 
(reactions) of the original structure. 

In addition to the above, the fact has also been established that after 
the Mohr rotation diagram has been superimposed on the Williot diagram, 
the lincTrom any double-primed joint designation (in the Mohr diagram) 
to the corresponding single-primed joint designation (in the Williot dia¬ 
gram) is, in both magnitude and direction, the absolute displacement of 
the joint. Consequently, a line between the double-primed and single- 
primed designation for the joint at the rotated reaction must be in the 
direction of the constrained motion (if motion exists) of that joint as the 
structure deflects. If, for example, one end of a truss is on rollers, then this 
end will move along the plane of the rollers as the truss deflects under load. 
Therefore the statement of the second principle is as follows: 

The double-primed designation (in the Mohr diagram) for the joint of the 
structure at which the rotated reaction acts will always be located on a line 
drawn through the single-primed designation (in the Williot diagram) of the 
same joint, this line being parallel to the constrained motion of this joint as the 
structure deflects. The joints d* and d" coincide in the Williot-Mohr dia¬ 
gram of Fig. 4-133(c) because in this case there is no actual movement of 
joint d during the deflection of the structure. In other words, the line d*d'' 
is of zero length. 

The application of these two principles will be demonstrated in the 
examples which follow. 
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Exvmple 4-81. Find the vertical and horizontal deflection components 
of joints b and rf in the truss indicated in Fig. 4-134. Strain.s in inches arc 
marked on the members. As.sume that joint a is fixed in location and 
that member ab is fixed in direction. 







0 082 in 
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Note that h" is located as follows: a vertical line is drawn through 
a' = y, in accordance with the first principle previously discussed. A hori¬ 
zontal line is drawn through in accordance with the second principle. 
The intersection of these two lines locates 

Example 4-82. Find the vertical and horizontal deflection components 
of joint b (see Fig. 4-135) and the deflection of joint a resulting from the 
indicated strains. Assume that joint a is fixed in location and that member 
ab is fixed in direction. 





Figur.=c 4-135 
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Problems 

I -004Gin 


4-83. Find the horizontal and 
vertical d(*fl<*ction com|>on<*nt.s of 
point B in Fig. 4-136 Stiains arc 
indicated on the members. Con¬ 
sider point A as 6xed in location 
and member AB as hxed in direc- { 
tion. [/Ins.. A///, = 0.04 in., A/fp = 

0.17 in.l 



lO'-O lO'-O 

Figure 4-136 


4-84. I)et(‘niiine leactions and stre5be.s graphically for the truss shown in 
Fig. 4-137 uikI compute stiains in all mombi^rs, using E = 30,000 k/in^. Con¬ 
struct the Williot-Mohr diagram. ITse point a as the fixed point and a6 as a 
line fixed in dinu tion. Di'termine tht' absolute displacement of c along the plane 
of rollei^ and iilho tlie \ertical and horizontal components of the deflection of 
point b, Mn.t * Ah* = 0.00-4 in., Atv = 0.031 in.. Ac = 0.022 in ] 



Figi-kk 1-137 


4-85. UeteiniiiK* icaetion.s and 
stics.ses fin the trus.s of Fig. 4-138. 
C'ompute tile strains in all mem¬ 
bers, using E = 30.000 k in^. The 
cross-sectional ari'as of the several 
tiuss members (in in^) are circlrtl 
on the sketch. I'se point a as the 
6x(‘<l point and ab as the member 
fixed in direction. Determine the 
(lis])lueenient of joint a and the 
horizontal and vertical deflection 
components of joint c. [i4ns.; Aa = 
0.54 in.. Ach = 0.11 in.. A^,, = 
0.54 in.] 
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Part 8. Elastic Weights Applied to Articulated Structures 

4-24 General. The concept of clastic weights was introduced in connec¬ 
tion with discussions of the conjugate beam and the conjugate structure. 
The structures considered therein were composed entirely of flexural 
members. Elastic weights can also be used for computing deflections of 
articulated structures. 

It will be recalled that the angle change (flexural strain) in a flexural 
member for a length ds is given by M ds/EL It will also be recalled that 
it is often convenient to divide a stnicturc into segments having a finite 
length A5 and to compute the angle change for each segment as M AS/E I. 
This angle change for each segment is then assumed to be concentrated at 
the center of the segment and to act as a concentrated load at that point 
on the conjugate beam or the conjugate structure. 

In the case of articulated structures, which are analyzed as though 
pinned at the joints, the angle changes actually arc c’oncentrated at the 
joints. Consider, for example, the truss of Fig. 4-139(a). When the truss 
is loaded, the various members are strained. Conse(|uently, the internal 
angles of the various triangles in the structure will change. Suppose we 
wish to find the resulting vertical deflection components of the bottom 
chord. It is first necessary to compute the total angle change at each 
bottom chord panel point, and these' total angle changes an' then applied 
as eoncentrations on a conjugate beam, as shown in Fig. 4-l.‘19(b) The 
bending moment at any seetion along this loaded (conjugate beam will be 
the vertical deflection component of the corresponding point on the truss 
bottom chord. Obviously, the only new feature in the problem under 
consideration is the method for evaluating the angle changes at the" bot¬ 
tom chord panel point> This method wiW he developed in the seetion 
which follows. 



Figuhi. 4 -\m 
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4-25 Angle changes in articulated structures. Consider the triangle 
1-2-3 in Fig. 4-140. It is required to find the changes in the three internal 
angles resulting from a change in length of the three sides. Initial values 
of the internal angles are designated hy Aj Bj and C| and the original 
lengths of the opposing sides by a, 6, and c. 


\ 5 



Figuri- 4-140 


Assume that the .side a is increased in length by the increment Aa, 
shown in Fig. 4-140 as the length 2-4, an extension of the side a (1-2). 
The ni‘\v position of joint 2, shown as point 5 in the figure, is obtained by 
drawing 4-5 perpendicular to 1-4, and 2-5 perpendicular to 2-3. The 
new position of joint 2 must be at the intersection of those two perpendic¬ 
ulars. The angle changes nssulting from Aa are easily computed from Fig. 
4-140 as follows: Since Aa is very small compared to a, 



Aa cot C , ,, 

-- — — cot C 

a 


where the unit strain in the member a. Also, 


I 2 5 , Aa , ffl • a , «o • a 

* 2-3 ^ 6sin(’ FfimC ' 


but a — (2-0) 1 - (fi-1) = pa (cote -f cot B) and thus 


= -f ea(cotC coiB). 
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Since the sum of the internal angles of the triangle must remain a constant 
value, 

5C = —{6B + 6i4) = —to cot 

Similarly, the angle changes caused by an increase Ab in the length of b 
are found to be 

5C = — efccotil, BA = — cfrCotC, BB = +ei»(cotCM' cot A). 

In like manner, for an increase Ac in the length of c, the resulting angle 
changes are; 

BA = —ecCot5, BB = “€rCot A, BC — -I tr (cot A f votB). 

Adding the three changes for each angle, we find the total angle changes 

are 

AA = (6a — cote (€,, — 6r) cot J5, 

AB = (€ft — €a) COtr + - 6r) cot A, (1-37) 

AC = (6c — «&) cot A ^ (tr — to) cot B, 

Note that each term in the above expressions (‘onsista of parentheses 
enclosing the unit strain for the side opposite the angle of the <*oniputed 
change minus the unit strain for an adjacent side, and thnt each enclosure 
is multiplied by the cotangent of the included angle. 

Example 4-86. Find the vertical deflection of points c and d of the 
truss of Fig. 4-141. Unit strains, multiplied by lO"**, are indicated on the 
various members. (This is the same as Example 4-75.) 



Figurc 4-141 
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The angle changes are computed by Eq. (4-37): 

Aocb = (tab “ «oe) cot cob + {tab “ <fre) COt oftc 
= (-0.400 - 0.533) 1 + (-0.400 - 0.533) 1 
1.866 X 10“® rad, 

Adcb = («trf — ted) cot bde + ^tbd — <6e) cot d5c 

--= (+0.533* - 0 533) I + (0.533 - 0.533) 1 = 0, 

and therefore 

U ^ -1.866 X 10“®rad, 

Abde = (€fr, — tbd) cot ebd + (ct* — Ced) cot bed 

= (-0.400 - 0.533) 0.816 + (-0.400 - 0.533) 0.102 
-0.856 X 10"® rad. 

^bde = 0 (same substitutions as for Adcb), 

A/dc = -0.856 X 10”® rad, 

and therefore 

Ad = -1.712 X 10”® rad. 


The angle changes at c, d, and g are applied as concentrated loads on a 
conjugate beam (see Fig. 4-142): 



1866 1 712 1 866 

i_1_L 

e d 9 

4 of 240 m == 9G0 in I 2 722 



Figure 4-142 

Deflection at c = 2.722 X 10“® X 240 = 0.65 in., 

Deflection at d = 2.722 X lO”'"* X 480 - 1.866 X 10“® X 240 = 0.85 in. 

This method is particularly valuable in determining the necesspy in¬ 
crease in the fabricated length of the top chord members of a truss in order 
to obtain a desired camber. Deflection components of articulated struc¬ 
tures in both the horizontal and vertical directions may easily be found 
by applying angle changes as loads on a conjugate structure. 
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THE GENERAL METHOD 


5-1 General. The iu(»thod” for aiialyziiij; indoterininatc htruc- 

turos, also known as the method of con^iHtcnt diatortwni^ or con>oMent dm- 
placemvnti^y is cr('dit<‘d to Clerk Afuxwell, Otto Molii, and Heinrieh Aluller- 
Breslau. It was Maxw<'ll who, in 18G4, fir.st introdiu^ed the method and 
called it a "general ineiliud ” His development was based on Clapeyron’s 
statement of the ef|uality lietwccMi the external work of tin* loads apjihcd 
to a structure and the resulting internal strain energy. At the same time 
hc‘ developed his theorem of rcviproml deflections As prexioiisly iiidieated, 
howev'er, his presentation was devoid of any illustrations and was so ab¬ 
stract that It attracted little attention. 

Jn 1S74, without any knowledge of MaxwelPs previous work, Otto 
Alohr developed the same method. His deri\iition was dilTerent, however, 
for 1 h' used the (‘oncept of virtual work Alolir also presented various 
examples illustrating th<* application of the method, including the effects 
of temperature variation 

In 188t), Heinrich Muller-lJreslau publislied his variation of th(* previ¬ 
ous work of Maxwell and Mohr The c'ondilion ecpiations for geometrical 
coherence of a structure, as written by Muller-Breslau, are obtained by 
superposition of displacemc^nts as caused by the applic^d loads and in¬ 
dividual redundant stresses and reactions. The coefiieients of these re¬ 
dundant stresses and reactions are the deflections due to unit stresses and 
reactions, and these deflections may be found by any method desired. The 
Muliei-Hix^slau version of the* g(*neral method will be applied to subsc- 
(pamt illustrative problems. 

As pnwioiisly explained in Section the first step in the application 
of the general method, as herein dc'seribed. is to remove the redundant 
stresses aiul/or reaetion eomponents and, by so doing, to reduee or “cut 
back” the* structure to u condition of deterininateness and stability. Any 
combination of nxhmdant stresses and/or reaction components may be 
nnnoved. Deflection condition eciuutioiis are then wriltcii, one for each 
point of applicatic^n of a redundant stress or reaction component. The 
left .side of each (M|uation is a summation of all deflection components (as 
caus(»d by all real loads and redundant stresses and/or reaction com¬ 
ponents acting on the structure) of the point of application, and in the 
direction, of one of the redundant stresses or reaetion eomponents. The 
right side of the eciuatiou is the predetermined value for the sum of these 
deflection components, and is u.sually zero When solved simultaneously, 
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these equations will give the magnitudes and senses of the redundant 
stresses and/or reaction components. The method is quite easy to under¬ 
stand and can be most effectively demonstrated by a series of illustrative 
problems. 

5-2 Analysis of beams. The general method is not usually selected as a 
method for analyzing continuous beams if the moment of inertia is con¬ 
stant throughout individual spans, since a solution by moment distribu¬ 
tion is somewhat easier. If, however, the individual spans have varying 
moments of inertia, the general method is unsurpassed as a means of 
analysis, unless tabulated information is available regarding the stiffness 
and carry-over factors of the various spans. If this standard information 
is available, a solution by moment distribution is to be preferred. 

If the general method is to be used, the various deflection components 
may be evaluated either by virtual work or by the conjugate beam. Often 
the beam is divided into segments, as demonstrated for the method of 
virtual work in Example 4-40. 

Example 5-1. Determine the reaction at B for the beam indicated in 
Fig. 5-1. Obtain the necessary deflection components by: 

(a) Virtual work, assuming no settlement of the support at B. 

(b) Conjugate beam, assuming a settlement in the support at B of 
0.25 in Assume that / = 200 in'* and that E = 30,000 k/in^. 



3M) 


lO'-O 


Figure 5-1 

Since the reaction at B is required, it is taken as the redundant and the 
support at B is removed. The resulting statically determinate and stable 
beam is shown in its deflected position in Fig. 5-2. If the real loads are 



Figure 5-2 


18G 


TliE GENEHAL METHOD 


[chap, 5 


considered to be removed, and a single force of 1 k applied at B, the de¬ 
flected beam of Fig. 5-3 n*sults. This illustration of the deflected beam 
might well be called the Ra deflection diagram^ because the deflection of 



Figurh 5-3 


point B as caused by Rn will bo Rb'^bb- 

(a) Since jio settlement of the support at B has been indicated in the 
(‘xaniple statement, the net deflection of B will be zero. Consequently, 
the deflection condition e(]uation will be 

Sjt I Rji-huB == 0 

In order to find the vahu*^ of and haa by virtual work, it is con¬ 
venient to use a tabular arrangement for the moment expressions. In 
Table 5-1, ma is the moment as caused bv a unit load acting down at 
B. This unit load is used as both a real load and a fictitious load. M 
is the moment caused by the applied loads. A moment causing tension on 
the top fibers is considered to be positive. 


Table 5-1. 


Section 

X » 0 at 

X increasing 

M (ft-k) 

ma (ft-k) 

BC 

B 

BtoC 


+x 

CA 

C 

C to A 

+(3 + X)* ^ 2x 

+3 + X 


ElAa = j ntaM djc ~ J (+x) 


dx 


+ ^ [+3 + x] + 2x] dx = +1625, 


Kltaa — J dx = J 


^ X® dx + (3 + x)* dx = +333.3. 


/: 
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The positive signs of these two deflections signify that both have the same 
sense as the unit load acting at B; that is, both are downward. The sense 
of any assumed unit load at any point must be i^onsidered to be the pos¬ 
itive sense for deflections and redundant reaction components in the 
same line of action at that point. 

Substituting in the deflection condition ecjualioii, after nuiltiplying each 
term by El, yields 

1G25 + 333.3 Rb = 0, 

from which 

Rb = —4.88 k. 

The negative sign indicates that the true sense of is opposite to that 
of the unit fictitious load assumed at B; that is, Rb acts with an upward 
sense. 

(b) The conjugate beam for the simplified real beam, that is, with the 
support at B removed, is shown in Fig. 5-4(a) and (b). 



(h) 


Fjguri: 5-4 
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From Fig. 5“4(a), 


El as = 49 X 



1625, 



1625 X 1728 

200 X :io,oob 


0.47 in. down. 


I'Vom Fig. 5-4(b), 


El 6if/i 




X 1728 
200' X ;10,(K)0 


= 0.096 in. down 


These values agn^e with those previously found by virtual work Since 
the example stateiuenl specified a settlenieiit of 0.25 in. at B, the condition 
ecpiation will he 

0.47 + 0.096= 0.25, 


0 

“ 0 09() 

This reiu tion, as l)cfore, will he up. 

Example 5-2. Determine the magnitude and direction of the reactions 
at h and C (see Fig 5-5) hy the general metliod Use the conjugate beam 
to find the necessary deflection components The moment of inertia is 
constant. 

|10 k 

* ^ IS ^ c 



iO'-O 


o -o 


lO'-O 


Figure 5-5 

The reactions at B and C are taken as the redundants, and conse 
quently the necessary deflection condition equations are 

-f Bb&bb + Rc^bc = 0 , 


f Rd^cb "1“ Rc^cr = 0. 
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The supports at B and C having been removed, the deflected beam will be 
as shown in Fig. 5-6; the conjugate beam is shown in Fig. 5-7. 


15'-0 5'^ 



From this conjugate beam, if we take moments at B' and C\ respectively, 


£/Ab = 500X^ + 500 X 5 = 5833, 

El Ac = 150 X ^ X 15 = 16,900. 

Since, with the conjugate beam sign convention used herein, the deflec¬ 
tion of the real beam is always toward the tension side of the conjugate 
beam, both these deflections will be down. 

The 10 k load is now considered to be removed from the simplifled real 
beam of Fig. 5-6 and a load of 1 k is assumed to be applied at B acting 
along the line of action of Rb- Although it is not necessary to do so, the 
author prefers to assume this unit load to have the same sense as the de¬ 
flection caused by the real load. The deflected structure is shown in 
Fig. 5-8, and the conjugate beam in Fig. 5-9. 



Figure 5-8 
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Figure 5^ 


If we take moments at and €% respectively, 

= 50 X ^ = 333, 

= 50 X ^ = 833. 

These deflections are down. 

The unit load is next moved to C and the deflected beam is shown in 
Fig. 5-10. 



The conjugate beam is represented by Fig. 5-11. 



Moments at B' and C\ respectively, will give 

B/ = 100 X 5 + 50 X ^ = 833, 
El dec = 20 X ^ X ^ = 2667. 
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Note that ics = SBCt wh\ch is in accordance with Maxwell’s theorem of 
reciprocal deflections. (This theorem should be used as a check on corn- 
put^ deflection components whenever possible.) 

Attention is called to the fact that the various deflection components 
must be substituted in the deflection condition equations with strict regard 
to signs. In this example all unit forces have been assumed with a down¬ 
ward sense, and downward deflections must therefore be considered as 
positive. 

Substitution of the various deflection components in the deflection 
condition equations will result in 

5833 + 333Rb + 833flc = 0, 

16,900 + mRB + 2667flc = 0. 

It is important to note that in writing these equations the assumption 
has necessarily been made that the redundants Rb and Rc act with the 
same sense as the unit loads assumed to act at B and C. These unit loads 
were assumed to act down. Simultaneous solution of the above equations 
will result in 


Rb = —7.53 k and Rc = —3.99 k. 

The negative signs of these answers indicate that the true sense of the re¬ 
actions is opposite to the sense of the unit loads assumed at B and C. In 
other words, Rb and Rc actually act up. 

Example 5-3. From Fig. 5-12, And and Ra directly by the general 
method. Use the method of virtual work to find the necessary deflection 
components. The moment of inertia is constant. 



lO'-O 



Figure 5-12 


The example statement indicates that Ma and Ra are to be taken as 
the redundant reaction components. Accordingly, the support at A is 
removed. The “cut-back” structure is shown as a solid line in Fig. 5-13. 
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This arrangement appears to violate the rule that the cut-back structure 
must be stable, but actually, of course, the beam is stable for vertical 
loads. No indeterminateness exists so far as the horizontal reaction com¬ 
ponent at A is concerned. Therefore any inclined loads may be broken 
into vertical and horizontal components, and only the vertical com¬ 
ponents need be considered as loads on the cut-back beam of Fig. 5-13. 
Under the action of the 10 k load, the beam will deflect as shown by the 
dashed line in that figure. The 10 k load is then removed and a 1 k force 
is considered to act vertically at A. This force may be considered to act 
either up or down. The author indicated in the discussion of Example 
5-2 that his preference, when assuming the sense of a unit force or couple, 
is to assume it to have the same sense as the corresponding deflection of 
its point of application as caused by the real load. In order to demonstrate 
that the opposite procedure can be used equally well, the 1 k force will be 



Figure 5-l4 


imed to act down at A. The diagram” is shown in Fig. 5-14. 
ounterclockwise unit couple is assumed to act alone at A, the "iW 
gram” will be as shown in Fig. 5-15. 



<»»I 


Figuri. 5-15 
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Tho deflection condition equations must express the fact that the net 
vertical deflection component and the net rotational deflection component 
of A must be zero. These equations Avill be 


*^.1 -f Ra ^aa + Ma ^aa = 0 , 

Ra<XAA f A^aoiaa — 0. 

It is necessary to evaluate the various deflection components in the above 
equations and the example statement has specified virtual work as the 
method to he used in this case The ^ut-back beam, with the various 
loads for which individual moment expressions must be written, is shown 

|l()k 

Figuiu: 5-16 

in Fig. r>-H) Note that in writing these moment expressions, it is essen¬ 
tial that some arl)ilrary sign convention l)e adopted. In this case, any 
moment which will result in (‘ompression on the top side of the beam will 
he considered positive. TTowevei, the opposite convention could have been 
adopted without changing the results As a matter of fact, the convention 
can he reversed from section to section so long as the signs for all moments 
witliin each sct'tion are goveriKHj by the particidar sign convention adopted 
for that section. 

In Table 5-2, .1/ is the moment caused by the real 10 k load, niAv is 
tlie moment duo to the 1 k vertical load (either real or fictitious) at A, 
and m is (he moment resulting from the action of the 1 ft-k couple 
(either real or fictitious) at A. 



Txulk 5-2 


Section 

X = 0 at 

X incicuMiig 

.U 

tf^Av 

W Am 

AB 

A 

1 to B 

0 

— X 

— 1 

B!) 

B 

B to D 

-roj- 

-t-x - 10 

+ - - 1 

10 

CD 

V 

C to D 

+5j* 

— X 

X 

. 
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By virtual work, 


El Aa 


= 


5 r5 

- m{~\-^.r)dx +- / ( -t)(-f5x) J.r = -625, 

Jo 


EIOa = jniAmM dx 


- f. (+ ifi - + L (- re) <+^> ” -«2.5, 


AV 6aa = / (wi.ip) rf-i’ 


L 


10 ^5 ^5 

, _|_ j /I i/\v2 j„ I I t _\2 

Jo 


(- r)^rfi- 


(Jj - 10)'‘d.r-f 


•/o 


x) rfx 


= {(>66.7, 


/ 


EIoaa = I (mxrn) dx 


~ L + /o (+ re -') *'■' + /. (- re) ■*■■■ 


13 34, 


A7 «i, = , - [ 


(m dx 


= ( ^ ( (I. - 10)(+55- i).(^ 

^ /„ re)-'-' - 
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Substituting in the deflection condition equations yields 

-625 + 666.7/2^ + = 0, 

—62.5 + 83.34/24 + 13.34A/4 = 0 

Simultaneous solution gives 

Ra = +1.6 k and — —5.3 ft-k 

The positive sign for Ra indicates that it has the same sense as the unit 
load assumed to act at A, that is, a downward sense. If the unit load at A 
had been assumed with an upward sense, then the sign of the answer for 
Ra would have been negative and the indicated true sense of Ra still 
would have been down. The negative answer for A /4 indicates a true sense 
opposite to that assumed for the unit couple at A , that is, the true sense 
is clockwise. 

Example 5-4. Find the internal moment at B (see Fig. 5-17) by the 
general method. Use the conjugate beam to find the necessary deflection 
components. The moment of inertia is constant. 


c 

5'-0 I lO'-O 

15'-0 I JO'-O 

Figure 5-17 

Since Mb has been specifled as the redundant, the cut-back structure 
will consist of two simple beams, as shown in Fig. 5-18. These beams will 

Sb 

/ 2 k/ft 


Figure 5-18 

deflect as indicated by the dashed lines. The conjugate beam for this 
arrangement is shown in Fig. 5-19: 
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KIBh -- 100 X X tV + i X § X X 10 = 127.8. 


If the real loads arc removed and unit couples arc simultaneously applied 
to the B ends of the two simple spans, they will deflect as shown in 




Figxjrk 5-20 




Fig. 5-20. The conjugate beam is shown in Fig. 5-21, and from this con¬ 
jugate beam, 


1 ftk 1 ft>k 



ElaBB = W X 1 + ^ X 1] = 8.33. 


In the actual structure no relative rotational deflection actually exists 
between the two spans. Consequently, the deflection condition equation is 


Bb + = 0 . 
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Substitution in this equation, after multiplying all terms by yields 


from which 


127.8 + = 0, 


Mn -15.3 ft k. 


Problems 

6-5. Find the reaction at C (see Fig. 5-22) using the general inetliod. Deter¬ 
mine the various deflection components by virtual work, and then check by the 
conjugate beam. (.4 ns.; 6.3 k up.) 



Figure 5-22 


5-6. Detrmine the value of the reaction at B m Fig. 5-23. [.Ins.; 3.5 k up.] 



Figure 5-23 


5-7. Find the reaction at C in Fig. 5-24. 3 5 k up.) 



Figuri: 5-24 

5-8. In the beam of Fig. 5-24 evaluate the external moment at A directly by 
the general method. [.4 ns.; 35 ft*k counterclockw'isc.] 
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5-0. In Fig. 5-25, evaluate the reaction at A by the general method. \An».: 
4.4 k up.) 




5'-0 


Figure 5-25 


5-10. Find moments at A and B (sec Fig. 5-26) by the general method. Use 
the conjugate beam method to find necessary deflection components. / is con¬ 
stant. \AnB.: MA — —21.6 ft-k, = —16.9ft-k.J 



Figure 5-26 


5-11. Given the fixed end beam AB of Fig. 5-27, with a constant moment of 
inertia. The moment M is applied as indicated. Using the general method, 
determine the expressions for the exterior end moments at A and B. [dna.; Ma ^ 
{Mb/L^){2a — h) clockwise, Mb = (Ma/L^){2h — a) clockwise.) 



Figure 5-27 


5-3 Analysis of articulated structures. Articulated indeternunate struc¬ 
tures can 1)0 analyzed as easily by the general method as by any other 
procedure. (An altiTnatc method is provided by Castigliano’s second 
theorem and will be discussed in Chapter 6.) The application of the 
general method in the analysis of articulated structures will be demon¬ 
strated by several examples. 
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Example 5-12. Find the stress T in the member AC of Fig. 5-28. All 
members are of steel, with cross-sectional areas of 1 in*. The structure is 
cut back to a condition of determinateness and stability by cutting AC, 
arbitrarily selected as the redundant member. Any other member could 
have been taken as the redundant, but this would not give a direct solution 
for the stress in AC. 



Figure 6-28 


Figure 5-29 


The procedure is first to find the sense and the magnitude of the rela¬ 
tive movement of the ends of AC, at the cut, resulting from the strain in 
the other members as caused by the 10 k load. In other words, it is neces¬ 
sary to know the amount of the separation, or the slipping past each other, 
of the cut ends of the redundant member. This relative movement is 
evaluated by virtual work, and thus a pair of unit fictitious tensile forces 
are applied at the two cut ends. Figure 5-29 shows these unit fictitious 
forces in position. 

By virtual work, 


uSL 


where S is the stress in any member caused by the real 10 k load and u 
is the stress in the same member caused by the pair of unit fictitious tensile 
forces. It will also be necessary to know the relative movement of the cut 
ends as caused by a pair of unit tensile real forces acting on the rut ends 
in the same manner as the fictitious forces shown in Fig. 5-29. This separa¬ 
tion would be given by 




u^L 

AE 
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III the actual structure the stress T in the redundant AC must be of 
sufficient magnitude to prevent any separation of the out ends. The 
proper deflection condition equation is therefore 

Acut + T'ficut = 0. 

The two deflection components required can most easily be evaluated 
by an arrangement as shown in Table 5-3. 


Table 5-3. 


Momlx'f 

Stress-S 

(k) 

u 

(k) 

L 

(ft) 



AB 

+10 

-0.8 

8 

-64 

5.12 

BC 

+7.5 

-0.6 

6 

-27 

2.16 

AD 

0 

-0.6 

6 

mniQi 

2.16 

BI) 

-12.5 

-t 1.0 

10 

-125 

10.00 

AC 

0 

+1.0 

10 

0 

10.00 


-216 

+ 29.44 


(Since A and Ji are constant for the structure, they have been omitted 
from the table.) From this table, 

= -216 and AE6,^t = +29.44. 

If the deflection condition equation is multiplied through by AE, the 
above values may be substituted and the result is 

216 + 29.447 = 0, 

from which 

T = +7.3 k. 


The positive sign indicates that the redundant stress T has the same sense 
as the I k forces assumed as acting on the ends adjacent to the cut, that 
is, a aentsv that will cause tension in the redundant. 

Particular attention is called to the fact that unit fictitious compressive 
forces could have l>een assumed just as properly. The author prefers, 
however, to assume tensile fictitious forces for the reason that, in all prob¬ 
lems Au this text involving stresses in articulated structures, a positive 
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sign has arbitrarily been used to designate a tensile axial stress in a member 
and a negative sign to indicate a compressive axial stress. When we solve 
for redundant stresses or reactions by the general method, a positive sign 
of an answer indicates that the particular redundant which the answer 
defines acts with the same sense as the unit fiditious action, which was 
previously assumed to act at the point of application of the redundant. 
Therefore, if unit fictitious tensile forces arc always assumed as acting on 
the cut ends of a redundant meml>er of an articxilated structure, a positive 
answer for the stress in that redundant automatically signifies a tensile 
stress. 

Example 5-13. From Fig. 5-30 find the stresses Ta in member a, and 
Td in member rf, by the general method Cross-sectional areas and the 
cantilever moment of inertia are shown in the illustration. IJ is constant 
at 30,000 k/in=^ 



Fiourl 5-30 


Assume that members a and d are (‘ut. The structure is thus reduced 
to stable determinatencss. If, while the 20 k load is acting on the structure, 
forces of magnitude Ta act on the two ends of a adjacent to the cut in a, 
and, at the same time, forces of magintude T,i act on the two ends of d 
adjacent to the cut in d, then no relative movement of the two cut ends 
of a or of d can occur. The two defection condition equations necessary 
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for a solution are Avritten to express zero relative movement of the ends 
adjacent to the two cuts. These are a 

Ta’ 6a Td ' Bad — Oj 

Xl h Ta * + Td - Sdd — 0, 

I 

where Sa and Xt r(*prcsciit relative movements of the cut ends of n "^embers 

• 

a and d, respectively, as caused by the real loads of 20 k and as sho 'vn in 
Fig. 5-31. If 1 k forces are assumed to act on the cut ends of membe/ ^ 
so as to cause tension in that member, as in Fig. 5-32, then the relative 
movement of the cut ends of a is represented by Baa and the simultaneou s 
relative movement of the cut ends of d is represented by Sda- If, as in Fi'tS- 
5-33, 1 k forc(*s are as.sume<l to act on the cut ends of member d, the rc'.*a- 
tivc movement of the cut ends of this member is represented by Bdd 
the simultaneous relative movement of the cut ends of member a is re pre¬ 
sented by 5u,/, 



FiGuiii: 0-31 

C 

The cut-hack .structure, deflected by the 20k load, is shown' in I'tg* 
5-31. Unit fictitious forces, considered in the deflection computattniioDs to 
act as necessary, art' shown in position adjacent to each of the cut.f P* 
inents and axial-stre.sses cau.sed by the real load are represented* the 
general expressions for deflection by .If and respectively. Either ^ both 
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of these may be zero in the various parts of the structure. Aloments and 
axial stresses as caused by the unit forces on the cut ends of member a 
are represented by wia and respectively, and as caused by the unit 
forces on the cut ends of member rf, by ma and wj. The expressions for the 
relative deflections of the cut ends, as caused by the real load of 20 k, are 

I-E = 0 4-0, 

_ [ M dx SL n 1 V' 

rf — y -f = 0 -I- 2^ tij -J 



If unit real loads are applied to the cut ends of member a, the structure 
will deflect as shown in Fig. 5-32. The unit fictitious forces, shown in 
Fig, 5-31, are again considered to act in Fig. 5-32 as required for the 
computation of deflections. The relative deflections of the cut ends of 
members a and d are given by 
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If unit real loads are applied to the cut ends of member d, the structure 
will deflect as shown in Fig. 5-33. 



The unit fictitious forces of Fig 5-31 are again considered to act as 
ne(‘cssary. The relative deflections of the cut ends of members d and a 
are given by 



The terms in the above expressions for deflection, which do not involve a 
moment, are most easily e^’aluated by an arrangement of computations 
as shown in Tables .5-1 and 5-5 
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Table 5-4. 


Member 

L (ft) 

A (in2) 

L/A 

S(k) 

(k) 

uj (k) 

a 

12 

2 

6 

0 

+1 

0 

b 

14.14 

2 

7.07 

o' 

-1.414 

+1.414 

C 

10 

3 

3.33 

0 

+1.0 

~1 0 

d 

10 

2 

5 

0 

0 

-i 1 0 

e 

10 

3 

3.33 

-i20 

0 

”1.0 

f 

14.14 

4 

3.54 

-28 28 

0 

+ 1.414 


Table 5-5. 


Member 

SL 

ua -.1 


.L 

''+•1 

L 

WtfWrf 1 

A 

a 


fo 

— 

— 

b 

— 

M4.14 

-1 14 14 

-14.14 

c 


\ 3.33 

+3.33 

-3.33 

d 

- _ 


4 5.00 

— 

c 

-GO.O 


J 3.33 


f 

"141.8 

— 

+7.08 

— 

V 

- 20S 1 

! 23.47 

-1 32,88 

-17.47 




.r^ (I.V ^ 8000 X 144 

■:5ob "m 


1280 ft kVin* 


Note that the use of the nuiiiher 144 in the miiucrator above is to adjust 
the units of the answer obtained by integration to be the same as the units 
of the summations in Table 5-5 



n280 I 23 = +1303, 
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Substituting in the two deflection condition equations, after multiplying 
all terms by E, yields 


0.0 + mSTa “ l7A7Td = 0, 

-208.4 ^ l7A7Ta + 32.887^ = 0 . 

Simultaneous solution of these two equations will give 

Ta = 4-0.09 k, 

Td = +6.4 k. 

Example 5-14. Outline the analysis for the reaction at B (see Fig. 5-34) 
and the stresses in the redundant bars a, 6 , and c, by the general method. 



Figure 5-34 

The structure is cut back and, under the action of the real loads, will de¬ 
flect to give the various deflection components shown in Fig. 5-35. The 
dashed lines represent members in the deflected truss. 



Figure 5-35 

The expressions for the deflection components are 



A. = Z^aS 

^6 ' 

Ac = y^UcS 


L 

AE^ 

L 

AE' 


(5-1) 
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If we assume that a pair of 1 k forces act on the ends of member a adjacent 
to the cut, the relative movements of cut ends in members a, b, and c, and 
the deflection at B resulting therefrom, will be 






L 

A£* 







(5-2) 


Transferring the pair of 1 k forces to the cut ends of member b yields the 
following deflections: 




U/iUb 


L 

AE^ 




(5-3) 


If the pair of 1 k forces act on the cut ends of member c, the resulting 
deflections are 


'^unu, . 


(5-4) 

^ac — f \y 

Btf IjB f 1 


Finally, if a 1 k force is considered to 

act down at the deflections are 

^BB = > 


(5-5) 

BbB W b'^ifi f 

SfB = 


All the above deflection compoiKMits having been evaluated, they arc 
substituted in the follo\\ing deflectio*i condition equations: 

Ao + T„ Saa ‘h 1 

Ti ' dat + Eb ■ ^aB =■ 0, 


Ab + Trt • 6ba t Tt, Bbb + Tr • Bbr + Ejj • Bbfi — 0, 

(5-G) 

Af 7\ ^ra i Bcb 1 

Tc • I Eb * ^cB = 0, 



Ab + Ta * ^Ba Tb‘ fiat Tf - Bbc + Eb • = 0. 
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The simultaneous solution of these equations will give the desired values 
of the redundants. 

The solution of simultaneous equations often causes some difficulty. 
Various methods are available, as, for example, iteration or determinants. 
Each of these, in certain cases, may be used to advantage, but in other 
cases may cause considerable difficulty. The following simple tabular 
method will usually, however, give the desired solution with the minimum 
chance of error. 

To illustrate, consider the following equations; 

(1) 2x + Sy — 2 — 15 = 0, 

(2) 3x - 22/ + 4z - 2 = 0, 

(3) X - 51/ - 22 + 20 = 0. 

These equations are entered and solved simultaneously in Table 5-6. 


Table 5-6. 


Equa¬ 

tion 

Operation 

X 

- --- — 

y 

2 

Con¬ 

stant 

Check 

equation 

Check 

operation 

(i) 


+2 

+3 

— 1 

— 15 

—11 


( 2 ) 


+3 

-2 

+4 

-2 

+3 


(3) 


+1 

—5 

-2 

+20 

^ 14 


(4) 

4(1) + (2) 

+11 

+10 

— 

-62 

-41 

-41 

(5) 

(2) + 2(3) 

+5 

-12 

— 

438 

+31 

+31 

( 6 ) 

1.2^4) + ( 6 ) 

+18.2 

— 


-36.4 

— 18.2 

—18.2 


The value entered in the “Check e(|uation” column is the algebraic 
.summation of the roefficientb and the constant term for each equation. 
The ways by which previously obtained ecjuations are combined to obtain 
new equations with a reduced number of terms is indicated in the column 
entitWl “Operation ” Each operation Ls checked immediately by compar¬ 
ing the value in the “C'heck equation” column with the value in the 
“Check operation” column. If the values arc equal, no error has been 
made in the execution of the corn^sponding operation. The entry in the 
“Cheek operation” <'olumn is obtained by performing the indicated opera¬ 
tion on corresponding values in the “Check equation” column. For ex- 
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ample, to check equation (4), the coefficients of z and y and the constant 
term are added algebraically and the number —41 is entered in the "Check 
equation” column. Then the indicated operation, specifically, 4(1) + (2), 
is performed on the “Check ecpiation” values for equations (1) and (2). 
The result is 4(—11) + 3 = —41. This value is entered in the “Check 
equation” column opposite equation (4), and the new equation is correct 
except for possible compensating errors. 

Solving equation (G), the result is 

z = -f2. 

The above result should be sul)stituted in both equations (4) and (5) to 
determine if the same value of y is obtained from each. In this case, y = 
44. Finally, the values of z and // should l)c substituted in equations (1), 
(2), and (3) to be certain that the same value of z will result from each of 
these. The value of z in this problem is -{ I. 

The advantage of this method for solving simultaneous e(|uations is that 
each operation is checked immediately after it is performed and, pre¬ 
sumably, any errors are immediately detected. A computing machine 
shoukl be used for best results, although a computing machine will not, 
of course, give greater accuracy than can Ik; justified by the accuracy of 
th^' numbers used in writing the simultaneous e<iuatioiis. In the preceding 
illustrative solution, all coefficient:, and constant terms of the initial equa¬ 
tions aw assumed to be exact; that is, an approximate number was not 
rounded off to obtain cwfficienfs or constant terms. In most cases in 
practice, of cour-c, these will be approximate numl)ers. A l)rief review of 
the few principles involved in determining the accuracy of the results of 
computations involving approximate numbers might be helpful 

The reader is probably aware that any number is romposed of digits, a 
digit being any one of the ten Arabic numerals. Each digit in a number, 
unless it is used solely to indicate the location of the decimal point, is a 
significant digit or figure. Consc<|uently, the digits I through 9 arc always 
significant. The digit 0 is significant il it appears in a number between 
any two of the digits i through 9, or if it appears to the right of the decimal 
point at the end of a number Consider, for example, the following num¬ 
bers. (a) 320G, (b) 0 032G, (e) 32 OG, (d) 32 GO, and (e) 32,000. In (a) 
there arc four hignifieant figures; in (b) the last thn^c digits are significant; 
(c) has four significant figiin^s, and in (d) there are four significant figures. 
In (e) trie two zeros may or may irot be significant. Actually, from the 
way tlic number is A\ntten, it is impossible to determine whether it is 
accurate to the neaiv.st unit, or ten units, or one hundred units. Most 
readers piolialily would assume that the two zero.s serve to indicate the 
position of the decimal point and are not significant. If the ambiguity is 
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1 o be completely leinoved, the niiniher should be expressed in powers of 
ten or with Mibdifirjts. Tims, .‘>2 000 X 10 ^ definitely means that all five 
digit.s are .si^j;iiifieaMl or ' 52 (ioo definitely indicate.s that the Ia.st two digits 
are uncertain. 

Api)ro\iiuat(‘ numbers are rounded off to reduce' tlie number of signifi¬ 
cant figun^s in ar*cordunce with the following rule Jf the digits to be 
ilropped r<'pn‘.s(Mil a valu<* less than in the fust discarded place, the digit 
in tiu' last n'tained place is n<it changed; if they repres«Mit a value greater 
than . 1 , the digit in flu* last retained placi' is iiu’n‘asc*fl by one; if the por¬ 
tion to be dropped is followed by zeros, the digit in the last retained 
j>lace should hav(‘ tlu' lu^arest e\<Mi value In acrordaiice with this rule, 
and lounding to three .significant figure.s, 

47 wnll be wriiten as 47 4 , 

17 .'JoO w ill be w rit ten as 17 4 , 

17 .lo 0 w'lll be written as 47 1 , 

47 ..'{ 4 !) will b(‘ wntt(‘n as 17 '! 


In accordaiiee with tin* last paragraph abov(\ th(' appro\jmat(' number 
;(20ri may have an actual \aluc from ami including o20.) up to and 
inr'luding o2()f) o TIh' approximate nuiubei 0 0d2b inav ha\i‘ a true value 
from and including 0 ()‘>2.V) up to and im'lmling 0 tld2ti.'i The true value* 
of might l>e anvlhnig fioin, but not im'ludnig, .S201 up to, but not 
iiu'liiding, .'{200 o 

\Vh<‘n two or nmre niinibers are multiplied togetlier, the a('cura<‘y of the 
proeluet, that is, the nuinbei of siginfieant figuK's in the pioduet, can be 
mi greatei than tin* least accurate* of any one* *>1 the ninnl)e*rs d'hus, to 
write* that 

;;2 7 :iti x i 42 i - ib :)i 7 s.*)(> 


IS incorn*et be'cau'^c an accuracy is imphexl whi<'h doe's imt (*\isl ^Ilie* an- 
swe*i should Ite* wiitle*n as 4(1 ."I'i "I’he* same rule* apphe*s to eiivisiou of 
approximate' numlMis, to re»ots. and to peiwe*i> d'o ilIuMiate*, .se*veral 
ope'ratieins are* imlicale'fl be*low witli the* me'orn'ct ami e’orreci form of the 
answ t*r 

luColU'ft Ceiiivcl 

21 (172 - I'! 7!> I 7S‘.M JJ.'i I 7S|I 

I7(.' .'i.i.'il.TTt; 111 r)ir) V 10' 

\ '17 L’S f, S7lK)l - <lS7(i 
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When two or more approximate numbers are to be added or subtracted, 
the precision, that is, the number of significant figures to the right (rf the 
decimal point, must be considered. The sum of two or more approximate 
numbers, or the difference between two approximate numbers, is not 
correct to more places to the right of the decimal than the least precise 
of the numbers added or subtracted. 

Thus, for the following, 


17.623 

298.1 

47.29 

363.013 


Answer = 363.0, 

or the extra digits to the right of the decimal may be dropped before add¬ 
ing, to give 

17.6 

298.1 

47.3 

363.0 


The accuracy of the hnal results obtained from simultaneous equations 
may be determined by applying the above rules to each step of the solution. 


Problems 

5-15. Find the reaction at E (sec Fig. 5-36) and the stress in the redundant 
BC by the general method. All members have cross-sectional areas of 4 in^ and 
E is 30,000 k/in®. (-4ns.: Rs ~ 2.8 k up, BC = 5.3 k compression.] 



Figure 5-36 



THi; (;i:Ni:itAL MKriioi) 


icHAP. J 



5-I(i Find the sfirs^os in the mlundants BC and BE of Fij*. l>y the 
method. Tlie <*rosft-sortion:d ai'eji*^ oi the \:iiio*is m<*ml)ei<, in in^, are 
sIk>\mi (‘ir( led on the illiiKtiution \A}i!i ■ BC — 21 2k coiniire^-sion, ]iE = lS.3k 
tension.] 



Figuui. 5 37 

.’) IT I*’ind the slie-^^ in meinlM'i* Cl) ol Fig. 5-38. The eantilever I earn is 
a^'iiiurt! to lie aluminum, with A’ = 10,000 k/in*, the veitieal CD is a wire 
rope, with E " ‘Jlt.OOO k m-, aiul imunlieis .1C and BC aie .st(‘*‘I, witli E = 
.30,000 k m4 (’ios.s-ve( tioiial ai<‘as and tlic I of the beam aie noted on tin* 
illu^'tiation \Aii'-.('D ■ 0 k tension ] 



Xi>te that :id<htmnal ailieul.ited ’^tim line'-, wlin'ii may Im* '-f»lved by the 
geneial umllioil. ai*' im hidi’tl m Cluotei t» 
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5-4 Analysis of continuous frames. The genAai method probably 
would never be selected for the analysis of a nuilti-story continuous frame. 
A solution can be more easily effected by moment distribution or by slope 
deflection. If, however, the RiialysLs concerns a single-story continuous 
frame, either single or multiple bay, a combination of the conjugate struc¬ 
ture and the general method will be found to be very effective. This is 
especially true when the final members of the frame have varying moments 
of inertia, since the effects of progressively varying member sizes, as the 
design proceeds, can be easily introduced by making adjustments to the 
first analysis. The method can also be used to advantage in the case of 
single-bay, single-story frames of unusual shape. 

Example 5-18. Find values for the horizontal and vertical reaction 
components at A (see Fig. 5-39) by the general method. Use virtual work 
to find the deflections. 



F'igure 5-39 


The structure is cut back as shown in Fig. 5-40. Unit loads, considered 
to be either real or fictitious as required, and assumed to act simul¬ 
taneously with the real load or with each other as necessary, are shown 
at A of this figure. The various moments existing in the cut-back struc- 



Figurk 5-40 
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turc due to the soverit loads arc shown in Table 5-7. A moment causing 
tension on the outside of the frame is considered to be positive. 


Table 5-7. 


Section 

z = 0 at 

X increasing 

M (ft-k) 

mk (ft*k) 

jn» (ft-k) 

AB 

.1 

.1 to B 

— 

+x 

t 

BD 

B 

B to D 


+10 

—I 

DC 

n 

DtoC 

+20i 

+10 

1 

-5 — X 


The deflection condition etiuations arc 


+ H Bhh + V^hv = 0 , 
Ar -f- //5yA + V6vv = 0. 


(5-7a) 


By virtual nork, 


ninM -f = (M0)(+20x) ^ = +5 25, 

/ r\$ 

=f)(+20i) ^ = -84.38, 

E 6,, = / ml .1== ^ + (+10)® ^ + /o 


2 dx_ 
400 


= -HOOO", 


ek .-!<!; -/,( (_5 _ ^ =+<).e<i7, 

E B,h = E S,, = f trihmjf = ( H0)(-i) 


dx 

400 


15 


+ £ (+10)(-5 - ^) ^ = -5.00. 
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Multiplying each term of the condition equations by E and substituting 
the above values yields 

+50.25 + 6.667^ - 5.00F = 0, 


(5-7b) 


-84 38 - 5.00^ + 6.667F = 0. 


A simultaneous solution will result in 


7/ = +2.4 k and V = +14.5 k. 

The positive signs of the answers indicate that the true sense of 77^nd of 
T"' is the same as the corresponding 1 k loads assumed at A, 

Example 5-19. J*'ind the horizontal, vertical, and moment reaction 
components at A (see h'ig, 5-41) by the general method. Use the conjugate 
structure for finding deflection components. Moment of inertia is constant. 
Draw the moment diagram, showing all ordinates on the tension side of 
members. 



Figure 5-41 

The .structure i.s cut hack hy removing the support at A. The re¬ 
quired deflection coiidiiioii ec|uations express the fact that, under the 
action of the 20 k load and the* three reaction components at A, the net 
horizontal, vertical, and rotational deflections at A must be zero. These 
equations arc 

Ah i li hh i V Shv + M S'Hn. = 0, 

A, -I- II ys,r+M = 0, (5-8a) 

6 + Ilamh -I- Vainv + — 0. 



216 


THE GEXEIIAL METIIOU 


[chap. 5 


The conjugate structure for the cv«iluation of the deflection components 
of -1, resulting from the action of the 20 k load, is shown in Fig. 5-42. 



/ 

n 

FiCiUri: r)'42 


III the ('oniputations whii ii follow, relating to Fig. 5- 42 and the next three 
conjugate .structiu(*s, tlie \ allies of the various elastii* loads have, for 
convenience, heen divided hv KKX). 

Kl A/, - 2 2r) X 20 ^ G X 10 -- +105, 

Kl Sr - X 15 1 G X 20 = +15:175, 

Jt;!e -- 2 25 i G --- +8 25. 


If a I k horizontal force is a.ssuined to act alone and to the right at 4, 
the conjugate structure of J ig 5-4:1 results. 



riGXjRi: 543 
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The deflection components of -1 are found to he: 

ElSnk ^ 2 X 0 2 X § X 20 + 0 4 X 20 -- |-i:i 8:J. 

El8,k = 04 X 10 -f 0.2 X 20 -- | 8.00, 

2 X 0.2 + 0.4 = -I 0.80. 

With a 1 k force acting down at -4, the conjugate structure will be as 
shown in Fig. 5-44 



Fiouni: 5-41 


From tliis structure^ 

Fldfn -- 0 2 X 20 I 0 I X 10 - ^ 8.00, 

EI8 ,, - 0 2 X ^ X 20 + 0 4 X 20 - +10 (i7. 

- 02 f 04 - 40 00 

1 iiially, il’ a 1 ft-k counterclockwKse ( ouple acts alone at -4, the resulting 
coiijugati* ^tincture will he as shown in Fig 5-45. From this .struciure. the 
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deflection components of point A are found to be 

EIS^„ = 2 X 0.02 X 10 + 0.02 X 20 = +0.80, 

= 0.02 X 20 + 0.02 X 10 = +0.60, 

E/a^„ = 3 X 0 02 = +0.06. 

Note that Maxwell's reciprocal deflection theorem may be used to check 
several of the above values. 

Substitution in the deflection condition equations, after all terms have 
been multiplied by EIj yields 

+ 105 + 13 337/ + S.OOr + O.SOilf = 0, 

+ 153.75 + 8 00/7 + 10.077 + 0.60il7 = 0, (5-8b) 

+ 8.25 + 0.80^ + 0.607 + 0.06il7 = 0. 

Simultaneous solution will result in 

H = ^-1.9k, V -15.3 k, M = -9.6ft-k 

Tlie positive sign in the first answer above indicates that 77 actually acts 
with the same sense as the 1 k horizontal force assumed at A. The nega¬ 
tive signs for V and M indicate that each is actually opposite in sense to 
the vertical 1 k force and the 1 ft-k couple assumed at A. The bending 
moment diagram is shown in Fig. 5-46. 



{) .V) ft k M 1).> ftk 


FiGiiRh 5-46 

Example 5-20. Determine the magnitudes and senses of the horizontal, 
vertical, and moment n'action components at A (see Fig. 5-47) by the 
general method t^se the conjugate structure to find deflections. 
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The cut-back structure is shown in Fig. 5-48, with the assumed senses 
of the unit forces and couple acting at A, 



Figure 5-4S 

The required deflection condition equations are 

Aa -t U^hh + ~ 

A. + //«,* -i- VS,.„ f M8',„ = 0, (5^9) 

e + + Va'„, + = 0 . 

The deflection components of point A as caused by the real loads are com¬ 
puted from Fig. 5-49: 



Biiilk 


2 ^ 1000 


too tt k 

. ., :t(K) X 20 
(KK) 



- 10 


, _L 

•> ^ -w A 


h 5-49 


8.6() + 6.22 X .>77 = +161 5 
-1 6.22 X 'M}A\7 - I 6;54 25. 


i 18 47 


17 tJ X 3) 




0 to> 

17 tJ X 20 
2 X ()00 


(> 22 


0 2S0 


i' J 


I .VoO 


17.:!‘2 i 0 28!) X U .■)4 - 4 11.84, 
>0 00 4- 0.289 X :W.:« - +18.00, 


0.8o2. 
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For the 1 k vertical force at A, 

1.00 
0.106 


Figuri; 5-51 

Edhv = 0.125 X 11 54 4- (0.200 + 0.200) 17.32 + 1.00 X 8.66 

+ 0.166 X 5.77 +17.99, 

ESvv ^ 0.125 X 6.67 + 0.200 (20.00 | 23.33) + 1.00 X 35.00 

+ 0.166 X 36.67 = 450.59, 

Ea'^„ = 0.125 f 0.200 + 0.200 + 0.16() + 1.000 = +1.691. 



With a 1 ft-k rouiiterclockwisc couple acting at A on the cut-back struc- 
tuie (see Fig. 5-52), 



Figure 5-S2 


-1-0.025 X 8.66 + 0.020 X 17.32 -1- 0.033 X 8.66 
-+0.025 X 5.0 -f 0.020 X 20.0 -f 0.033 X 35 0 = 


-+0.025 -+ 0.020 -+ 0.033 = -f0.078. 
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When all terms of the deflection condition cciuation^ have bccii multi¬ 
plied by.^, a substitution of the alcove value's and a subsequent simul¬ 
taneous solution will give 

n = -blS.Sk, V -Ib8k, M =■■ 20.5ft-k. 

Example 5-21. Find the reaction components at ,1 in the stepped- 
coluinii gable bent (see Fig. 5-5.*1) as caused by Ihn indicated ecceiitrin 
crane loads. Use the conjugate structure with the general method Note 
that, as indicated on the illustration, the moinerU of inertia ot the heavy 
lower column section is five times the moment of inertia of the ri'inaindcr 
of the bent 

The eut-back structure, with equivalent real moments applied and with 
the assumed unit forces and couple at .4, i.s shown in Fig. 5-54. The con¬ 
dition C(piations again expres.^ the fact that no deflection will occur at *1. 



As in Examples 5-19 and 5-20, these equations are 

A, + + M6',^ = 0, (5-10) 


The conjugate structure for evaluating the deflection components of A 
on the cut-back structure due to the two real couples Is shown in l ig 5-55; 
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180 ft-k 



/<: A* = 480 X 10 + 2 X 1800 X 25 + 2 X 5700 X 35 = +493,800, 
£ A„ = 5700 (15 [- 45) + 1800 X 60 + 480 X 60 = +478,800, 

= 480 + 2 X 1800 + 2 X 5700 = +15,480. 


For the 1 k horizontal force acting to the left at + (see Fig. 5-56), 



hJ -- 2(10 X 13 33 i- 200 X 25.00 + 50 X 26.67 -I- 948.6 X 35.00 

f 158 1 X 36.67) - H 91,730, 

ES,k = (2 X 158.1 + 2 X 948.6)30 f 60(50 4- 200 + 40) = H-83,800, 
Ea'„k =- 2(40 + 200 + 50 i 918 6 + 158.1) = +2793. 

For the I k vertical force acting up at A (sec Fig. 5-57), 









226 


THS OENBBAL IIBTHOD 


[OBAT. 6 


E = 2(4 X 10 + 10 X 26 + 31.62 X 35) = +2793, 

■ 

. Et'^= 2 X 31.62 X 30 + (10 + 4)60 = +2737, 

= 2(4 + 10 + 31.62) = +91.24. 

When all terms of the condition equations have been multiplied by E, 
the above values are substituted therein and a subsequent simultaneous 
solution will give the following answers: 

H = -8.14 k, y = -0.33 k, M = -63.7 ft k. 

Example 5-22. It is required to design a two-span continuous rigid 
frame to support a uniform live load of 2 k/ft on the horizontal projectiim 
(see Fig. 5-59). The frame, as ultimately designed, will have a varying 


C ^ 



moment of inertia. The required variations of the moments of inertia are 
unknown and, consequently, a first analysis is to be made on the assump¬ 
tion of a uniform moment of inertia. The results of this first analysis will 
be used to proportion the first trial frame with nonprismatic members. 

The frame is first cut back to a statically determinate structure as diown 
in Fig. 5-60. Deflections caused by the 2 k/ft load are as shown by the 
dotted outline and as labeled. There are 1 k forces applied individually 
and successively at A, first horizontally and then vertically, and then 
horizontally at E. These loads, and the resulting deflections, are shown 
in Fig. 5-61 (a) , (b), and (c). 
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Figure 5-60 


C F 



(a) 


V F 



(b) 


C F 



Figure ^61 
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The three required deflection condition equations state that in the actual 
loaded structure the horizontal deflection at A, the vertical deflection at 
Af and the horizontal deflection at E are zero when the redundant reac¬ 
tions HAi VA, and Hs are acting. These redundant reactions necessarily 
are assumed to act in the same direction as the unit forces shown in 
Fig. 5-61. The three condition equations arc 

Ha ^AhAh VA ^AhAv + Hjs ^AkEh + ^Ah = 0 | 

Ha ^AvAh 4 Va + Hs dAvEh 4 ^Av ~ 0, (5-11) 

Ha ^EhAh 4 - Va ^ehao 4 - He Bjcf^Eh 4 - Aeh = 0 . 

Since the frame as finally designed will be composed of members with 

varying moments of inertia, it is advisable to divitle the structure into 
segments (see Fig. 5-62). The segments in the columns are 5 ft long and, 



G 




2 

I 

H 


in the sloping girders, 5.59 ft long. Note that if the frame were to be 
fabricated with prismatic members, the use of segments would entail a 
great deal of unnecessary computation. It would be much easier, in this 
case, to consider the entire elastic* load for each member as a single con¬ 
centration acting through the centroid of the elastic load on that member. 

The bending moments at the centers of the girder segments resulting 
from the 2 k/ft load acting on the determinate structure of Fig. 5-60 are 
shown in Table 5-8, as well as the relative values of the elastic weights of 
(lic'-e 'I'la* artn.il v;ilnc of the clastic >\cii!:ht for c:jch ''i-gnuMit 

uovild be M where M is tlic moment at the ceiitei of each segment, 

AS is the segment lengtli, I is the moment of inertia at the center of each 
segment, and E is the modulus of elasticity. Since, in the present case, E 
and / are constant, the elastic load can be used as the relativ’e value M AS. 
The vcrti<‘al reaction at E in Fig. 5-(K) is 160 k. 
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Table 5-9. 


Seg- 

ment 

Tji 

y£ 

MAS 

J\f AS * i/i 

Af AS • ys 

MAS(yg — 15) 

11' 

2.5 

16.25 

7,861 

19,653 

127.741 

9,826 


7-5 

18.75 

5,904 

44,280 

110,700 

22,140 

9' 

125 

21 25 

4,227 

52,837 

89,824 

26,418 

8' 

17 5 

23.75 

2,830 

49,525 

67,212 

24,762 

7' 

22.5 

23 75 

1,712 

38,520 

40,660 

1'4,980 

mm 

27.5 

21.25 

873 

24,007 

18,551 

5,456 

5' 

32.5 

18.75 

314 

10,205 

5,887 

1,177 

4' 

! 

37.5 

16.25 

35 

1,312 

568 

44 

1 



23,756 

240,339 

461,143 

104,803 



240,:«9 
40 


G008, 


A£a - +401,143, 


Ada = 104,803 + 6008 X 15 = +194,923, 
Bd = 23,750 - 6008 = +17,748. 
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The conjugate structure for span EH of Fig. 5-60, shown in Fig. 6-63, 
is loaded with the elastic loads computed in Table 5-8 for segments 11^ 
through 4^ The deflection components and 6d are computed 

in Table 5-9. 



Figure 5-63 


Vertical and horizontal deflection components of A '{Aav and Aaa) in 
Fig. 5-60 arc found from the conjugate structure of Fig. 5-64. 


[ 



A.,, =r ; 70!i,hy{> -i 17,7-JS \ 40 = +1,410.818, 


= 4401,143 + 17,748 X 15 + 194,923 = +922,280. 
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5-41 

Deflection components of A and B resulting from the 1 k horizontal 
load at -4, as shown in Fig. 5-61 (a), are next computed. The relative 
elastic loads for this loading, which are symmetrical about the vertical 
centerline, are computed for the left half of the frame in Table 5-11. 


Table 5-11. 


Segment 

M = 

AS 

ilf A5 

1 

2.5 

5.0 

12.5 

2 

7.5 

5.0 

37.5 

3 

12 5 

5.0 

62.5 

4 

10 25 

5.59 

90.8 

5 

18.75 

5.59 

104.8 

6 

21 25 

5.59 

118.8 

i 

23.75 

5.59 

132.S 

S 

23.75 

5 59 

132.8 

9 

21.25 

5 59 

118.8 

10 

18.75 

5.59 

104.8 

1] 

10.25 

5.59 

90.8 


The conjugate structure for Iho right span is similar to that shown in 
Fig. 5-63, but is loaded with elastic loads as computed in Tabic 5-11. The 
necessary computations are showji in Tabic 5-12. 


Table 5-12. 


xe 

y\ 

. 1 / 

.1/ AS ■ Xe 

M AS .yA 

;i/AS(i/^ - 15) 

40.0 

2.5 

12 5 

500 

31 

-156 

40.0 

75 

37.5 

1,500 

281 

-281 

40.0 

12.5 

02.5 

2,500 

781 

-156 

37.5 

10 25 

90.8 

3,405 

1,475 

^113 

32.5 

18.75 

104 8 

3,406 

1,965 

4393 

27.5 

21.25 

1188 

3,207 

2,524 

4-742 

22.5 

23.75 

1.32.8 

2,988 

3,154 

41,162 

17.5 

23.75 

132.8 

2,324 

3,154 

fl,162 

12.5 

21 25 

1188 

1,485 

2,524 

+742 

7.5 

18.75 

104 8 

780 

1,965 

+393 

2.5 

1 

10.25 

90.8 

227 

1,475 

+113 



1,006.9 

22,388 

19,329 

4,227 
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R'h = = 559.7. iEkAH = +19,329, 

iohAh = 4227 + 559.7 X 15 = +12,023, 
ao = 1006.9 - 559.7 -= +447.2. 

The conjugate structure for the left span is similar to Fig. 5-64 and the 
elastic loads along the girders are similar to those used in Table 5-12, with 
the addition of the concentration an and the couple Jdma at the free end 
of Ihe conjugate structure. The computations to obtain Bavah and SAhAh 
are given in Table 5-13. 


Table 5-13. 


Segment 


yA 

MAS 

.1/ AS • I ,i 

.1/ AS • 1 

1 


2.5 

12.5 


31 

2 


7.5 

37.5 

1 

281 

3 


12.5 

62.5 

— 

781 

4 


16.25 

90.8 

227 

1,475 

5 

7.5 

18.75 

104.8 

786 


6 

12 5 

21.25 

118.8 

1,485 

2,524 

7 

17 6 

23.75 

132.8 

2,324 

3,154 

8 

22.5 

23.75 

132.8 

2,988 ; 

3.154 

9 

27.5 

21.25 

118.8 

3,267 1 

2.524 

10 

32.5 

18.75 

104.8 

3,406 

1,965 

1] 

37.5 

16.25 

90.8 

3,405 

1,475 




1,006.9 

17,888 

19,329 


^ivAK = +17,888 + 447.2 X 40 = +35.776, 

= +19,329 + 447.2 X 15 + 12,623 = +38,660. 

A load of I k applied vertically at A, as in Fig. 5-61 (b), will result in 
the deflections shown therein. The relative elastic loads are computed in 
Table 5-14 for the left half of the frame; those for the right half of the 
frame are similar. 
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Table 6-14. 


Segment 

H 

II 

AS 

M AS 

4 

2.5 

5.59 

14.0 

5 

7.5 

5.59 

41.9 

6 

12.5 

5.59 

69.9 

7 

17.5 

5.59 

97.8 

8 

22.5 

5 59 

125.8 

9 

27.5 

5.59 

153.7 

10 

32.5 

5.59 

181.7 

11 

37.5 

5.59 

209.6 


The conjugate structure to determine dshAv similar to that of Fig. 
5-C3, and the necessary computations are given in Table 5-15. 


Table 5-15. 


Seg¬ 

ment 


VA 

MAS 

M AS ' xe 

.V AS ■ XJA 

MASinA - 15) 

4' 

37.5 

16.25 

14.0 

525 

227 

17 

5' 

32.5 

18.75 

41.9 

1.362 

786 

157 

6' 

27.5 

21.25 

69.9 

1,922 

1,485 

437 

7' 

22r5 

23.75 

97.8 

2,201 

2,323 

856 

8' 

17.5 

23.75 

125.8 

2,202 

2,988 

1,101 

9' 

12.5 

21.25 

153.7 

1,921 

3,266 

961 

10' 

7.5 

18.75 

181.7 

1,363 

3,407 

681 

11' 

2.5 

16.25 

209.6 

524 

3,406 

262 




894.4 

12,020 

17,888 

4,472 


1 *> 020 

Rif = = 300.5, Bekav = +17,888, 

&j}kAv ~ +4472 + 300.5 X 15 = +8979, 
an = 894.4 - 300.5 = +593.9. 

The defle'^tioii components SavAv and Bahav are computed (see Table 
5-16) with a conjugate structure similar to Fig. 5-64. This is loaded with 
the elastic loads of Table 5^15 computed for segments 4 through 11, with 
the addition of a couple at the free end equal to dohAv, as well as a con¬ 
centration eciual to ao 
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Table 5-16. 


Segment 

xa 

VA 

M AS 

MAS'Xa 

M AS •yA 

4 

2.5 

16.25 

14.0 

35 

227 

5 

7.5 

18.75 

41.9 

314 

786 

6 

12.5 

21.25 

69.9 

874 

1,485 

7 

17.5 

23.75 

97.8 

1,712 

2,323 

8 

22.5 

23.75 

125.8 

2,831 

2,988 

9 

27.5 

21.25 

153.7 

4,227 

3,266 

10 

32.5 

18.75 

181.7 

5,905 

3,407 

11 

37.5 

16.25 

209.6 

7,860 

3,406 





23,758 

17,888 


^AvAv = +23,758 + 593.9 X 40 = +47,514, 

Bahav M7,888 + 593.9 X 15 + 8979 = +35,776. 

A load of 1 k acting horizontally at E, as shown in Fig. 5-61 (c), will 
result in the relative elastic loads computed in Table 5-17. 


Table 5-17. 


Segment 

• 

II 

t 

AS 

MAS 


2.5 

5.0 

12.5 


7.5 

5.0 

37.5 

12 

12.5 

5.0 

62.5 

11' 

16.25 

5.59 

90.8 

10' 

18.75 

5.59 

104.8 

9' 

21.25 

5.59 

118.8 

8' 

23 75 

5.59 

132.8 


23.75 

5.59 

132.8 


21 25 

5.59 

118.8 


18.75 

5.59 

104.8 


16.25 

5.59 

90.8 


12.5 

5.0 

62.5 

2' 

7.5 

5.0 

37.5 

1' 

2.5 

5.0 

12.5 


The deflection 6E/^Bh is computed (see Table 5-18) by means of a con¬ 
jugate structure which is, again, similar to Fig. 5-63 but which is loaded 
with the relative elastic loads computed in Table 5-17. 
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Table 5-18. 


Seg¬ 

ment 


Fa 

MAS 

Af AS • Zg 

M AS ■ ijA 

MASivA - 15) 

14 

— 

2.5 

12.5 

— 

31 

— 

13 

— 

7.5 

37.5 


281 


12 

— 

12.5 

62.5 


781 

— 

11' 

2.5 

16.25 

90.8 

227 

1,476 

114 


7.5 

18.75 

104.8 

786 

1,965 

393 

9' 

12.5 

21.25 

118.8 

1,485 

2,525 

743 

8' 

17.5 

23.75 

132.8 

2,324 

3,154 

1,162 

7' 

22.5 

23.75 

132.8 

2,988 

3,154 

1.162 

& 

27.5 

21.25 

118.8 

3.267 

2,525 

743 

5' 

32.5 

18.75 

104.8 

3,406 

1.965 

393 

4' 

37.5 

16.25 

90.8 

3.405 

1,476 

114 

3' 

40.0 

12.0 

62.5 

2,500 

781 

-156 

2' 

40.0 

7.5 

37.5 

1,500 

281 

-281 

1' 

40.0 

2.5 

12.5 

500 

31 

-156 

2(11 

' through 1') = 

1,006.9 

22,388 

20,426 

4.231 



^,388 

40 



^BhEh — I 20,420, 


iohEh -t'4231 + 559 7 X 15 ^ +12.027. 


OLD -= 1006.9 - 559.7 ^ -[447.2 


The deflections bAvSh and hAhEh are found by use of a conjugate struc¬ 
ture similar to Fig. 5-64 This is loaded at its free end with a couple equal 
to &DhBh and a concentration equal to ao 


Bakeh == 447 2 X 15 + 12,627 = +19,335, 


^AvEh ~ 447 2 X 40 — +17,888. 

Attention is called to the fact that, by Maxwell’s reciprocal theorem, 

^AkEh = ^BhAhi ^AvEh = ^EhAvj 


and 


^AvAh — ^AhAv 
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Comparison of the computed relative values for these deflections will 
show that the above ecjualities exist. This is a valuable check on the cor¬ 
rectness of the values for these deflections. 

The computed relative values for all deflection components arc now sub¬ 
stituted in the deflection condition equations previously written; 

(1) +38,6C0//^ + ZoJ7(jVa + 19,33o//f: + 922,286 = 0, 

(2) +35.7767/^ + 47,514^4 + 17,888//£ + 1,419,818 ^ 0, 

(3) +19,3297/^4 4 17,888 r,i + 20,426//^ + 461,143 = 0. 

The above C(|uations are solved .simultaiicously in Table 5-19. 


Table 5-19 


Eq 

Operation 

Ha 

1 A 

Hb 

Constant 

Equaiiun 

Kum 

Check 

operation 

(1) 



-135,776 

+ 19,335 

f922,286 

+1.016,057 


(2) 


-1-35,776 

+47,514 

+ 17,888 

+ 1,419,818 

+ 1,520,996 


(3) 


+19,329 

+17,888 

-f 20,426 

-h 461,143 

518,786 


(4) 

(5) 

(1) - 1.0806(2) 
(1) - 20001(3) 


-15,568 

+5 

-21.519 

-611,969 

-46 

-627,532 

-21,565 

-627,531 

-21,567 


From (5), for all practical purposes, He = 0. The symmetry of the 
structure indicates that this is the correct value for He- 

From (4), Va = -•39.3 k. The negative sign indicates that the true 
sen.se of Va is oppo.site to the sense of the 1 k vertical load assumed in 
Fig. 5-61 (b). 

From (3), Ha = 412.5 k. The positive sign indicates that the true 
sense of Ha is the same as that of the 1 k horizontal load in Fig. 5-61(a). 

The above redundant reactions having been determined, we can now 
compute moments, thrusts, and shears throughout the structure. Since 
(from the statement of the example) the frame is to be fabricated with a 
varying moment of inertia, the above analysis is preliminary. The moments 
just computed, combined with the thrusts if necessary, are used to deter¬ 
mine the required dimensions at critical sections. The outline of the frame 
is arranged to effect a smooth and graceful transition from one critical 
section to another The resulting structure will be the first trial non- 
prismatic frame. 

After the outline of the first trial nonprismatic frame has been estab¬ 
lished, the first analysis must be modified to determine the effects of the 
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variation in moment of inertia. This can be done quite easily. It will be 
recalled that relative values of elastic loads were used in the first analysis 
to simplify computations. In other words, instead of using the absolute 
value M AS/EI, the relative value M AS was used. This was possible 
because E and / were constant. Now, to include the effect of a varying 
moment of inertia, it is only necessary to use a new relative elastic weight, 
specifically, M AS/L This is accomplished by dividing all computations 
in the preceding tables^ which involve M AS, by the value for / at the 
center of each segment, and resolving the three deflection condition C(]ua- 
tions. Critical sections of the first trial nonprismatic frame are rechecked 
for adequacy on the basis of this second analysis, and revisions and addi¬ 
tional modifications pf the first analysis are made as necessary. 

There is alwa3^s a question as to whether or not the results of any 
analysis are correct. In this case it is apparent, from the symmetry of the 
frame and loading, that the horizontal reaction at E should be zero. The 
fart that the computed value of is zero (or practically so) is an indica¬ 
tion, but not conclusive proof, that the analysis is correct. A complete 
check on the first analysis is possible by selecting a different set of redun¬ 
dant reactions and making a second set of computations. An alternate 
check can be accomplished by applying the final moment diagrams as 
load intensities on the conjugate structure to determine whether or not 
the indicated deflections arc consistent with the constraints. That is, if 
the cut-back frame of Fig. 5-60 is subjected to the same moments as the 
loaded frame of Fig. 5-59, the computed horizontal deflection component 
of E and the computed horizontal and vertical deflection components of A 
should be zero. 


Problems 


5-23. Find the vertical and horizontal reaction components at A (see 
Fig. 5-65). The moment of inertia is constant. Use virtual work to find the 
required deflection components. [.Ins.: V = 14.8 k up, H ^ 1.9 k left.] 



Figure 5-65 
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6-24. Find the vertical and horizontal reaction components at A (see 
Fig. 6-66). Evaluate the necessary deflection components by virtual work. 
[Ans.: V = 5.0 k up, // = 3 4k right.] 



riouRi. 5-66 


5-25 Evaluate the horizontal, vcTtical, and moment reaction components at 
A (see Fig 5 -67). Use virtual work to find the required defltu'tion components 
and check by the conjugate structure. [.Ins. // = 4 1 k right, V =■ 14.8 k up, 
.If = 13 8 ft-k clockwise.] 



Figukk 5-67 


5-2G. Find the reaction components at A (see Fig. 5-68). Use virtual work to 
evaluate the necessary deflection components and check by the conjugate struc¬ 
ture. Moment of inertia is constant. [.Ins.; i/ » 3.7 k right, V = 16.3 k up, 
^f = 32.5 ft'k clockwise.] 
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Figure 5-68 


5-27. Using the conjugate structure and the general method, find (from 
Fig. 5-69) the values for the following two combinations of redundant reaction 
components: 

(a) The horizontal and vertical reaction components at D. 

(b) The horizontal and moment reaction components at A. [^ns.; (a) //d 
2.6 k right, VS = 5.4 k up; (b) Ha = 5.4 k right, Ma = 22 ft*k clockwise.] 



IS' 0 I _ ‘ 20'0 _ ^ J _10' n ^ /■> 


Figure 5-69 
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5-28. Find the reaction components at E (sec Fig 5-70). The moment of 
inertia is constant. [Ana,: II = 3.9 k left, V = 3.0 k up, M = 38 ft-k counter¬ 
clockwise.) 


C 



Figure 5-70 


5-29. The stcpped-column gable frame of Fig. 5-53 supports concentrations 
from the interior and peak purlins of 13.5 k at each framing point. The concen¬ 
trations at C and E can be neglected in the analysis, since their effect on the 
frame is obvious. Note that the purlins are spaced at 7.5 ft on the horizontal 
projection. Find the reaction components at .1 resulting from the purlin con¬ 
centrations. Attention is called to the fact that the deflection components of A 
in the cut-back structure, due to 1 k forces acting vertically and horizontally* at 
A and a 1 ft-k couple at .1. have already been evaluated in Example 5-21 and 
need not be recomputed. [Ana.: Va — 47.3 k up, Ha = 29.4 k right, Ma — 
529 ft-k clockwise.) 

5-5 The elastic center. In 186G, Carl Culmann (1821-1881), a German, 
published his book on graphic statics. In this work he demonstrated that 
the analysis of hingeless arches can be considerably simplihod if the 
redundant reaction components arc considered to act at the c 5 ?ntroid of 
the elastic areas. This point is now known as the elastic center or, some¬ 
times, as the neutral point. 

The method of the clastic center, which Ls merely a special application 
of the general nudhod to .single-span frames or arches, is seldom used in 
practice for anything e.\cept the analysis of a single-span hingelc.ss arch. 
It is limited, in direct application, to single-span frames or arches with a 
maximum of throe redundant reaction components. It may be applied 
indirectly, however, as demon.stratod by McCullough and l’haycr (1), in 
the analysis of an arch group on elastic piers. 
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It is convenient to develop the method with the analysis of the frame 
shown in Fig. 5-71. 

If an analysis is to be made by the general method, it Avill be remembered 
that the first step may be to remove the support at A. Vertical, horizontal, 
and rotational deflection components of end A arc evaluated—first, as 
caused by the real load, and then as caused by successive and individual 
applications of unit horizontal, vertical, and rotational actions at A. The 
following deflection condition equations, in which all deflection com¬ 
ponents are for A, will apply: 


Aft + /f • + y' ^hv + M • B'hm = 0, 

+ // • dvk + V • 6r„ + M • = 0, (5-12) 

d + H • ainh + K • aiiu + 71/ • = 0. 




The unit actions mentioned above are considered to act at A as shown 
in Fig. 5-72. The following expressions, in which dA represents a differ¬ 
ential elastic area, will result from an application of virtual work: 











VT 
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The first two of the above expressions represent the first moment of the 
total elastic area of the frame about the r- and about the y-axes, respec¬ 
tively. The third expression is in the usual form for the product of inertia 
of an area. If, therefore, the reference axes are so chosen that the first 
moments and the product of inertia of the elastic area are zero, the deflec¬ 
tion condition equations may be written for a point located at the cejitroid 
of the elastic areas and will be simplified to 

Aa + Hq 6hh = 0, 

At + V^o =0, (5-14) 

6 MoOtmm ~ 0 - 


Xote that the redundant reactions are now designated as Vq^ and Mq, 
since they act at the elastic center. They are considered to be applied at 
the end of a rigid bracket as shown in Fig 5-73. 



Figure 5-73 

Obviously tw'o conditions must be satisfied before Eqs. (5-14) will 
apply. The first condition is that the first moments of the elastic areas 
must'be zero. This means that the reference axes must pass through the 
centroid of the elastic areas, and these reference axes are usually rec¬ 
tangular. In addition, it is necessary that the product of inertia shall be 
zero. If either or both of the centroidal rectangular reference axes are 
axes of symmetry, this requirement is satisfied. (The y centroidal axis is 
often an axis of symmetry in a hingeless arch.) If, how'ever, no axis of 
symmetry exists, then rectangular centroidal reference axes cannot be 
used if the product of inertia is to be zero. Instead, one centroidal reference 
■ axis may \>e retained as either horizontal or vertical, but the other (either 
vertical or horizontal) must be rotated through a certain angle in order to 
reduce the product of inertia to zero. Nonrectangular reference axes, with 
respect to which the product of inertia is zero, are called conjugate axes 
of inertia. 
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Conjugate axes of inertia are rather annoying to work with, however, 
and the analyst may prefer to use rectangular centroidal reference axes 
even when the y centroidal axis is not an axis of symmetry. When this 
is done, Eqs. (5~12) reduce to 

Ah 4* ffo ^hh + ^0 

Ab + Ho B„h Vo Bfv = 0, (5“15) 

0 + Moamm = 0 . 


It is apparent that Mo may be determined directly from the last of these 
equations; Hq and Vq must be found'by a simultaneous solution of the 
other two equations. 

The application of the method will be demonstrated with the following 
example. 

Example 5-30. Using the method of the elastic center, find the redun¬ 
dant reaction components at A of the frame of Fig. 5-74. The moment of 
inertia is constant. (Note that this is the same frame that is analyzed in 
Example 5-19.) 



Figure 6-74 


The elastic center will obviously be on a vertical line located midway 
between the two columns. The distance yo from a horizontal line through 
A and D up to this elastic center will be 


2 X 20X 10 + 20 X 20 
~ 60 


13.33 ft. 


The widths of the several elastic areas do not appear in the above compute 
tion, since they are constant and equal. 
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A rigid bracket is .considered to 
be attached to the frame at A (see 
Fig.* 5-75) and to extend up to the 
elastic center at O. The redundant 
reaction components act at the 
elastic center on the end of this 
bracket. The immediate object of 
the analysis is to determine the 
sense and magnitude of each of 
these components. 

The three deflection components 
of the point O, resulting from the 
action of the real load, are com¬ 
puted by means of the conjugate 
structure (see Fig. 5-76): 



F^'iTTRK 5-75 



300 ft k 
C 


3(X) X 20 = (5000 


A// 2250 X G.07 - 6000 X 3 33 = -5000, 


AT = 2250 X 5 + 0000 X 10 = -| 71,250, 


^ = 2250 GOOD = 18250. 

For a 1 k force acting to the right at 0, the conjugate structure and the 
only resulting deflection component of 0 are as shown in Fig. 5-77: 



>3* 
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6hh = 133.4 X G.67 + 2 X 22.2 X 4.44 + 2 X 88.8 X 8 8a = +2667. 

The conjugate structure for a 1 k force aetirig down at O, and the only 
deflection component of O resulting from this force, arc indicated in 



Figure 5-78 


= 2(200 X 10 + 50 X 6.67) = +4666. 
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Figure^ 5-79 


Finally, the conjugate structure for a 1 ft-k counterclockwise couple 
acting at 0 is as shown in Fig. 5-79. The only deflection component of 0 
resulting from the action of the 1 ft-k couple will be 


««« = 20 + 20 + 20 = +60. 


Substituting in Eqs. (5-14), 


Ho 

Vo 

Mo 


Shk 


-5000 

+2667 


+1.87 k (to the right), 

* 


^VV 

e 

^mm 


+71,250 
+4666 ^ 

+8250 _ 
+60 


-15.27 k (up), 

— 137.5 ft-k (clockwise). 


The redundant reaction components acting at A are easily determined 
by statics as follows: 


Ha = Ho = 1.87 k to the right, 

Va= Vo = 15.27 k up, 

Ma = Jlfo + 13.33ffo — lOFo (clockwise is +) 
= +137.5 + 13.33 X 1.87 - 10 X 15.27 
= +9.7 ft-k. 
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Attention is caUed to the fact that, since the frame in question is sym¬ 
metrical, it can also be solved by cutting the member BC at its midpoint 
and by assuming that a rigid bracket is attached to the part of the frame 
on each side of the cut. Both rigid brackets extend down to the elastic 
center as shown in Fig. 5-80. 



Figure &-80 


The first step in this analysis is to find the three components of the 
deflection of 0^. This is most easily accomplished with the conjugate 
structure as shown in Fig. 5-81: 



Figure 5-81 
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Ao^fc = +2000 X 3.333 - 250 X 6.667 = +5000 to right, 

= +2000 X 10 + 250 X 8.333 = +22,083 down, 

Bo^ = +2000 + 250 = +2250 clockwise. 

Note that a positive sign for the horizontal deflection component signifles 
a movement of Ol to the right relative to Or, or a movement of Ojfr to 
the left relative to Ot. A positive sign for the vertical deflection component 
signifies a downward movement of O/, relative to Orj or an upward move¬ 
ment of Oj{ relative to 0/,. Finally, a positive sign for the rotation 
indicates a clockwise rotation'of Ol relative to 0^, or a counterclockwise 
rotation of Or relative to Ol- 

It is now necessary to determine the components of the relative deflec¬ 
tions of the two free ends of the rigid brackets, as caused by unit actions 
applied at these free ends. I'lrst, apply unit horizontal forces o^ 1 k to 
each bracket as shown in Fig 5 S2(a). From the conjugate structure 
[shown in Fig. 5-82(b)]. taking moments about the x-axis, we find the 
relative horizontal displacement of the free ends of the two rigid brackets 
will be 

fiofcOft -- -2(06.07 X 6.007 + 22.22 X 4.444 + 88.89 X 8.889) 

=- -2007 


Inspection of the conjugate stru(‘ture will indicate that the relative vertical 
and the relative rotational deflection components of Ol and Or will be 
zero. The actual rotational deflection components of Ol and Or also will 
be zero. The actual vertical deflection (‘oniponents of Ol and Or will 
have values, but these will be e(|ual and therefore the relative value is zero. 

From the above, the reejuin'd condition equation for the relative hori¬ 
zontal deflection component of Ol and Orj in the loaded structure of 
Fig. 5-80, may be written as 


“f ffo ^OhOh = 0, 


from which 



^OhOh 


+5000 

-2607 


+1.87 k. 


The positive sign of the unsv\cr indicates that the correct senses of the 
forces Hq are the same as the senses of the unit horizontal forces assumed 
in Fig. 5-82(a). 
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Ik Ik 

Ou Or 



(*» 

Figurk 5-S2 


Unit vertical forces are now considered to act at Ol and On as shown 
in Fig. 5-83(a). The conjugate structure is shown in Fig. 5-83(b). If we 
take moments about the ^-axis, the relative vertical deflection component 
of O/, and O/?, as caused by these unit vertical forces, will be 

A 

SovOv 2(200 X 10 -f 50 X C.6G7) = -) 4067. 

Relative horizontal and rotational deflection components of Ol and On 
will be zero. 

The required condition equation for the relative vertical deflection 
component of Oi and Orj for the loaded structure of Fig. 5-80, will be 

A0£,ii + Fq dovOv = 0, 



250 


THE OBNBRAL METHOD 


[chap. 6 


from which 



6ovOv 


+22,083 

+4667 


-4.73 k. 


The negative sign of the answer indicates that the correct senses of the two 
redundants Vq are opposite to the senses of the unit vertical forces as 
assumed in Fig. 5-83(s). 





Fiocre 5-83 
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As the final step in the analysis, assume that unit couples are applied 
at Ol and Or as indicated in Fig. 5-84(a). It is apparent from the con¬ 
jugate structure of Fig. 5-84(b) that the relative rotational deflection 
component of 0/, and Or will be 


= +2(20 + 10) = +60. 

Relative horizontal and vertical deflection components of Ol and Or 
will be zero. 

The required condition ccjuation for the relative rotational deflection 
component of Ol and Or, for the loaded structure of Fig. 5-80, will be 


^Ol + ^foCtOmOm ~ 0 , 




Figure 5-84 



252 


THE GENERAL METHOD 


[chap. 5 


from which 



OtOmOm 


+2250 

+60 


-37.5 ft k. 


The true senses of the redundant couples Mq will be opposite to the 
senses of the unit couples as assumed in Fig. 5-84. 



Figure 6-85 


The values of the redundant reactions at A may now be computed by 
statics. Ha and Va are determined by inspection to be as shown in 
Fig. 5-85. The value of Ma is computed from an equation which expresses 
the fact that SM = 0 for the free body ABOl^ with A as the center of 
moments. For the purpose of writing the equation, is assumed to be 
clockwise and clockwise moments are assumed to be positive; 

Ma + 20 X 5 - 1 87 X 13.33 - 4.73 X 10 - 37.5 = 0, 
from which 

Ma = I 0.7 ftk. 

Particular attention is called to the fact that this last method of analysis 
will apply only to symmetrical hijigeless frames and arches, and that it is 
paiticularly valuable in the case of symmetrical hin^less arches. 
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CHAPTER 6 


THE METHOD OF LEAST WORK 

6-1 General. The method of least work is credited to Alberto Cas- 
tigliano (1847-1884), an engineer of the Italian railways, who presented 
it in a thesis for a diploma in engineering at Turin in 1873. A paper pub* 
lished by him in 187G presented his method for finding deflections as a 
first theorem, with the method of least work as a corollary and second 
theorem. Consequently, the method is sometimes designated as Cas- 
iigliano's second thf.orem. 

It is interesting to note that Menabrea, an Italian general, had stated 
the principle of least work in a paper in 1858, but had given no satisfactory 
proof.. It may also be recalled, from Chapter 1, that Leonard Euler (1707- 
1783) used a form of the method of least work in developing his treatment 
of the buckling of columns. Considerable credit for this goes to Daniel 
Bernoulli (1700-1782), who suggested to Euler that the true elastic curve 
might be that which would cause the total internal elastic strain energy 
to be a minimum. 

Castigliano's second theorem provides a powerful method for analyzing 
indeterminate structures, and is very effective in the analysis of articu¬ 
lated indeterminate structures. In the case of continuous beams or frames, 
however, most analysts prefer some other method, usually that of moment 
distribution. Castigliano’s second theorem cannot be used to determine 
stresses caused by errors in fabrication, temperature changes, or the 
settlement of supports. 

6-2 Development of Castigliano’s second theorem. Consider the truss 
of Fig. 6-1. As the load P is applied to the truss, point 1 moves to 1' and 
point C moves to C', as shown in the illustration of bar 1-C- in Fig. 6-2. 





FiGuan 6-1 


Fionas 6-2 
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Rotation of the bar is neglected. If the crosa-sectional area of the bar is 
the length is L, the modulus of elasticity is £, and if the stress in the bar 
as caused by the load P is S, then the elongation of the bar in the loaded 
truss will be SL/AE, 

Assume that the redundant bar is removed from the truss and that its 
effect is replaced by two forces, Ti and Tc, as indicated in Fig, 6-3. 


l 2 



Although the forces Ti and Tc are equal, they will at first be assumed to 
differ in magnitude. The truss is now stable and determinate. Conse¬ 
quently, the deflections of points 1 and C, resulting from the action of 
Tif Tcf and P, can be evaluated by Castigliano’s first theorem. 

Let WI represent the total internal elastic strain energy in the structure, 
with Ti, T(\, and P acting but \vi*h the redundant bar omitted. By 
Castigliano’s first theorem, 




dWi 

dTc 


Note that Ac is intrinsically negative, since the sense of Tc is obviously 
opposite to the sense of the deflection component of C along the line of 
1-C. The difference between Ai and Ac may therefore be expressed 
algebraically as 


Ai + Ac 


dWi , dWi 

dTi "*■ BTc 


It IS apparent that, in the original loaded truss of Fig. 6-1, the elastic 
strain in the member 1-C must be equal in magnitude to Ai + Ac, since 
otherwise the member will not extend between joints 1 and C. Conse¬ 
quently, the algebraic sununation of Ai, Ac, and the elastic strain tn the 
member 1-C must be zero. This is expressed as 


dWi dWi . 5L ^ 
dTi dTc AE 


C6-1) 
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Actually, however, both Ti and Tc are equal in magnitude to S. Con» 
sequently, dWi/dS will be equivalent to dWy/BTi + BW^/BTc^ for the 
reason that the single mathematical opemtion indicated by BWi/dS, with 
forces S acting at joints 1 and C, will give the difference between (or 
algebraic sum of) the deflections Ai and Ac. Equation (6-1) may therefore 
be written as 


dWx SL 

as AE 



( 6 - 2 ) 


As previously mentioned, Wi docs not include the internal strain energy 
of the redundant bar. The internal strain energy in this redundant bar is 
given by S^L/2AE, and thus 


3 ^ 

as 



SL 

AE 


(fr-3) 


It is evident, therefore, that the left side of Eq. (6-2) is actually the first 
partial derivative of the total internal work of the structure, including 
the redundant bar. Consequently, the condition equation which must be 
satisfied by the stress S in the redundant bar may be written as 


aw 

as 



(6-4) 


where W represents the total internal strain energy of the entire structure, 
including ^he redundant bar. This condition requires that the internal 
strain energy shall be a minimum. Therefore Castigliano^a second theorem 
may, in effect, be stated as follows: 

In any loaded indeterminate structure the values of the redundants must be 
such as to make the total elastic internal strain energy, resulting from the 
application of a given system of loads, a minimum* 

Equation (6-4) can be derived very easily and directly by use of the 
general method. Consider that the redundant 1-C is cut as indicated in 
Fig; 6-4. With the load P acting, the ends of the member adjacent to the 
cut will tend to separate by some amount A. If, however, tensile forces 
equal in magnitude to the true stress S act on the ends adjacent to the 
;ut, the value of A must be zero. 

* The preceding derivation and the statement of the theorem are not as pre¬ 
sented by Castigliano. The reader should refer to Southwell (1) and Timo¬ 
shenko (2) for a discussion of the original work. 
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1 2 



Expressing A by Castigliano’s first theorem yields 



and this is the same as Eq (6-4). 

It is apparent from the foregoing that Castigliano's second theorem 
(the method of least work) and the general method accomplish the same 
thing. Aside from variations in detail in the computations, the difference 
is essentially one of concept. In the case of the method of least work, the 
condition erjuations arc considered to be requirements which must be 
satisfied to ensui'o that the total internal elastic strain energy will be a 
minimum. If, however, the general method is being used, these same 
condition equations are considered to be rec|uirements that the distortions 
of the pointS'-of ajiplication of the redundants shall be consistent with the 
constraints of the structure. 

That the two methods are o.ssentialIy the same can be shown very 
easily in connection with Fig 6-5 By the general method the condition 
equation for Rj) is 


A 




Figurk 6-5 


Afi + Rb ^bb = 0 - 


By virtual work this equation becomes 


/ 


M Mb + Rb j ms ^ = 0, 


E/ 


(6-5) 


where M is the moment caused by the real load and twb is the moment 
resulting from a unit vertical force at B. 
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If a solution is desired by Castigliano’s second theorem, the condition 
equation is 


But 



dW ^ 

dRB~J dRa El' 


(fr^) 


where M' — M Rama- Substitution in Eq. (6-6) results in 


/mbib ^ /ml ~ 



which is the same as Eq. (6-5). 

Thus it is seen that the condition equations necessary for a solution by 
the general method are, in effect, the same as those required to analyze 
the same structure by the method of least work. 


6-3 Analysis of continuous beams and frames. As previously indicated, 
the method of least work is not usually selected for the analysis of con¬ 
tinuous beams and frames. Its use normally involves considerably more 
labor than moment distribution, slope deflection, or the general method/ 
when used with the conjugate structure. Two examples will be presented, 
however, to demonstrate the method. 


Example 6*1. 
of least work. 


Determine the reaction at C in Fig. 6-6 by the method 

10 k 




1 


0 5 k/ft 



Hi 

B 

S . 


1 - 

20'-0 

8'-0 


Figure 6-6 


The expressions for bending moment in the two different sections of 
the beam, and the first derivatives thereof with respect to the redundant 
Rci are shown in Table 6-1. For the purpose of the analysis, Ac is as¬ 
sumed to act upward. A moment causing compression on the top si^e of 
the beam is considered to be positive. 
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Table 6-1. 


Section 

X s 0 at 

M (ft-k) 

dM 

dRc 

C~B 

c 

Rex 2 

+X 

B-A 

B 

«,(8 + x) lOx 

+8+X 


Substitution in the condition equation 


dW _ f.fdM dx 
dRc ~J dRc El 

yields 



+ [/2c(8 + x) - - lOa:] (8 + i) di = 0. 

Note that E and I have been dropped, since they are constant. 

When we perform the indicated integration, the condition equation 
becomes 


2667 i?c - 21,520 = 0, 
from which 

Rc ~ “f'S.l k. 

The positive sign of the answer 
indicates that the true sense of Rc 
is the same as that assumed, that 
is, up. 

Example 6-2. Find the horizon¬ 
tal and vertical reaction compo¬ 
nents at F for the continuous 
frame of Fig. 6-7. 

For the purpose of the analy¬ 
sis, the horizontal and vertical 
reaction components at F are as¬ 
sumed to act with the senses shown 
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in the illustration. The expressions for the moments resulting from 
the action of these two reaction components and the loads, and the 
required partial derivatives, are shown in Table 6-2. Any moment 
tending to cause tension on the outside of the frame is considered to be 
positive. 


Table 6-2. 


Section 

X » 0 at 

M ift-k) 

dM 

dH 

dM 

dV 

F-D 

F 

+Hx 

+x 

0 

I>-C 

D 

+26// + Vx 

+26 

4-x 

C-B 

C 

+26« + V(6 + z) + 18* 

+26 

+6 + * 

B-A 

B 

+/rf26 - z) + 18V - 5z + 216 

EBl 

+18 


Two condition equations are required for a solution, the first of which is 


dW _ 
dH " 



dM dx 
dH' I 



Observe that the modulus of elasticity E has been omitted from the 
denominator above, since it is constant for the entire frame. Substituting 
from Table and using relative values for /, the result is 


r2e 

L <+«*)(+>) o 

i-a 

+ (+ 26 // , ri:)(+ 26 ) ^ 

rl2 

+ [+2&H + y(6 + I) + 18i]f+26] 

+ f l+ff(26 - x) + 18 V - 5x + 216][+26 - x]dx = 0. 
Jo 

After we perform the indicated integrations, the first condition equation, 
in its final form, is 


+18,560ff + 9140F + 82,760 - 0. 


(6-7) 
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dM ^ 
/ 


When we substitute from Table 6-2, the above becomes 


(+26ff + Fx)(+x) ^ 

/ 12 

1+26H + V(6 + x) + 18x][+6 + j) ^ 

r 

+ / (+ff(26 - i) + 18 V - 5x + 216](4-18] dx = 0. 

J 0 


Integration will give the second condition equation as 


+9140^ + 98307 + 83,800 = 0 (6-8) 

and simultaneous solution of Eqs. (6-7) and (6-8) will give 

V = -8.1 k and // = -0.46 k. 

The solution outlined above, it should be noted, does not create a true 
impression of the considerable amount of work involved in evaluating 
the integrals. 


Problems 

6-3. Find the reaction at B in Fig. 6-8 by the method of least work. Moment 
of inertia and E are constant. (.Ins..* 5.1 k up.] 


0.2 k/ft 


8'-0 



Figure 6-8 
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6-4. Find the reactions at B and C (see Fig. 6-0) by the method of least work. 
Mom^t of inertia and E are constant. [An#.; ilp ■■ 7*7 k up, Ito >■ 3.9 k up.] 

. 10 k 



Fiourb ^ 


6-5. Determine the value of the reaction component at it in Fig. 6-10. Hie 
modulus of elasticity is constant. [Am,: 4.3 k left.] 



Fiourb 6-10 


6-6. Find the horizontal reaction component at A (see Fig, 6-11} by the 
method of least work. E is constant throughout the frame, [ilns.: 0.56 k.] 

6-7. Determine the values of the three reaction components at il in Fig. 6-12. 
F and J are constant. [^Ins.: /f « 1.9 k right, V - 15.3 k up, if - 0.8 ft-k 
clockwise.] 

6-8. Find the magnitude of the horiaontal reaction component at F in 
Fig. 6-13. E and I are constant. [Ana,: 4.3 k left.] 
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50'-0 


Figttbe 6-13 

6-4 Analysis of articulated structures. Castigliano’s second theorem 
provides an excellent method for the analysis of structures which are 
either partially or completely articulated. As previously pointed out, 
however, the general method is equally effective. Any choice between the 
two methods is, for most problems, usually a matter of personal preference 
and not because one method is in fact easier or better than the other. The 
following examples will illustrate the application of the method of least 
work to structures which are partially or entirely articulated. 
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Example 6-9. Find the stress T in the redundant AD of Fig. 6-14. E, 
is constant. 


ink 



7"-0 9'-o 


Figure 6-14 

The required condition equation, by Castigliano’s second theorem, is 

dT " ' A “ 

The modulus E is omitted, since it is constant for the entire structure. 
The information for writing this equation in the form necessary for a 
solution is given in Table 6-3. The redundant T is assumed to be tension. 

Table 6-3. 


Member 

1 

Hh) 

A (in*) 

Stress S (k) 

as 

s.^A.k 

dT A 

dT 

AD 1 

20 

3 

+T 

+1 

+6.67 r 

BD 

15 

2 

+16.7 - 1.33r 

—1.33 

—167 + 13.33r 

CD 

12 

1 

-13.3 + 0A7T 

+0.47 

—76 + 2.65r 


A summation of the last column of the table will give the required 
condition equation, that is, 


-242 + 22.65r = 0, 

from which 

T — +10.7 k (tension). 

Note that either BD or CD could have been used alternately as the 
redundant. 
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Example 6-10. Find the stress in the redundant FC of Fig. 6-15. E is 
constant. Cross^ctional areas are shown on the illustration. 


f 4 in* G 



The condition equation ivS 

dT A 

The stress T in the redundant is assumed to be tension. It should be noted 
that the only members for which dS/dT will have a value are those within 
and enclosing the panel FGCB, In other words, these are the only members 
whose stresses are influenced by the magnitude of the stress T] conse¬ 
quently, only six members appear in Table 6-4. 


Table 6-4. 


Mem¬ 

ber 

L(ft) 

A (in®) 

Stress S (k) 

ds 

dT 

SL/dS\ 

A Var/ 

BC 

20 

2 

+10 - 0.707r 

-0.707 

-7.07(+10 - 0.7072’) 

FG 

20 

4 

-5 - 0.7077’ 

-0.707 

-3.63(-5 - 0.7072’) 

FB 

20 

2 

+5 - 0.7072’ 

-0.707 

-7.07(+5 - 0.7072’) 

BG 

28.28 

2 

-7.07+ i.oor 


+14.14(-7.07 + 1.0002’) 

GC 

20 

2 

+15 - 0.7072’ 


-7.07(+15 - 0.7077’) 

FC 

28.28 

2 

0+ LOOT" 


+14.14(+1.000r) 


The required condition equation is obtained by adding the values in the 
last column of this table. Thus, 


-294.4 + 46.78r = 0, 


from which 


T = +6.4 k (tension). 
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Example 6-11. The welded tower supporting the end of an aerial eon- 
.veyor system consists of two vertical trusses, one of which is indicated in 
Fig. 6-16. The cross-sectional areas of the members in square inches are 
shown in parentheses on the illustration. The original load on each truss 
was 15 k, acting as shown. Installation of new equipment will increase the 
load to 50 k. It is proposed to reinforce each truss with a spun wire strand 
^ inch in diameter, with a cross-sectional steel area of 0.362 in^ and 
E = 20,000 k/in*. The wire strand is to be located as shown by the dashed 
line and has a working strength of 16.2 k. 

The strands are to have small initial stresses in them whei erected, so 



Figure 6-16 


6-4] 
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that in the analysis th^ may be considered straight. The modulus of 
elasticity E for the truss is 30,000 k/in^. If the truss compression members 
have an allowed working stress of 12 k/in^ and the tension members have 
a working Stress of 20 k/in®, is the proposed arrangement satisfactory 
from the standpoint of individual member strength and the strength of 
the strand? It is assumed that some additional welding may have to be 
placed at the joints to reinforce them. 

The required condition equation, as in Examples 6-9 and 6-10, is 


dW 

dT 


dS 




A 


where T is the unknown tensile stress in the wire strand and S is the stress 
in the members of the structure resulting from the action of the 50 k load 
and from the assumed tensile stress T in the strand. The values of 5 for 
the several members are most easily determined with two Maxwell- 
Cremona diagrams. For this reason the Bow system of notation has been 
used in Fig. 6-16. 

All computations are tabulated in Table 6-5. 


Table 6-5. 


(1) 

Mem¬ 

ber 

(2) 

L(ft) 


(4) 

Stress S (k) 

(5) 

dS 

dT 

(6) 

L dS S 
a‘ dT fielE 

(7) 

Final 

S(k) 

(8) 

Member 

capacity 

(k) 

B8 

10.05 

6.75 

-182.0 + 2.16r 

+2 16 

-688 + 

8.16r 



B6 

10.06 

6.76 

-162.0 + 1.60r 


-432 + 

4.557* 

-129.8 

-69.0 

B4 

10.06 

5 75 

—114.0 + 0.89r 


-180 + 

1.417* 

-1016 

-69.0 

B 2 

10.05 

5.75 

—66.4 - 


— 


-66.4 

-69.0 

Bl 

6.00 

2.40 

-44.4 - 

— 

— 


-44.4 

-28.8 

Cl 

10.0 

5.75 

—22.0 - 


— 


-22.0 

-69.0 

2S 


2.40 

-38.0 + 0.71 r 

+0.71 

-79 + 

1.47? 


-28.8. 

45 


303 

—33.6 H- 0.63r 

+0 63 

-56 + 

1.05? 

-24.8 

-36.4 

67 


3.66 

-30.0 -f- oser 

+0 56 

-42 + 

0 77? 

-22.2 

-43.0 

i>3 

10.0 

mrm 

+44.0 - 0.7ir 

-0 71 

-54 + 

0.88? 

+34.1 

+115.0 

D9 

10.0 


+914 — i.eor 

-1.60 

-264 + 

4.45? 

+69.2 

+116.0 

D7 

10 0 


+129.2 — 2 30r 

-2.30 

-518 + 

9.20? 

+97.2 

+115.0 

12 

mm 

2.11 

+76.0 - 

— 

— 


+760 

+42.2 

34 


2.11 

+58.0 — 1.09r 

-109 

-362 + 

6.82? 

+42.8 

+42.2 

66 


2.11 

+48.4 — 0 9ir 

-0.91 

-268 + 

5.02? 

+.*15.8 

+42.2 

7S 

13.5 

2.11 

+40.0 - 0.76r 

-0.76 

-194 + 

3.70? 

+29.4 

+42.2 

CD 

42.4 

0.362 

- + i.oor 

+1.00 

+117.2r 

(+68.67*) 

+ 14.0 

+16.2 
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Attention is called to the fact that since E is not constant it^must 
somehow appear in the computations. It is convenient, in most cases, to 
use a relative value for E, as has been done in column (6) of Table 6-5. A 
relative E of unity has been used for all members except the wire strand, 
for which the value is two-thirds. Observe that the last entry in column (6) 
is (+58.67). Since it is one-half the value of the preceding entry for CD, 
this is the necessary adjustment for a relative E of tw(>>thirds. 

The summation of all values in column (6) is the required condition 
equation and is 


from which 


-3127 + 223.07 = 0, 


T = +14.0 k. 

Note that the values for S in column (7) are obtained by substituting this 
result for 7 in the various expressions for S in column (4). 

Comparison of the values in columns (7) and (8) will show that five 
members will be overstressed under the proposed plan. An alternate 
method for reinforcing the tower is suggested in Problem 6-21. 

Example 6-12. Find the stress in the redundants a and d (see Fig. 6-17) 
by least work. Assume that 7a and Td are tension. E is constant. 



Figure 6-17 
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The two condition equations are 

aTa ~ dTa A^J 

V«? f 

dT - ■ ^+J 


BT. 


M^.kL 
“dT, I 


dTi BTi A^i^BTi 1 


(6-9) 


(fr-lO) 


All computations necessary for the evaluation of the first term of the 
right side of each equation are shown in Table 6-6. 

Table 6-6. 



10 

14.14 

10 

10 

10 

14.14 



0 +i.o(K)r* 

0 -1.414T, 

0 +i.ooor< 
0 0 
+20.00 0 
-28.28 0 


0 

+1.414Td 

-l.OOOTd 

+i.ooord 

-l.OOOTd 

+i.4i4rd 


+ 1.0 

—1.414 

+1.0 

90 

0 

0 



+1.0 

- 1.0 

+1.414 


(7) 

'• dTa .(1 

(8) 

s^.k 

dTi A 

+h.0Ta 

+ 14.14T. — 14.14rd 
+3.33Ta — 3.33Td 

0 

0 

0 

0 

—U.liTa + 14.14rd 
-3.33T.+ 3.33rd 
-j- 5.ord 

—66.6 + 3.33rd 

-141.8 + IMTi 


The expression for M in the cantilever beam, with x = 0 at the free 
end, is 

M == Ta- X, 


and therefore 


dM . , ajif . 

^ = +x .»d = 0. 


Therefore, 


/"H f-r”’’' 


2 dx _ TaPr r 
' 300 “ 900 Jo 


] 30 
0 


8000 X Tb X 144 
900 

= 12807’.. 
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Note that Uie units of the result obtained directly from this integration 
would be ft ^'K/in^, This is multiplied by 144 in order to reduce the units 
to ft*k/in^ to agree with the units of the several values in columns (7) 
and (8) of Table 6-6. This agreement in units is essential, since the result 
of this integration must be added to the summation of column (7) in order to 
give the first condition equation. This addition will result in 

+1302.5r« - l7A7Td = 0 . (6-11) 

Since BM/dTd = 0, the second term of Eq. (6-10) reduces to zero. 
Consequently, the second condition equation is obtained by adding all 
terms in column (8), and is 

-208.4 - 17.47ra + 32.88rd = 0. (6-12) 

A simultaneous solution will result in 

Tm = +0.09 k and Td = +6.4 k. 

This problem was worked previously by the general method in Example 
5-13. The two solutions should be compared. 

Example 6-13. Find the stresses in the backstay r and the redundants 
m and n (see Fig. 6-18) by least work. Cross-sectional areas of the various 



Figube 6-18 










ANALYSIS OF ARTICULATED STRUCTURES 


271 



members in square inches are noted in parentheses on the illustration. 
E is constant. The condition equations are 


k-n 

dTr ~ ^ dTr' A ~ 
dW _ ^ _ n 

_ Vci® k-n 

dTn ~ ^^dTn' ~ ® 


(&-13) 


Assumii^ that the stresses in the redundants are tension, me computations 
incidental to writing these equations in their final form are given in 
Tables 6-7 and 6-8. 


Table 6-7. 


Member 


a 

b 

c 

d 

e 

f 

9 

h 

r 

m 

n 


L(ft) 


12 
12 
12 
12 
10 

J5.6 

to 

15.62 

26.83 

15.62 

15.62 


o 

A 


A (in2) 


5 

5 

7 

7 

3 

2 

3 
2 
7 

4 
4 


Stress S (k) 


- 10.0 + 

+ 43.9 + 

— 143.9 — 
-197.8 - 

— 45.0 + 
+ 70.3 + 

— 45.0 - 
+ 70.3 + 

0 + 
0 + 
0 + 


0 - 
0.5367’r + 
1.4297, - 
1.9657, + 
0 - 
0.6987, + 
0.4477, - 
0.6987, + 
1.0007, + 
0 + 
0 + 


0.7677. + 
0 - 
0.7677. + 
0 - 
0.6397. + 
1.0007. + 
0.6397. - 
0 + 
0 + 
1.0007. + 
0 + 


0 

0.7677. 

0 

0.7677, 

0 

0 

0.6397, 

1.0007, 

0 

0 

1.0007, 


Member 

dS 

dTr 

as 

07. 

as 

37, 

a 

0 

-0.767 

0 

b 

+0.536 

0 

—0.767 

c 

-1.429 

-0.767 

0 

d 

-1.965 

0 

-0.767 

e 

0 

-0.639 

0 

f 

+0.698 

+1.0 

0 

9 

-0.447 

-0.639 

-0.639 

h 

+0.698 

0 

+1.0 

T 

+1.0 

0 

0 

m 

0 

+1.0 

0 

n 

1 _: 

0 

0 

+1.0 
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( 1 ) 

9S L 
dTr ' A 


( 2 ) 

as 

dr, A 


(3) 

as L 
arj A 



+23.6 + 0.288r, + 0 — 0.411 T. 

+205.6 + 2.040rr + 1.098r, + 0 


+388.0 + 3.8aor, + 0 

0 

+49.0 + 0.486r, + O.eflpTirt 


+ i.sior. 


+20.1 + 0.200r, + a2867’, + 0.286r, 
+49.0 + 0.4867’, + 0 + 0.698r, 

0 + 1.0007*, + 0 +0 




+7.7 + 0 + 0.5897’, + 

0 

+110.5 + 1.0967, + O-SSOT*. + 


+28.8 + 0 + 0.408r,+ 0 

+70.3 + O.eOOT", + 1.0007*, + 0 


+28.8 + 0.2867*, + 0.4087*, + 0.4087*. 

0 

0 


+ 1.0007*, + 





-33.7 - 0.4127*, + 0 + 0.5907*. 

0 


+151.7 + 1.6107*, + 

0 

0 


+ 0.5897*, 



+28.8 + 0.2867*, + 0.4087, + 0.4087. 
+70.3 + 0.6987', + 0 + 1.0007, 

0 


+ 1.0007, 



0 

+ 0 

+ 
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6-41 

4 

A summation of all entries in the three sections of Table 6-8» marked (1), 
(2), and (3), will result in the three required condition equations: 

+8.3607*, + 2.082r« + 2.083r» + 735T2 = 0, 


+2.0797, + 3.9947* + 0.4087» + 246.1 = 0, 


+2.0827, + 0.4087* + 3.5877* + 217.1 = 0. 

A simultaneous solution will give 

Tr = -80.6 k, 7* = -18.4 k, 7* = -11.4 k. 


PaOBLBHB 

6-14. Find the stress in member AD of Fig. 6-19 by least work. All members 
are of steel and cross-sectional areas are as indicated on the illustration. [Ant,: 
6.0 k tenrion.) 




Figure 6-19 


6-15. The timber beam shown in Fig. 6-20 is 20 in. deep and 10 in. wide, 
with E « 1000 k/in^. The steel rod has a cross-sectional area of 0.20 in^ with 
E ^ 30,000 k/in^. Find the stress in the steel rod. [Ana.: 2.8 k tension.] 



Figure 6-20 
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6-16. Find the stress in the redundant FC of Fig. 6-21 by least work. E is 
constant. Cross-sectional areas in square inches are shown in parentheses on 
the illustration. [Ans.: 29.6 k tension.] 


F ( 20 ) 0 



Figure 6-21 


6-17. The timber beam shown in Fig. 6-22 is 10 in. wide and 24 in. deep, 
with E » 1500 k/in^. The steel rod, with E — 30,000 k/in^, has a cross- 
sectional area of 0.5 in^. Find the stress in the rod. [.4ns.: 9.0 k tension.) 



Figure 6-22 
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6~18. Determine the stress in the strut of the trussed beam shown in Fig. 6-23. 
The beam is a 20I70» with I ^ 1214 in^ and A 20.42 in^. The strut has a 
cross-sectional area of 10 in^ and the ties have cross-sectional areas of 8 in^ each. 
E is constant, [iins.: 82.5 k compression.] 



6-19. Find the stress T in the cable DC (see Fig. 6-24) by least work. The 
cross-sectional area of the cable is 1.5 in^ with an E of 20,000 k/in^. The timber 
beam AC is 12 in. X 12 in. in section, with E = 1600 k/in^. Each member of 
the steel cantilever truss has a sectional area of 4 in^, and E is 30,000 k/in^. 
\Ana^: 5.1 k tension.] 



Figure 6-24 
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6-20. The towers for supporting the ends of the cable for a cable car crossing 
a gorge were built as shown in Fig. 6-25. It is now desired to install a new car 
and cables, resulting in increased loads. The towers are not strong enough as 
originally built. It is proposed to tie the top of each tower back to rock with 
two wire ropes, one in the plane of each side truss of the tower as indicated. 
Each rope is to have an area of 2 in^ and an E of 10,000 k/in^, and each rope 
acts with a set of loads and a vertical side truss as shown. Cross-sectional areas 
of the tower members in square inches are shown in parentheses on the illus¬ 
tration. The allowable working stress in the cable is 30,000 Ib/in^, 20,000 Ib/in^ 
in the tension members of the tower, and 14,000 Ib/in^ in the compression 
members. Is the proposed arrangement satisfactory? The rope will have a small 
initial stress so that in the analysis it may be regarded as straight. E for the 
tower is 30,000 k/in*. [ilna.; The stress in the rope is found to be 58.5 k tension, 
which gives a stress intensity of 29.2 k/in^. This is satisfactory. One member, 
CF, will be overstressed at 15.1 k/in® compression.] 



Fkjvke 6“25 
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6-21. In Example 6-11 it was found that the suggested method for reinforcing 
the tower was not entirely satisfactory. It is now suggested that the diameter 
of the cable be increased to 1.25 in., with an area of 0.03 in^ and a working 
strength of 40 k. E for the cable remains at 20,000 k/in^. Furthermore, the 
cable will be stressed to 20 k tension when installed. Will this be a better solution 
than the proposal of Example 6-11 ? (See Fig. 6-16.) [Ans.: Final stress in cable 
» 27 k. Members B8, J^6, £4, £1, and 12 are overstressed.] 


6-22. Find the redundant reaction components £j>, Mn, and To (see Fig. 6-36) 
by least work. The welded pipe bracket ACD is located in a horizontal plane 
and the 4 k load is vertical. The ends at A and D are fixed. The pipe is 6»in. 
standard with a plane moment of inertia 28.14 in^, E » 30,000 k/in^, and 
G « 15,(XK) k/in*. [^ns.: Rj} ■» —1.9 k (up), Md —1.8 ft‘k (counter¬ 
clockwise), 77) * -1-11.8 ft'k (clockwise).l 


Mn 
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CHAPTER 7 


THE COLUMN ANALOGY 

7-1 General. The column analogy, introduced by Professor Hardy 
Cross about the time that his method for distributing moments was pub¬ 
lished (1930), provides a method of analysis which is applicable to inde¬ 
terminate continuous frames with a redundancy up to and including the 
third degree. The method exists because the moments in a continuous 
frame, as caused by redundant reactions (up to a maximum of three in 
number), are analogous to the fiber stresses in an eccentrically loaded 
short column. 

As applied to single-span rigid frames and arches, the column analogy 
is very similar to the method of the elastic center. There is very little 
difference, if any, in the amount of work or complexity of theory involved 
in the two methods, and a selection of one in place of the other is a matter 
of personal preference. 

7-2 The column flexure formula. A proper understanding of the par¬ 
ticular approach to the column analogy as presented herein depends on a 
knowledge of the column flexure formula. Consequently, this formula will 
be discussed before proceeding with the development of the analogy. 

A column with an unsymmctrical cross section is shown in Fig. 7-1 (a). 
(Any other unsymmetrical section could have been used.) The load P is 
eccentrically applied with respect to the two rectangular centroidal axes 
x-x and y-y. The hber stresses in the column, under the action of P, are 
assumed to vary directly with the x- and ^-coordinates of the various 
hbers. Therefore the equation for the fiber stress in the column is linear in 
X and y, or, in other words, it is the equation of a plane. 

If the various values of fiber stress are plotted downward with reference 
to some base plane, such as 1-2-3-4, all the plotted values will fall on some 
other plane, such as 5-6-7-8, as indicated in Fig. 7-1 (b). The traces of the 
vertical planes including the z- and y-axes are shown on the plane 5-6-7-8. 
If the slope of the trace of the vertical plane including the x-axis (the 
x/-planc) is represented by m and the slope of the trace of the vertical plane 
including the y-axis (the 7//-plane) is represented by n, then it is apparent 
froiq the illustration that the equation for the stress on any particular 
fiber, such as will be 

/* = c + Tnx, + ny,. 

The general expression for any fiber will be 

/ = c + w.r 4- ny. (7-l) 


278 




280 


THE COLUMN ANALOGY 


[chap. 7 


Now, if the part of the column above the plane 1-2-3-4 is considered as 
a free body, the following condition equations must be satisfied: 


/> = Jf-dA, 

(7-2) 

• 2/p = jf'dAy = Mx, 

(7-3) 

' Xp — Jf • dA • X = My. 

(7-4) 

In the above equations, / is the internal fiber stress at the bottom end 
(plane 1-2-3-4) of the free body. Note that either side of Eq. (7-3) may 
be designated as Mx- The left side of this equation is Mx in terms of the 
external force P and the right side, the expression // • dA • y, is M» in 
terms of the internal stresses in the column. Similarly, the left side of 
Eq. (7-4) is My in terms of the external force P and the right side, the 
expression // • dA • x, is My in terms of the internal stresses. 

The internal stresses are of particular interest. Substituting the value 
of/from Eq. (7-1) in Eqs. (7-2), (7-3), and (7-4) yields 

P = cjdA + mjX • dA + njy • dA, 

(7-5) 

Mx = cjy • dA + mj x ■ y • dA + n j • dA, 

(7-6) 

My — cjx-dA + mj x^ dA + n jxy dA, 

(7-7) 

If reference axes through the centroid of the cross section are used, the 
above equations reduce to 

II 

• 

(7-8) 

Mr — m ■ Try + It ■ /,, 

(7-9) 

My — m- ly + n - Ixy. 

(7-10) 
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Solving these equations simultaneously ^ves the following values for 
C| m, and n; 




_ _ Mxlxy 

fn s--- 


ixiy - 


n = 


Mxly " Myl 


y*yy 


xy 


Ixh 


— /* 


Substituting the above values in Eq, (7-1) yields 



(7-11) 


and this is the required column flexure formula. Attention is called to the 
fact that this formula may be used only vdth cenlroidal rectangular reference 
axes. 

If one or both of the centroidal rectangular reference axes are axes of 
symmetry^ then they are principal axes of inertia and the product of 
inertia I^y of the cross section is zero. In this case, Eq. (7-11) reduces to 

+ + (7-12) 

7-3 Development of the method. The column analogy will be derived 
with reference to the rigid frame of Fig. 7-~2, although this should not be 
construed as limiting the method to frames of this kind. It may be applied 
to indeterminate single-span beams or to any type of single-span rigid 
frame or arch which may be reduced to a statically determinate and stable 
structure by removing up to three redundant reactions. The method may 
also be used to analyze closed rings, such as sewer sections. 

Consider the frame of Fig, 7-2. 





i 


Fiodbe 7-2 
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Arbitrarily regard the three reaction components at A as the redun- 
dants. If the support at A is removed, then the frame will deflect as 
indicated in Fig. 7-3, and point A will have three deflection components 
as shown. 



Figure 7-3 


Let 3/a represent the moment on any segment of this statically determi¬ 
nate, or “cut-back,” structure as caused by the real load P. The flexural 
strain in the segment ds will be M. ds/EL The horizontal deflection 
of point A resulting from this flexural strain in the segment will be 
{Mg ds/El)y, and the vertical deflection will be {Mg ds/EI)x, Therefore, 
if we sum the flexural strain effects for all segments, the three deflection 
components of A may be expressed as follows: 


-i 

=/ 

=/ 


Mg dB 

El ’ 

(7-13) 

M.ds 

El 

(7-14) 

Mg ds 

El 

(7-15) 
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In the original stracture, however, there is no deflection at A, all deflec¬ 
tion being prevented by the three redundant reaction components. These 
three redundants, shown in Fig. 7-4, must cause three deflecti<m corapo- 



Fiqitre 7-4 


nents at A which are equal in magnitude and direction, but opposite in 
sense, to the deflection components at A caused by P in Fig. 7-3. These 
deflections are shown in Fig. 7-5. 



V 



Let Mr represent the moment on any segment of the frame of Fig. 7-5 
as caused by these redundant reaction components. The following expres¬ 
sions can then be written: 
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Mr ds 

El ’ 

(7-16) 


•A» = / 

Mr (is 

El 

(7-17) 


-A,.=/ 

Mr (is 

lii 

(7-18) 


It is imporliinl here to note that Mr is a linear fiinrtion of x and y. 

From Ecjs. (7-13) and (7-10), (7-14) and (7-17), and from (7-15) and 
(7-18), it is appannit that arithmetically, for the entire structure, 



From the previous discussions ol the conjugate beam and the conjugate 
structure the reader will recognize that the left side of Eq. (7-19) may be 
considered as an elasti<- load. It will also be apparent that the left side of 
E(i. (7-20) is the first moment of this elastic load about the x-axis, and 
that tlic left, side of Eq. (7-21) is the first moment of this elastic load 
about the y-axis. Accordingly, it is possible to write 


W - 

My = 


/ 

/- 


/ 


Mrds 

El ' 

(7-22) 

Mr da 

El 

(7-23) 

Mr da 

El 

(7-24) 


where W represents the elastic load, and and My represent first mo¬ 
ments of this clastic load about the x- and 2 /-axe 8 , respectively. 
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A comparison of Eqs. (7-22), (7-23), and (7-24) with Eqs. (7-2), (7-3), * 
and (7-4) of Section 7-2 will show that the two groups of equations are 
analogous, and hence the column analogy. It is apparent that Afr is in 
every respect analogous to the fiber stress in a short column eccentricahy 
loaded. Therefore, Mr may be considered to be the fiber stress in a short 
column, hereafter called the analogous column^ the cross section of which 
has a center line similar in shape and length to the center line of the real 
structure. The width at any section is proportional to l/EI of the cor¬ 
responding section of the real structure. The load on any differential 
area of the analogous column will be M^ds/EI] that is, may be 
considered to be the intensity of the elastic load on the analogous column. 
Attention is again called to the fact that 3f«at any section of the analogous 
column is the moment at the corresponding section of the cut-back struc¬ 
ture with all loads acting. The length (or height) of the analogous column 
is not important and is considered to be some small unknown value. 

As a result of the foregoing discussion, the analogous column for the 
frame in question would be as shown in Fig. 7-6. 



Figure 7-6 


The reference axes which should be used for various t3rpes of structures 
will now be considered. If both supports are fixed, then rectangular refer¬ 
ence axes through the centroid of the elastic areas should be used (see 
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Figure 7-7 




Fig. 7-7). If one support is hinged, then rectangular reference axes should 
be used through the point on the analogous column corresponding to the 
hinge on the real structure (see P'ig. 7-8). This is because the area of the 
analogous column is infinite at this point, since I is zero, and consequently 
this is the centroid of the elastic areas. If both supports are hinged, then 


Mr. 





infinite elastic areas exist at the points on the analogous column corre¬ 
sponding to the hinges in the real structure (see Fig. 7-9). The axis through 
these two points of infinite elastic area will be a principal axis of inertia. 
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In Section 7-2 the column flexure formula wa^ derived as Eq. (7-11) 
and may now be written as 



(7-25) 


When the r^targular centroidal reference axes are principal axes of inertia, 
Jxy is zero and the formula reduces to 



(7-26) 


An understanding of the physical significance of the various terms in 
Eq. (7-25) is important. From this equation the change in Mr with 
respect to a change in x, which must be the value of a redundant reaction 
Vq acting along the ^-axis, will be 


dMr 

dx 


Myl X ” xy 

I.Iy - II 





(7-27) 


Similarly, the change in Mr with respect to a change in y, which must be 
the value of a redundant reaction Hf^ acting along the z-axie, will be 


dMr 

dy 


MJ« - MJ 


X* V 

IJ 


XV 







(7-28) 
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The first term of Eq. (7-25) is the value of a redundant moment reaction 
component, il/o, acting at the origin of the reference axes. It is apparent, 
therefore, that all three of the redundant reaction components which are 
represented in Eq. (7-25) actually act at the origin of the reference axes. 
Thus it is seen that they are not the actual redundant reaction components 
acting directly on the structure which is l>eirig analyzed. Instead, they must 
be considered as acting on the end of a rigid bracket which extends from 
one end to the origin of the reference axes. The other end of the structure 
is considered to be fixed. This arrangement, for an arch, is shown in 
Fig. 7-10. The redundant reaction components represented in Eq (7-25) 
are designated in this figure as &nd Mq. 



Rigid bra(‘ket 

Figure 7-10 


If desired, the rigid bracket could have been considered to be con¬ 
nected to the right end of the arch, with the left end fixed. If this arrange¬ 
ment had been assumed, the correct senses of /foi Vo, and Mo would have 
been opposite to those as determined with the bracket connected to the 
left end. 

It is important to note that the indeterminate structure to be analyzed 
may be reduced to determinateness by using any combination of actual 
reaction components as the redundants. A different set of values for 
^ 0 ) Fq, and Mq will be found for e.ach different set of redundant reaction 
components. In any case, /fo, Fq, and A/o will constitute a system of 
actions which will be statically equivalent to the system of reaction com¬ 
ponents selected as the redundants. Consequently, when Vo, and Mq 
have been determined for any given structure, the values of the actual 
redundant reaction components may be computed. 

A brief discussion of the application of Eqs. (7-25) and (7-26) to the 
structures shown in Figs. 7-7,7-8, and 7-9 will be helpful. Equation (7-25) 
applies in the case of Fig. 7-7(a) and (b). These structures are indeter¬ 
minate to the third degree and all three terms of the equation will have 
values. The beams of Fig. 7-7(c) and (d), although theoretically inde¬ 
terminate to the third degree, are considered to be indeterminate to the 
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second degree, since flexure is caused by vertical loads only, or by vertical 
components of loads. Equation (7-26) applies, since the reference axes are 
principal axes of inertia. In addition, the last term of this equation dis¬ 
appears, because is zero (since the elastic load is symmetrically applied 
with respect to the x-axis). 

The structures of Fig. 7-8(a) and (b) are indeterminate to the second 
degree; Eq. (7-25) applies but the first term, W/A, is zero since the elastic 
area is infinite. The propped cantilever beams of Fig. 7-8(c) and (d) are 
indeterminate to the first degree; Eq. (7-26) applies, with the first and last 
terms reducing to zero. 

The frames of Fig. 7-9(a) and (b) are indeterminate to the first degree; 
Eq. (7-26) applies, since the reference axes are principal axes of inertia. 
The first term reduces to zero, since the elastic area is infinite, and the 
second term is zero, since ly is infinite. For this reason the location of the 
|/-axis is immaterial. 

The exact method of applying the column analogy can be easily inferred 
from the preceding discussions, but a recapitulation may be helpful. The 
step-by-step procedure is outlined below; 

(1) The structure is cut back, as would be done for a solution by the 
general method. Any one reaction component, or any combination of two 
or three reaction components (depending on the degree of redundancy of 
the structure), may be selected as the redundants which are removed to 
cut hack the structure to stability and determinateness. These reaction 
components do not all have to act at one and the same support. As pre¬ 
viously indicated, however, the column analogy is inapplicable to struc¬ 
tures with higher than the third degree of redundancy. 

(2) The dimensions of the cross section of the analogous column are 
computed. The center line of this cross section is identical to the center 
line of the structure but is considered to be positioned in a horizontal 
plane. The width at any section is proportional to l/EI of the correspond¬ 
ing section of the structure. The units to be used in expressing the length 
of the center line, E and /, will be discussed in the next section. 

(3) The analogous column is loaded with the Mg diagram, that is, .the 
bending moment diagram of the loaded cut-back structure. This Mg 
diagram is drawn on the center line of the column cross section and per¬ 
pendicular to the plane of that cross section. Any ordinate of this diagram 
represents the intensity of load on the analogous column at that point. 
The units to be used in expressing these ordinates will be discussed in the 
next section. 

(4) Rectangular reference axes are drawn in the plane of the column 
cross section, with their origin at the centroid of the elastic area of that 
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cross section. Any pin or hinge support on the original structure is repre¬ 
sented on the column cross section as an infinite area concentrated at the 
corresponding point. 

(5) The fiber stresses in the analogous column (which are at once the 
bending moments Mr in the structure as caused by the redundant reac¬ 
tions) are computed either by Eq. (7-25) or by Eq. (7-26). 

(6) The bending moments Mr are combined with the bending moments 
Ma at corresponding sections to obtain the moments in the original in¬ 
determinate structure. The exact method of combining these moments 
can best be explained by an illustrative problem (see Example 7-1). 


7-4 Units in the column analogy. Confusion often exists regarding the 
units which should be used to express the bending moment Af,, as well as 
E and I of the original structure, when setting up the analogous column. 
For example, if the moments M» in the cut-back structure are expressed 
in ft-k, the modulus of elasticity E in k/in^, and the moment of ine^ia 
I of the real structure in in^, the question arises as to what units will apply 
to the moments in the real structure which are represented by the fiber 
stresses in the analogous column. This can be easily answered by a dimen¬ 
sional analysis of the previously derived expressions for these iiber stresses. 

The simpler of these expressions is Eq. (7-26\ which will be used for the 
discussion: 




Id the above equation: 


/ = the fiber stress in the analogous column. 

Mr = the moment at the section in the original structure corre¬ 
sponding to the fiber in the analogous column, defined by 
X and as caused by the redundant reactions. 

W — the algebraic summation of the elastic loads on the analo¬ 
gous column. 


My (or Mx) 


the first moment of the total elastic load with respect to 
the }j- (or X-) axis. 


A -- the total elastic area of the analogous column. 
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Jy (or 7x) = the second moment of the elastic area of the analogous 

column with respect to the y- (or x-) axis. 

X and y = coordinates of the fiber on which the stress / exists. 

In Eq. (7-26) the following substitutions can be made; 


= We 


v> 


M, ^ We 




I. = Ar 


V} 


Ix = Ar 


2 


where 

ey (or ex) = the perpendicular distance from the y- (or x-) axis to 

the resultant W of the elastic loads; 

Ty (or Tx) = the radius of gyration of the elastic area A with respect 

to the y- (or x-) axis. 

Furthermore, dimenaionaUy it is possible to write 

W - M.A, 

where Afg, as previously defined, is the bending moment in the cut-baok 
structure as caused by the system of real loads for which the structure is 
being analyzed. 

When we have made all substitutions, Eq. (7-26) becomes 


f= Mr 



(7-29) 


The above expression is of no value except to check dimensions. It is imme¬ 
diately apparent that the units off, and hence of Afr, are the same as those 
used for Mg, since all other dimensions on the right side of the equation 
cancel. Obviously it is immaterial what units are used to express E and 
I of the real structure or to express the length of the segments of the 
analogous column, since these will only affect the units for A, which, from 
the preceding, will cancel. The units for e, r, x, and y must, of course, 
be consistent wittiin themselves so that they too will cancel. 


7-5 Analysis of continuous frames. Only one problem will be presented 
to illustrate the application of the column analogy in the analysis of con¬ 
tinuous frames, but this should be sufficient to demonstrate the method. 
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Moreover, eince moment distribution, or slope-deflection, or the general 
method with the conjugate structure will usually require less work to 
eflcct a solution, greater emphasis is not justifled. Note, however, that 
the analogous column is effective as a method for analyzing single-span 
arches. 

Before we proceed with the illustrative problem, it would be well to 
discuss one particular computation which occurs quite frequently if the 
column analogy is used to any great extent. This is the evaluation of the 
moments of inertia and product of inertia of a long and relatively narrow 
rectangle with respect to rectangular axes which are not parallel to the 
major and minor centroidal axes. For example, in Fig. 7-11, the values 
of ly.f and are required. 



From mechanics, 

/x' = Ix cos^ a — 2Igy sin a cos a + Zy sin* a, 

Zy' = Ix sin* a + 21 xy sin a cos a + Zy cos* a, 

Zx'»' = (Z* — Zy) sin a cos a + Z^y (cos* a — sin* a). 
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For the rectangle in question, 

Ixy ~ Of 

/, = bLVl2, 

and is small and is neglected. 

Substitution of these values in the above equations will result in 

. 6L® . Av^ 

It' J2 " 12 ’ 

, f>L® . 2 Ah^ 

= -^2 



6L® . 

-rrr sin a cos a 


Ahv 

12 


Example 7~1. Find the moments at points ^4, C, Z>, and E of Fig. 
7-12 by the column analogy. Cut hack the original structure by removing 
the support at A, 



Figure 7-12 


The centroid'of the elastic areas must first be located; through this the 
rectangular reference axes are drawn. The necessary computations are 
shown in Table 7-1. The coordinates z and y are referred to point A. 
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Tablb 7-1. 



Rela¬ 
tive 
, elastic 
area 

A 

*(ft) 

y(ft) 

Ax 

Ay 

x'(ft) 

y' (ft) 

40 

+6 

+8 

+240 

+320 

-6.33 

-2.67 

20 

+22 

+16 

+440 

+320 

+10.67 

1 

+6.33 

60 



+680 

+640 




+680 


— +11.33 ft, j/o —• 


+640 


= +10.67 ft. 


The reference axes, together with the sign conventions assumed for x' 
and y', are shown on the sketch of the analogous column in Fig. 7-13. 



Having located the x' and y' reference axes as shown in this figure, we are 
now required to compute and /,,„.. Certain preliminary work is 

necessary for AB. Segment AB of the an^ogous column is shown in Fig. 
7-14. 
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The remainder of the computations for I^., and for the entire 
column cross section are shown in Table 7-2. 


Table 7-2. 


Member 

I,- 

CO 

1 

ly 

Vcg 

IB 


ilx'v' 

AB 

854 

285 

480 

1140 

+640 

+570 

BC 

Negligible 

568 

667 

2275 

b 

+1140 

Totals 

854 

853 

1147 

3415 

+640 

+1710 


Jx' = 854 + 853 = 1707, 
ly = 1147 + 3415 = 4562, 

= +640 + 1710 = +2350. 
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The values for W, My, and M, are computed in Table 7-3. Note that 
in writing M„ a moment resulting in tension on the outside of tiie frame 
has been designated as positive. 


Table 7-3. 


Mem¬ 

ber 

Aver¬ 

age 

M, 

Loaded 

relative 

elastic 

area 

Rela¬ 

tive 

elastic 

load 

W 

x' 

1/ 

My - IT*' 

M, - WV 

AB 

+40 


+800 

-1.33 

+2.66 

-1,060 

+2,130 

BC 

+S0 

20 

+1,600 

+10.67 

+5.33 

+17,070 

+8,530 

DC 

+100 

10 

+1,000 

+17.33 

+5.33 

+17,330 

+5,330 




+3,400 




+15,990 


The above values are used to compute W/A and the coefficients of x and 
y in Eq. (7-25) as follows: 

J = + ^ = +56.67 ft k, 

Myly - M.h (+33,340) (+1707) - (+15,900) (+2350) ^ , g 54 ^ 
Ixlu - Ily (+1707)(+4562) - (+2350)* ' 

MJy - Mylyy ^ (+15,990) (+4562) - (+33,340) (+2350) ^ _2 30 1 , 
I,Iy - n (+1707)(+4562) - (+2350)2 


Moments are required at several points around the frame. The com¬ 
putations for Mr at these several points, using Eq. (7-25), as well as the 
combination of Mr with M^ to obtain the final moment Af, are now 
advantageously arranged as shown in Table 7-4. 


Table 7-4. 


Point 

M, 

(ft-k) 


X* 

(ft) 

+8 54j:' 

m 

-2.39/ 

(ft-k) 

Af-Af.-J/r 

(ft-k) 

A 

— 

+56.67 

-n.33 

-96.76 

-10.67 

+25.50 

-14.50 

+14.59 

B 

-180 

+56.67 

+0.67 

+5.72 

+5.33 

-12.74 

+40.65 

+30.35 

c 

+280 

+56.67 

+20.67 

+176.52 

+5.33 

-12.74 

+220.45 

+50 55 

D 

+80 

+56.67 

+ 10.67 

+91 12 

+5.33 

-12.74 

+135.05 

-55.05 

E 


+56.67 

-5 33 

—45.52 

-2.67 

+6.38 

+17.53 

-17.53 
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An explanation is required relative to the beading for the last column 
of Table 7-4, ilf = — Af,. The general expression would be 

M = ilf, db Mr. 

# 

The decision as to whether the positive or negative sign should be used 
for Afr must be made for each individual problem. 

In the preceding problem the tabular values of are correct for their 
respective points in the frame with the redundant reactions removed. 
When these reactions are replaced, the largest value of Af« (in this caBe, 
+280 at C) must be reduced. Mr is the internal moment resulting from the 
action of these redundant reaction components. Therefore the sign of Mr 
must be such that when added algebraically to the maximum value for 
the resulting value for M will be smaller than It is obvious in the 
foregoing problem that the correct sign for Mr in the expression for M 
will be negative. Particular attention is caUed to the fact that this adjust¬ 
ment will make the results of the analogous column consistent with the 
sign convention originally assumed for the M, in the cut-back structure; 
that is, a moment causing tension on the outside of the frame is positive. 
This requirement that M shall be less than Mr applies only to the point 
of maximum Mr in the frame; Af at other points may be larger than Mr. 

The redundant reaction components which are represented by W/A 
and by the coefficients of z and y in Eqs. (7-25) and (7-26) always act at 
the origin of the reference axes; that is, they act at the centroid of the elas¬ 
tic areas. Th^ redundant reaction components represented by the coeffi¬ 
cients of X and y always act along the y- and x-axes, respectively. As 
previously suggested, these reaction components may be considered to act 
on the end of a rigid bracket which extends from one end of the structure 
to the origin of the reference axes. The other end of the structure is con¬ 
sidered to be fixed when the moments caused throughout the structure 
by these reaction components are evaluated. This is true regardless of the 
combination of actual reaction or stress components selected as the redun- 
dants. Internal stress components may also be selected as the redundants, 
as, for example, the stress components at the crown of a fixed-end arch. 

The •particular redundant reaction components which are represented in 
Eqs, (7-25) and (7-26), however, are always the static equivalent of the actual 
redundant reaction or stress components selected for the purpose of the analysis. 

In Example 7-1 the redundant moment component acting at the origin 
of the reference axes is given by W/A and is +56.67 ft-k. The redundant 
vertical component, the coefficient of x, is +8.54 k; the redundant hori¬ 
zontal component, the coefficient of y, is —2.39 k. These values are 
correct in magnitude but may be incorrect in sign. 
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It was previously determined that, in order to make the sign of Mr 
consistent with the sign convention assumed for Aft, all stresses in the 
analogous column should have their signs reversed, and this means that 
the signs of the above reaction components must be reversed. Conse> 
quently, the sign of the moment reaction component becomes negative, 
which signifies that this moment must have a sense such that it will cause 
compression on the outside of the frame; that is, it must be clockwise. 
The vertical reaction component becomes —8.54 k and must have a sense 
such that when it is multiplied by a positive j;-coordinate, a negative 
moment (causing compression on the outside fibers) will result. The sense 
must therefore be up. The horizontal reaction component will be +2.39 k 
and must have a sense such that it will cause positive moment on all sec¬ 
tions of the structure with a positive y-coordinate. The sense is therefore 
toward the right. 

Having evaluated the redundant reaction components acting at the 
centroid of the elastic areas, we can determine the sense and magni¬ 
tude of each of the redundant reactions acting directly on the cut-back 
structure. This is possible because the two sets of reaction components are 
statically equivalent. Several sketches will serve to illustrate this point. 

In Fig. 7-15 the reactions acting at C on the cut-back structure are 
indicated. In Fig. 7-16 are shown the redundant reaction components 
which, by the analogous column, have been determined as acting at the 
centroid of the elastic areas. Observe that reactions are induced at C and 
also that the rigid bracket could have been assumed to be connected to 
end C of the structure with end A fixed. In this case, the redundants acting 
on the end of the bracket would be of the same magnitude as determined 
above but would be reversed in sense. 

By statics, the redundant reactions at A may be computed and are 
shown in Fig. 7-17. The induced reaction components at C remain as in 
Fig. 7-16. If the loads and reaction components of Fig. 7-15 are added 
to the reaction components of Fig. 7-17, the loaded structure, with the 
final value for all reaction components, will result as shown in Fig. 7-18. 

As previously indicated, if the real structure is externally redundant to 
the second degree, that is, if one support is fixed and the other is pinned, 
then the centroid of the elastic areas will coincide with the pin. H the real 
structure is redundant to the first degree, which will be the case if both 
supports are pinned, then the centroid of the elastic areas will be located 
on the line joining the two pins and midway between them. The single 
redundant reaction will act along this line. 
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Problems 

7-2. Determine the moments at B and C (see Fig. 7-19) by the column 
analogy. E and I are constant. [Ans..' B ~ 43 ft-k tension on outside, 
C » 79 ft'k tension on bottom.] 



Figure 7-19 


7-3. For Fig. 7-20 find the moments at B, C, and D by the column analogy. 
E is constant. [Am.: B =» 0.8 ft-k tension on outside, C = 4.1 ft*k tension 
on bottom, D = 1.1 ft*k tension on outside.] 



Figure 7-20 


Figure 7-21 


7-4. Using the column analogy, find the reaction components acting at A in 
Fig. 7-21. [Am.: « 4.1 k right, V = 14.8 k up, M * 13.8 ft-k clockwise.] 
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7-5. For Fig. 7-22 find the moments at criti<}el points by the analogous column. 
E and I are constant. Consider that a moment causing tension on the outside 
of the frame is positive. [Ana,: A » —32 ft-k, B » +42 ft-k, C » —39 ft*k, 
D - +16 ft k, ^ - -22 ft-k, F - +41 ft k.) 


B 
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D 
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CHAPTER 8 


INTRODUCTION TO MOMENT DISTRIBUTION 

8^1 General. The method of moment distribution was introduced by 
Professor Hardy Cross, who began teaching it to his students at the 
University of Illinois in 1924. It was given to the profession in the 1032 
Transactions of the American Society of Civil Engineers in a paper (1) 
entitled “Analysis of Continuous Frames by Distributing Fixed-End 
Moments. ” 

Moment distribution attracted immediate attention. During the 
several years immediately following its introduction, the journals of 
various professional societies in the United States published numerous 
papers on the method, and many of these represented significant con¬ 
tributions. Thus the number of those who assisted in bringing the Cross 
method of moment distribution to its present state of refinement is very 
great. This in itself is a notable tribute to the splendid teacher and en¬ 
gineer through whose perception the method was conceived. 

There are some who believe that monv^nt distribution constitutes the 
greatest single contribution ever made to indeterminate structural theory. 
This, of course, is a matter of opinion but the fact remains that the method 
has provided a means \vhereby many types of continuous frames which 
were formerly designed by empirical rules or approximate methods can 
now be analyzed with accuracy and comparative ease. The method has 
only slight application, however, to the analysis of articulated structures. 

8-2 Sign convention for moments. An understanding of the sign con¬ 
vention to be used throughout the discussion of moment distribution is 
necessary. Any moment considered at the end of a member will always be 
the moment the n\embcr exerts on the joint or support. // the member 
tends to rotate the support clockwise^ the moment will be considered to be 
positive. If the member tends to rotate the support counterclockwise^ then 
the moment will be considered to be negative. 

Fiourk 8-1 

In Fig. 8-1 the fixed-end moment at A, FaB) is positive but that at 
Fbai is negative. In the frame shown in Fig. 8-2 the fixed-end moment 
Fab is po.'sitive, Pba is negative, Fbc is positive, and Fcb is negative. 
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8-3 Absolute stiffness and distribution factor. It is necessary to have a 
measure of the capacity of a member to resist the rotation of one end 
when a moment is applied at that end. Consider Fig. 8-3. If the support 
at A rotates through some angle, the distorted beam will be as shown in 
Fig. 8-4. So far as the Internal stresses in the beam are concerned, the left 
support can be represented as a simple support and the effect of the 
rotating Avail can be replaced by an external couple M. The result is 
shoAvn in Fig 8-5, and from this ffgur^ the measure of the capacity of a 



Figure 8-3 




member to resist rotation of one end can be readily understood. If the 
value of 9 is 1 radian, then the value of M required to produce this unit 
rotation is arbitrarily called the absolute stiffness. Therefore the folloAving 
definition will apply: Absolute stiffness is the value of the momentj applied 
at a simply supported end of a member, necessary to produce a rotation of 1 
radian of this simply supported end, no translation of either end being per¬ 
mitted and the far end being either simply supported, restrained, or fixed. 
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The application of absolute stiffness to moment distribution may be 
understood to some degree by reference to Fig. 8-6. Under the action of 
the applied moment M, the frame will deflect as in Fig. 8-7. 



Fiodre 8-6 



It is necessary to know what internal moments are developed in the 
ends of the various members at E. Suppose that the values of the absolute 
stiffness for the various members (in inch kUopounds) are as indicated in 
Fig. 8-8. It should be clear that the summation of the absolute stiffnesses 
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of all the members framing at E will be a measure of the resistance of 
joint E to rotation. It should be equally clear that the action of any 
applied moment M will be resisted by each member in proportion to that 
member’s capacity to resist rotation of its end at E. Each member, then, 
prOl supply a proportion of the total resisting moment necessary to satisfy 
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the condition that ZJl/ ~ 0 at the joint. Thus Mea (the internal mo¬ 
ment at end E of the member EA) would be (12,000/40,000) X M^c 
would be (16,000/40,000) X il/, and M eb and M ed can be expressed in 
the same way. The value of (12,000/40,000) is called the disirihution 
factor for EA\ (16,000/40,000) is the distribution factor for EC. The 
following definition then results: The distribution factor for any meinber 
at a Joint is equal to the stiffness of the member divided by the sum of the 
stiffnesses of all members at the Joint. 

8-4 Relative stiffness of a member. It is apparent that the foregoing 
values for absolute stiffness are rather cumbersome numbers to handle; 
obviously they would be much easier to use in computations if reduced to 
lowest terms by a common divisor. When such a division is made, the 
resulting numbers will all be related in some fixed ratio to corresponding 
values of absolute stiffness and are therefore called relative stiffnesses. 

It will presently be demonstrated that the absolute stiffness of a prismatic 
member with the far end fixed is AEI/L. Thus when a frame is composed 
entirely of prismatic members, it is most convenient and customary to use 
values of 1/L for the relative stiffness of each member. If, however, one 
or more members in the frame is nonprisniatic, and since all relative 
stiffnesses must be related to the absolute stiffnesses in the same ratio, 
care must be used in selecting the relative stiffnesses for the prismatic 
members. is probable that the value of I/L will not be correct. 

For the purpose of the discussion, assume that all members of the frame 
under consideration are prismatic. In this case, the i-elativc stiffnesses 
may be obtained by dividing the absolute stiffnesses by AE. If E is taken 
as 1000 k/in^, the relative stiffnesses will be as shown in Fig. 8-9, The 
values of the distribution factors are grouped around the joint. 
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8-5 Cany-over factor. Consideration of the distorted frame of Fig. 8-7 
will make it apparent that when a resisting moment develops in the end 
of a member at E, then a moment Is also induced at the far end of that 
member. This induced moment at the fixed or restrained end of any 
member, when the opposite end is rotated, always has a certain definite 
relationship to the resisting moment developed at the rotated end. The 
carry-over factor is that factor by which the developed moment at the rotated 
end of a member may be multiplied (the other end being fixed or restrained) 
to give the induced moment at the fixed or restrained end. 

It will now be demonstrated that this carry-over factor for prismatic 
members is always if the far end is fixed. Figure 8-10 shows a propped 
cantilever beam with a moment M applied at the simply supported end. 



Figure 8-10 



Figure 8-11 



El 


This moment causes the rotation of this end through the angle and the 
moment Mp is induced at the fixed end. The conjugate beam for this 
situation is shown in Fig. 8-11. For this conjugate befun, ZM must equal 
zero about A\ from which 

^.k.k.KL.k.li^Q 

£/ 2 3 El 2 


which results in 


If 

The significance of the positive sign in the above equation is that the 
assumption made as to the sign oi Mp when loading the conjugate beam 
(that is, that M f would cause tension on the top fibers of the beam) is 
correct. Note that the sign convention used thus far in this derivation is 
necessarily that which w'as arbitrarily adopted for the conjugate beam; 
that is, a moment causing compression on the top fibers of the real beam is 
considered to be a positive moment and is drawn on the top of the con¬ 
jugate beam. The above expression for Mp, then, aside from having the 
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significance mentioned, also means that if the moment applied at the free 
end causes compression on the top side of the real beam, then the induced 
moment at the fixed end will cause tension in the top side. 

It is necessary to interpret these findings in terms of the sign convention 
for moment distribution. If the moments exerted by the beam are in¬ 
dicated, the sketch of Fig. 8-12 will result. It is now obvious that the 


9 



moment exerted by the beam at the fixed end will act with the same sense 
as the moment exerted by the beam at the simply supported end. There¬ 
fore, according to the moment distribution sign convention which has 
been adopted, the carry-over factor for a prismatic beam with the far end 
fixed will be -fi- 

Evaluation of absolute stiffness of prismatic members. The value of 
the angle B in terms of the applied moment ilf, in Fig. 8-10, is equal to the 
shear in the conjugate beam at A', in Fig. 8-11. Therefore, 


2 2 2JEI iEI 


from which 




Then, with 9^ = 1, the value for the absolute stiffness becomes 


■ Kab 


\El 

L 


Another relationship that results in a considerable simplification when 
the end of a span rests on a simple support (as at the simply supported 
ends of a continuous beam) will now be developed. 
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Suppose that a moment M is applied at the left end of a simple beam and 
results in a rotation Ba of the left end, as shown in Fig. 8-13. 


M 



Figure 8-13 Figure 8-14 


The conjugate l>eam is represented by Fig. 8-14. The value of Ba is again 
given by the shear at A' of the conjugate beam: 

M L 2L I ML 

^ " A7 2 ' 3 3EI 


from which 


3/ = 


and the aljsolute stiffness for this beam is 

„ SEI 

In other words, the absolute stiffness (or the relative stiffness) of a simply 
supported prismatic member is three-fourths of the absolute stiffness (or 
tlu‘ relative stiifness) the same member would have had if the far end had 
been fixed instead of simply supported. 

8-7 Fixed-end moments induced by displaced supports of prismatic 
members. It is neeessary to derive the expression for the moments induced 
in the ends of a prismatic ineinbcr, fixed at one or both ends, Avhen one 
end B is disjilaced a distance A relative to the other end A. The effects of 
such a displacement on a member fixed at both ends are shown in Fig 8-13. 


M 



Figurl S 13 
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The reactions indicated are those exerted by the supports on the member. 
It is apparent that the condition 2M = 0 for the conjugate beam (repre¬ 
sented by Fig. 8-16) can only be satisfied by applying an external moment 
A to the end B'. 



FiauBE 8-16 


The moment must be applied at this end, since it has been stated that 
B deflects relative to A. Consequently, 

* M L L 
^ ■ 2 ■ 3 ' 

from which 


If one end of the member is simply supported, the moment at the fixed 
end will be gi\en by il/ = 


Why moment distribution works. A simple example will serve to 
illustrate the how and why of the moment distribution method. Consider 
the continuous beam of Fig. 8-17. Here the relative values of K are 


< 5 ^ 


wk/ft 
K 6 


I 




/C = 4 Sk 
B C 


Figure 8-17 


shown, as are the distribution factors for joint B. The spans and loads 
are such that the values of the internal fixed-end moments are as follows; 
^ AB ~ + 20 , Fba “ — 20 , F ac ~ 440 , and Fcb = —30 . These arc 
the fixed-end moments (in ft*k) for the beam ends indicated by the sub¬ 
scripts and as caused by the loads shown; and these fixed-end moments 
can exist only if joint rotation is prevented at all joints. This can only be 
true at B and C if some temporary external moment is applied at each of 
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these joints to satisfy the condition that SM = 0. These temporary 
external moments, designated as Mb\ -and il/ci, are shown in Fig. 8-18. 



+20 


, 1 /^, = 20 

A 

oclOl 

B 

-201+40 
Figure 8-18 


Mci = 30 



C 


-30 


It is apparent, however, that Mbx and Mex cannot be permitted to 
remain, for this would alter the conditions of the problem. Accordingly, 
an external moment il/r 2 is introduced at C to cancel the effect of il/ri- 
(See Fig. 8-19.) The action of il/c 2 "'ill develop an internal moment 



+20 



Figure 8-19 


acting clockwise at C which will resist the rotation of joint C os caused by 
Mc 2 and which will maintain the condition for the joint that ZM = 0. 
This developed internal moment will thus be +30. 

It has been previously established that the above moment will induce 
at the other end of the span an internal moment of the same sign and with 
one-half its value. In other words, as indicated by application of the 
carry-over factor of +i, there will be an induced intenial moment at B of 
+15. However, this moment induced at B can exist only if an additional 
temporary external moment Mb 2 is applied to satisfy ZM = 0; obviously, 

B 2 will have a value of 15 and act counterclockwise. The external 
moments and Mb 2 arc shown as additional vectors in Fig. 8-19. The 
internal moments are added, with their correct signs, in the tabulation 
under the span, and a horizontal line is drawn under the +30 entry at C 
to indicate that the joint is balatu-ed, that is, that all temporary external 
moments are removed at the joint. 

Joint B, however, l.s not in balance. In order to remove all temporary 
external moments at this joint, we must apply an additional temporary 
external moment Mu:\ having a value 35 and acting in a clockwise direc¬ 
tion. (iiae Fig. 8-20.) A.s before, this external moment will develop internal 
inomeids in BA and BC whi<-h will act in a countcrclockAvise direction. The 
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— 35 

Mm = 15 jr^ 



Mbi = 20 

A 

0.6 ^ 0.4 



• 

1 

C 

^20 

-20 

-f40 

-30| 



+ 15 

+30 


-21 

-14 



Mc2 ^ 30 
Mcl “ 30 


Figure 8~20 


niagiiitudcij of thc.se moments will depend on the relative stiffnesses of the 
meiuhei*s, or, in other words, on the distribution factors at the joint. The 
developed internal moment in BA will be 0.0 X 35 ~ 21, and in BC it will 
be 0.4 X 35 = 14; since both of these act in a counterclockwise direction, 
they will be negative. I'hese developed moments arc entered in the tabula¬ 
tion under the beam of Fig, 8-20, and u horizontal line is again drawn to 
indicate that all temporary external moments have been removed at the 
joint, or, in other words, that the joint is in balance. 

Now, however, these developed internal moments will result in induced 
moments at the opposiu* ends of the two spans, each one etiiial to of 
the respective developed moment. The induced moments (^an exist only 
if rotation of the joints of their induction is prevented Since i4 is a fixed 
support, the re<iuirc»d internal moment can be induced at this joint without 
difficulty, and its value would be +^(-—21) or - 10.5 ft-k. At joint C, 
how(*ver, rotation must be prevented by the application of a new tem¬ 
porary external moment equal in magnitude and opposite in sense to the 
induced internal moment, whose value would lie +J('-14) or —7, indi¬ 
cating an action on the joint in a couiiterclockwi.se direction. Conse¬ 
quently, the new temporary external moment (shown in Fig. 8-21, 
together with the complete tabulation of internal moments up to this 
point) would have a value of 7 ft k acting clockwi.se. 



-- 

3.> 

^ 3 = 7 


/U 02 ~ 

ir» 

Me2 ~ 30 


^ Min - 

20 

Mci = 30 

A 

oFIZSTol 


Jkr 


li C 


+20 


-20 

+40 

-- 30 




-t 15 

430 

^ 10 5 


-21 

~I4 



Figure 8-21 
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The complete cycle as previously described is now repeated as many 
times as required to yield results of the desired accuracy, the corrections 
in successive cycles becoming smaller and smaller until they no longer 
have practical significance. Figure 8-22 shows the complete distribution. 



+20.0 

-20.0 +40.0 

+15.0 

-10.5 

-21.0 -14.0 


+ 3.5 

- 1.0 

- 2.1 - 1.4 


+ 0.3 

- 0.1 

1 

o 

1 

O 

• 

+ 8.4 

-43.3 +43.3 



-30.0 

+30.0 

- 7.0 
+ 7.0 

- 0.7 
+ 0.7 



Figure 8-22 


It should be pointed out that consideration of the temporary external 
moments is entirely unnecessary in the actual working of a problem, but 
it is absolutely necessary to consider them if the reader is to get a real 
understanding of why the method works. However, such an understand¬ 
ing, although desirable, is not necessary to enable one to use the method. 
As a matter of fact, many who use moment distribution do not actually 
understand the why of it; they merely know how to perform the balancing 
operation. This whole operation can be largely automatic and can require 
very little thought. In order to balance any joint, it is necessary only to 
determine the magnitude and sign of the unbalanced internal moment 
that must be distributed to the various members intersecting at that joint 
to make 'ZM for the internal moments equal zero. This unbalanced inter¬ 
nal moment, with sign reversed, is distributed to the members intersecting 
at the joint in accordance with the distribution factors. The carry-over 
operation then performed will usually upset the previous balance of one or 
more joints, and these must be rebalanced. The carry-over from these 
joints will upset other joints, and so on, the corrections becoming smaller 
and smaller until they are no longer significant. 

The balancing operation can be carried t6 any required degree of ac¬ 
curacy. The order in which the various joints are balanced is unimpor¬ 
tant insofar as the final results are concerned. In most cases, however, 
the author prefers to balance next that joint with the largest unbalanced 
moment. He also prefers to perform the cariy-over operation immedi¬ 
ately after balancing each joint. The final answer for the internal moment 
at any member end is, of course, the algebraic sum of all internal moments 
tabulated for that member end. 
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8-9 Fixed-end moments for various loads. Prismatic members. Occa¬ 
sionally the (lesigiior is confronted with unusual loads on iK'aius for which 
the expressions for fixed-end nioinents arc not readily' uvuilul>Ie. Accord¬ 
ingly, the following sketches of beam loads aiul moment diagrams arc 
presented. The loading shown in Fig. 8-23(a) is not unu.sual, of coui-sc, 
but is included here l>ecause of its iniporfanre. Note that the expn*ssions 
given for the fi\ed-tMid moments for the single load P cai» be usckI to find 
fixed-end moments for any arrangement of uniform load by .substituting 
w dx ~ a = .r, and b = L - x, and integrating iKjtwtvn the proper 
liiiiit.s. 



FKiCHl 


I * 


The ionnula for iho lixrd-eud inoineiits lor ilu* ca.'se of Fig 8-21, where 
any numix'r of e<|ual load.^ an* ^paccd etiually acro^^ the span, is at limes 
very useful 

'Fhe (wpiessioM lor this fi\ed-end 
moment is 


t J u t u 



.V spaces of L/.V -=? L 
FiouHi: 8-24 
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8-10 Continuous beams with prismatic members. The application of 
moment distribution to the analysis of continuous beams can be most 
effectively explained by illustrative examples, several of which follow. 


Example 8^1. Solve for moments at A and B (see Fig. 8-25) by moment 
distribution, using (a) the ordinary method, and (b) the simplified method. 



12'-0 

, lO'-O 

I* 

20'-0 




Figure 8-25 


Note. In the application of moment distribution, it has been almost univer¬ 
sal procedure to show the actual balancing computations directly on a sketch 
of the structure, as in the illustrations in Section 8-8. This arrangement is 
satisfactory when continuous beams are being analyzed. However, when the 
structure is composed of horizontal and vertical members, with perhaps a 
few of these inclined, the method of placing the balancing computations in 
columns perpendicular to the members results in columns of hgures extending 
in all directions, often interfering with one another. It is therefore recommended 
that the balancing computations be placed in a table, entirely separate from a 
sketch of the structure. For the majority of cases this tabular arrangement will 
be advantageous. 

For this example the fixed-end moments are computed as follows: 



lOX 20 
8 


+25.0 ft k, 


Fes = —25.0 ft*k. 


Since the relative stiffness is 
are 

^Fab = 
F>Fba = 
F>Fbc ~ 
DFcb = 


given in each span, the distribution factors 

Kab _ 5 - 

“ 00 + 5 ~ 

If - I = 0.625, 

If - I - 0.375, 

F_cb __ 3 _ 

SJt 3 


ft-101 
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The balancing computations are shown in Table 8-1. 


Table 8-1. 


Joint 

A 

B 

c 

Member 

AB 

BA 

BC 

CB 

K 

5 

5 

3 

3 

Distribution factor 
- K/ZK 

0 

0.625 

0.375 

1 




+25.0 

+12.5 

-25.0 
^ 25;0 


-11.7 

-23.4 

-14.1 

-7.0 




+3.5 

+7.0 


-1.1 

-2.2 

-1.3 

-0.6 




+0.3 

+0.6 


-0.1 

-0.2 

-0.1 


Total 

-12.9 

1 

—25.8 

+25.8 

0 


The above solution is that referred to in part (a) of the example state¬ 
ment as the ordinary metiiod, so named to designate the manner of handling 
the balancing at the simple support at C. It is know a, of course, that the 
final moment must be zero at this support because it is simple. Conse¬ 
quently, the first, step is to balance the fixed-end moment at C to zero. 
The carry-over is then made immediately to B. When B is balanced, 
however, a carry-over must be made back to C simply because the relative 
stiffness of BC is based on end C of this span being fixed. It is apparent, 
however, that the moment carried back to C (in this case, ~7.0) cannot 
exist at this joint. Accordingly, it is immediately balanced out, and a 
carry-over is again made to B, this carry-over being considerably smaller 
than the first. Now B is a^ain balanced, and the process continues until 
the numbers involved become too small to have any practical value. 

In part (b) of Example 8-1 a solution by use of the simplified method is 
specified. It was shown in Section 8-6 that if the support at C is simple 
and a moment is applied at B, then the resistance of the span BC to 
this moment is reduced to three-fourths of the value it would have had 
with C fixed. Consequently, if the relative stiffness of span BC is reduced 
to three-fourths of the value given, it will not be necessary to carry over 
toC. 
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Table 8-2. 


Joint 

A 


B 

C 

Member 

AB 

BA 

BC 

CB 

K 

5 

5 

i X 3 - 2.25 

3.00 

Distribution factor 
« K/ZK 

0 

0.69 

0.31 

1 


-12.9 

-25.8 

+25.0 

+12.5 

-11.7 

-25.0 

+25.0 

Total 

-12.9 

-25.8 

+25.8 

0 


From the standpoint of work involved, the advantage of the simplified 
method is obvious. It should always be used when the external (terminal) 
end of a member rests on a simple support, but it does not apply when a 
structure is continuous at a simple support, except as illustrated in 
Example 8-2. Attention is called to the fact that when the opposite end 
of the member is simply supported, the reduction factor for stiffness is 
always f for a prismatic meml>er but a variable quantity for nonprismatic 
members. (The expression for this reduction factor for nonprismatic 
members will be derived in Section 10-5.) 

One valuable feature of the tabular arrangement in Tables 8-1 and 8-2 
is that of dropping down one line for each balancing operation and making 
the carry-over on the same line. This practice clearly indicates the order of 
balancing the joints, which in turn makes it possible to check back in the 
event of error. Moreover, the placing of the carry-over on the same line 
with the balancing moments definitely decreases the chance of omitting 
a carry-over. 

The correctness of the answers may in a sense be checked by verifying 
that Sil/ = D at each joint. However, even though the final answers satiny 
this equation at every jointj this is in no way a check on the initial fixed-^end 
moments. These fixed-end moments, therefore, should be checked with 
great care before beginning the balancing operation. Moreover, it occa¬ 
sionally happens that compensating errors are made in the balancing, and 
these errors will not he apparent when checking SAf = 0 at each joint. 
A better check on the correctness of the balancing operation will be dis¬ 
cussed in Section 8-12. 
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Example 8-2. Using the simplified method of moment distribution, 
find the moments in the continuous beam of Fig. 8-26. The values of /, 
as indicated by the various values o( K, are different for the various spans. 
Determine the values of reactions, draw the shear and bending moment 
diagrams, and sketch the deflected structure. 

10.8 k Ikl |4k 0.2k/ft 



60 

A 

I5'-015'-0| lO'-O 



lO'-O 20'-0 

ao'-o 

I5'-0 


Fiourb 8-26 


Fixed-end moments: 


Fao = -0.5 X 10 = -5.0 ft k. 


For the 1 k load: 


^AB = 


Poi* 1 X 5 X 15“* 


L* 


20a 


= +2.8 ft k. 


p Pah 1 X 5* X 15 
PBA — - =■ —0.9 ft-k. 


L2 


20 * 


For the 4 k load: 


_ PL 4X20 

Fab = = —g— = +10.0 ft-k, 

Fba = -10.0 ft-k. 


For the uniform load: 


^=+3.8 t..k, 


Fj}c ~ —3.8 ft’k. 

The balancing operation is shown in Table 8-3. 
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Table 8-3. 


Joint 

A 

B 

C 

D 

Member 

AO 

AB 

BA 

BC 

CB 

CD 

• 

DC 

K 

0 


1X 20 - 15 


mm 

40 

40 

Distribution 
factor 
- K/ZK 

0 

1 

0.2 

0.8 

0.6 

0.4 

9 

0 


—6.0 

+12.8 

-7.8 

-10.9 

-3.9 

■ 


+3.8 

-3.8 




+2.9 

BB 

+6.9 







-2.9 

-5.8 

-3.9 

-1.9 




+0.0 

+2.3 

+1.1 







-0.3 

ESI 

BO 

-0.2 




+0.1 

+0.2 




Total 

-6,0 

+5.0 

-11.2 

+11.2 

+0.6 

-0.5 

-6.9 


The only new point in this example is the method of handling the 
overhanging end. It is obvious that the final internal moment at A must 
be 5.0 ft-k and, accordingly, the first step is to balance out 7.8 ft-k of the 
fixed-end moment at AB, leaving the required 5.0 ft-k for the internal 
moment at AB. Since the relative stiffness of BA has been reduced to 
three-fourths of its original value, to permit considering the support at A 
as simple in the balancing, no carry-over from to .4 is required. 

The easiest way to detenninc the reactions is to consider each span as 
a free body. End shears arc first determined as caused by the loads alone 
on each span and, following this, the end shears caused by the end moments 
are computed. These two shears are added algebraically to obtain the 
net end shear for each span. An algebraic summation of the end shears at 
any support will give the total reaction. (The procedure is illustrated in 
Fig. 8-27.) 
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10.5 k M ft k 


Ik 4k 

i_L 




RcMtioDs +2.94 k 


+2.95 k 


0.6 ft k „ „, «■» k 

0.2 k/ft 

D 



A 

5'4|5'-0| lO'-O 

B 


C 


lO'-O 




30'-0 


16'-0 


-H).5 

+2.75 

-0.31 

6? 

+2.25 

40.31 

0.00 

40.30 


0.00 

-0.30 

+1.60/n^+i.50 
-0.43 5i 40.43 

-H).5 

+2.44 

20 

+2.56 

+0.30 

30 

-0.30 

+I.0r +1.93 


-M).68k +1.03 k 




Examplb 8-3. For the beam ci Fig. 8-28 find the moments at A, B, 
and C by moment distribution. The support at C settles by 0.1 in. Use 
E = 30,000 k/in*. 



lOj 

/ - 7200iii« 

X - 20 IK « 15 

15 *-0 

ao'm 


Fiqobe 8-28 
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Fixed-end moments: 

(1) Uniform load: 

Fab = ^= = +107 ftk, Fba = -167 ftk, 

(2) Concentrated load: 

Fcd = 1°-^ = +37.5 ft-k, Fdc = -37.5 ftk. 


Moments caused by deflection; 


Fbc = 


&EIA G X 30,000 X 1200 X 0.1 


L2 


(120)2 


Fen — +125 ft k, 


+1500 in k = +125 ft k. 



(MCTA 



G X 30,000 X 7200 X 0.1 
(3G0)2 


1000 in k = - 83 ft k. 



-83 ft k. 


T.\ulk 8-4 


•loint 

1 

.1 

! B 

1 

i c 

1 

I) 

M(*inbor 

Mi 

! B 1 

1 

BC 

; CB 

CD 

DC 

K 

10 

10 

10 

10 

i X 20 - I.^) 

; 20 

Distiihution 







f:i<*tor 








0 

0.5 

0.5 

0.4 

0 0 

I 


+ 167 

-1G7 



+3S 

-3S 




-f 12.) 

-1125 

-S3 

-83 

1 





-t GO 

4-121 

1 

1 



-2S 

-50 

-S4 



1 17 

-( 35 

-1-35 

+17 






-3 ! 

-7 

- 10 


1 

1 1 

-i-2 

+1 




Totril 1 

f 

; -1 is:, 

- VM) 

1 

4-130 

1 -f 71) 

-79 

0 
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The fixed-end moments caused by a settlement of supports have the same 
sign at both ends of each span adjacent to the settling support. The above 
computations have been carried to the nearest ft'k, which, for moments of 
the magnitudes involved, would be sufficiently close for purposes of design. 


Probleiib 

8-4. Determine by moment distribution the moment at B in Fig. 8-20. 
[.4n<.; 96.7 ft>k.] 


4k/ft 


20 k 





Figure ‘^-30 

8-6. Find the moments at ^4, B, and C in Fig. 8-31. Determine the reactionSj 
draw the shear and moment diagrams, and sketch the deflected structure. 
[Ans.: Ma = 5.6 ft-k, Mb « IM ftk. Me = 50.1 ft-k, Ra * 1.7 k down, 
Rb = 7.1 k up, Re = 38.8 k up, Rd *= 19.8 k up.] 


^ ^ 240 in* 

A 

lO'-O 


|16 k 

/ = 360 
7 5 ' 

15'-0 


4 k/ft 

I = 576 m* 


12^-0 


Figure 8-31 
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8-7. Find the moments at A, B, C, and Z> in Fig. 8-32. Determine the reac¬ 
tions, draw the shear and bending moment diagrams, and sketch the deflected 
structure. [Am.: Ma - 27.4 ft-k, Ma - 17.1 ft-k, JIfc - 11.9 ft-k, Md - 
18.0 ft-k, Ra « 12.9 k, Ba « 14.9 k, Rc - 10.6 k, Rd 6 6 k.] 



Fiouu 8-32 


8-8. Find the moments at A, B, and C (see Fig. 8-33) caused by a vertical 
settlement of 0.2 in. at B and by a rotation of 0.1* clockwise with a vertical 
settiement of 0.1 in. at A. B « 30,000 k/in®. [Ana.; Ma * 53 ft-k, Mb * 
94ft>k, Me - 114ft-k.] 



Figure 8-33 


8-11 Synunetiy and antigymmetiy. When a eymmetrical continuous 
beam has a center span, the applied loads may cause a condition of aynir 
meiry or antitymmetry in the tending moment diagram for this span. If 
either of these conditions exist, an adjustment can be made to the stiffness 
of the center span that will permit the analyst to work with only half the 
structure while balancing moments. 

Consider the symmetrical beam of Fig. 8-34 with 83 nnmetrical loads 



B c 

Fioube 8-34 


applied. The moment diagram for the span CD will be symmetrical. The 
loaded conjugate beam for this span wilLbe as shown in Fig. 8-35, and the 



8YMMKTRY AND ANTIKYMMKTIIY 


a-ll] 


slope at the end of this span must he 


from which 



^^L 

2Ki ’ 



2tne 
' L 




FiGuni. 8-35 


Obviously, then, the etTect of the conditioii of symmetry is to reduce the 
effective stiffness of the center "pan to one-half the value normally used to 
compute distribution factors at V and D. t'onseciuently, when symmetry 
of the kind ilhistrafed by l"it>. (‘\i.sts, it is permi.s.sible to use one-half 
-the usual stiffness of the center span when computing the distribution 
factors for the joints at its end.-, and then to balance moment- for half the 
striuturo. 

A coiulition of anti^yinrnotry in the (Tutor >pan will rcsiill from an anti- 
symniotnoal loadiiij?, as >hown in I'ig S-’M't 



The loaded conjugate heam for tli(‘ span CD is slu)wn in 
from this heam the slope at the end of the span must he 


I'ig. and 



from which 




Figuiu: 8- 37 


It is apparent, therefore, that antisymmetry in the hendii’g moment 
diagram for the center span incivases the (^ffeetive stiffness of that span to 
one and one-half (he stiffness normally used to compute the distribution 
factors for tlie joints at its ciuK. (^oiiseciucatly, in the case of antisym¬ 
metry the stiffness of the (‘<Miter%(pan is increased to one and one-half its 
usual value and moments are halaneed for ludf th(* heam 
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Certain unsymmetrical loading systems on symmetrical structures can 
be replaced by a symmetrical and an antisymmetrical system. Consider ■ 


the loaded beam of Fig. 8-38(a). 

The two loads are 

symmetrically placed 





lOk 


C 

(a) 

, \ 

Mr 


Mr 

c_ 

(b) 


Sh. 


(c) 

^ 2 

Figuki: 8-38 

but are uneciiial in magnitude. Those loads arc to he repla('cd !)y the 
symmetrical system of 8-:}8(h) and the antisymmetrical system of 8-38(c). 
Consetiuently, 

/>, + />2 = 10 k and ]\ - ^ G k, 

from which 

Pi = 8 k and Pa ™ 2 k. 

The moments resulting from these two separate loading systems may be 
found as indicated above and the results added. It is doubtful, however, 
that such a solution would be as easy as the usual moment distribution 
applied to the initial loading of Fig. 8-38(a). 

8-tl2 Check on results of moment distribution. Prismatic members. 

As previously indicated, the internal moments resulting from a balancing 
operation may be verified to some extent by adding these moments alge¬ 
braically at the ends of all nieinl)ers intersecting at each joint to ensure 
that the algebraic sum is zero; that is, by making certain that — 0 
at each joint. This, however, is only a partial check, siii<‘e it proves merely 
that probably no error has been made in the balancing operation and in the 
addition of moments. Not only is it pos.siblc to make compensating errors 
which will not he detected by this method, but also th*s check will not 
indicate an error made in computing the original fixed-end moments. 
Probably the l>est complete check, after having determined the internal 
moments by moment distribution, is to solve for all reaction components, 
and then to make certain that — 0, ST — 0, and ILM — 0 for the 
entire structure. However, even thi-» mrthod is not infallible. 
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An alternate and interesting check on the correctness of the balancing 
operation is given below. It should be used immediately after ascertain¬ 
ing that the final internal moments in the members at each joint satisfy 
ZM = 0. When this check is used, it is quite unlikely that compensating 
errors in the balancing will go undetected.* 



r 

_ 
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A 


Ab ^ c 




1 

Li 

-4 -- 4 ^- 

L2 


— ] 


Figure 8-39 


A loaded continuous beam is shown in Fig. 8-39. Under the action of the 
loads the beam will deflect as shown in Fig. 8-40, and the final intenial 



moment at a given end of any span will be given by the superposition of 
three efTects; (1) the internal fixed-end moment at the given end resulting 
from loads acting directly on the span, (2) the internal moment at the 
given end resulting directly from any rotation of the given end of the span, 
and (3) the internal moment at tlie given end resulting from any rotation 
of the far end of the span. 

The following expressions for the final internal end moments, Mj^b and 
Mba for span AB, can be written: 

Mas = Fap ~ Kar^a - — F,\b + (8-1) 

Mba ~ Fra Kra^r — (\dKah^a ~ Fra ^Fra- ( 8 - 2 ) 

In the above equations: 

Fab and Fba = initial fixed-end moments caused by any loads on 

span AB. 

^Fab iuul ^Fba = inercinonfs of Mar and Mra due to Ba and Br. 
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Kab And Kba — absoltUe 8ttffne$Be$ at the two ends of span AB^ 

equal to 4EI/L if AB is prismatic. 


Cab and Cba = carry-over factors for the two ends of span AB, 

Each Is equal to if AB is prismatic. 

Ba and Bb = the rotation in radians of ends A and B of span 

AB. A dockwi9e rotation xb potitioe. 


From Eq. (8-1), 

AFab = ^KabBa — CbaKba^b- 

From Eq..(8-2), 

f 

AFba = ^Kba^b — CabKabBa- 

From Eq. (8-3), 


(8-3) 


( 8 - 4 ) 



-CbaKbaBb — AF ab 
Kab 


If the value of Ba, obtained from Eq. (8-4)ria substituted in this last 
equation, a solution for Bb will result in 



AFba ^ Cab AFab 
Cab^^baKba — Kba 


Use of the same procedure for span BC yields 



AFBc — CcB AFcb 
CcbCbcKbc — Kbc 


(8-5) 


( 8 - 6 ) 


Obviously the end rotation of span BA must be equal to the end rotation 
of span BC. Therefore the right sides of Eqs. (8-5) and (8-6) may be set 
equal to each other, with the result that 


AF ba — CabAFab _ AF bc — Ccb AF cb 
CabCbaKba — Kba CcbCbcKbc — Kbc 
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If more than two members meet at a joint (which will be the case in 
many continuous frames) similar expressions may be wntten for each 
member. The value of B obtained from all members framing at the joint 
must be equal in magnitude and sign. 

Each side of Eq. (8-7) is the rotation inVadians of joint The expres¬ 
sions apply for nonprismatic and prismatic members; however, if all 
members in a frame are prismatic, then Ka.b = Kba = ^ElfL = tE 
(Rel Kab), and C = +J. Substitution of these values in Eq. (8-7) yields 


^AB ~ 2 BA _ ^CB ~~ 2hFBC 

6 E(Rel/i:xB) ” 6E (Rel Kbc) ‘ ^ ^ 

Each side of Eq. (8-8) will still give the rotation of joint B in radians 
provided that all quantities have been expressed in the proper units. For 
the purpose of checking a balancing operation in moment distribution, 
however, the 6E may be omitted from the denominator and any units 
may be used to express relative K, This procedure simplifies the check 
considerably. 

From the above discussion, the following rule will hold: For all prismatic 
menibers intersecting at a joint of a rigid frames the change in moment at the 
far end of each member minus twice the change in moment at the joint end of 
the member j all divided by the stiffness of the member, must be a constant value. 

The above check will apply only when joints are perfectly rigid. It can 
be used in regard to any single balancing operation, but it cannot be used, 
by one application, as a check on the final moments in a frame when these 
moments are the combined results of two or more balancing operations, 
as is the case when structures lurch sideways under load. In such a case 
the check can be used to verify the results of each balancing operation 
separately, and thus is still very effective. The reader is again cautioned 
however, that satisfaction of this check in a given case is in no way an 
indication of the correctness of the initial fixed-end moments. 

The check will now be applied in connection with the example which 
follows. Observe that two additional horizontal lines are drawn at the 
bottom of Table 8-5; and also that the value which appears in the table 
as relative 6 is determined in each case by applying the rule stated above 
for checking prismatic members. 


Example 8-9. Analyze the frame of Fig. 8-41 by moment distribution. 
Find aO reaction components, draw the moment diagi^, and sketch the 
deflected structure. 



328 


INTBODVCnON TO MOMENT DISTBIBUTION 


[CRAF. 8 




/ - MOm^ 
iC-24 
|K- 18 


Ta 



ICF-O lO'-O 


Fiourb 8-41 


From Fig. 8-41, 

Fac = ^ = = +5.0 ft k, Fcb = -5.0 ft-k, 

Fcb = = -3.0 ft k, Fmc = +3.0 ft-k. 

In the balancmg operation (see Table 8-5) three significant figures have 
been used. This will usually be necessary when a close agreement in the 
values of relative 9 is desired. The use of only two significant figuresp on 
the other hand, will result in discrepancies of perhaps 5 to 7% in the 
values of relative $ for a given joint. 

From the values of relative $ the direction and magnitude erf the rotation 
of each joint may' be detennined, and such information will occasionally 
be very useful. 
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For example, if £ is 30,000 k/in^, 

^Mqb — 2AAfjc 0.290 
%EKbc 

_ 0.290 X 144 _ . « «« y in-* ^ 

6 X 30,000 “ X 10 “d- 

In the above equation multiplication by 144 is necessary to adjust units, 
and the positive sign of the answer signifies clockwise rotation. 

The determination of the reaction components for the example in ques¬ 
tion is managed by considering various parts of Fig. 8-41 as free bodies 
(see Figs. 8-42 through 8*47). 



Figure 8-42 


From Fig. 8-42, 

ZMb = 0 (counterclockwise +), 
- 1.73 - 3.46 = 0. 

Ha == +0.65 k, 


and the sense is correct as assumed. 
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Figure 8-43 

From Fig. 8-43, 

23/c = 0 (clockwise +), 

IOVa + 1.73 - 0.65 X 8 - 4 X 5 + 2.84 = 0, 
= +2.06 k, 

r 

and the sense is correct as assumed. 

:i 89 ft k 

// ro If 



Figure 8-44 


From Fig. 8-44, 

ZMr = 0 (clockwise +), 
-10Fx> - 3.89 == 0, 

Vo = -0.39 k, 


and the sense is incorrect as assumed {Vo is actually down). 
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From Fig. 8-45, 

"ZMc — 0 (clockwise +), 

+1.05 - 2 X 6 - 3.96 + 12^^: 
He = +1.24 k, 

and the sense is correct as assumed. 


From Fig. 8-40, 

ZH = 0 (to the left +), 

+0.76 - 0.65 - //i> = 0, 

Hd = +0.11 k, 

and the sense is to the left, as 
assumed. 



Figurh 8-46 


From Fig. 8-47, 

ZV = 0 (down is +), 

1.94 + 0.39 - Ve = 0, 

Vb = +2.33 k, 

and the sense is up, as assumed. 



riQXJBE 8-47 
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The moments at the two concentrated loads must be computed before 
the complete moment diagram can be drawn. Thus M under the 4 k load 
on BC is given by 

Ma = 2.06 X 5 — 3.47 = +6.83 ft*k (compression on top), 
and M at the 2 k load on CE will be 


= 1.24 X 6 — 3.96 = +3.48 ft-k (compression on left). 


The moment diagram is shown in Fig. 8-+8(a). The ordinates are plotted 
on the tension side of the members because, when so plotted, the diagram 
will approximate the deflection curve to some extent. The deflected struc¬ 
ture is shown in Fig. 8-48(b). 



Figurk S-48 


The points of contraflexure arc indicated by the moment diagram. 
The direction of rotation of some joints maybe predicted by the sign 
of the original fixed-end moments at the joints, with a positive sign indi¬ 
cating clockwise rotation. Thus in the above case, the clockwise rotation 
of B and the counterclockwise rotation of C would have l>een predicted. 
Occasionally, however, these initial fi-\cd-end moments may give the wrong 
indication as to joint rotation. Definite information as to the direction of 
joint rotations may be obtained, of course, by computing relative B as 
illustrated in the foregoing example. 
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Problems 

8-10. Find moments at B and C (see Fig. 8-49) by moment distribution. 
Draw the moment diagram and sketch the deflected structure. [Ans.: Mb *= 
24.1 ft k. Me ^ 34.9 ft k.] 



Figure 8-49 


8-11. Find moments at all joints in Fig. 8-50. Draw the moment diagram 
and sketch the deflected structure. [.Ins. (in ft-k); AIa — —5.7, Mb = 11-5, 
Mcb = — 1H.6, MCE ~ Mcd = —8.5, A/x)c = +58.2, A/^c * —O.2.] 



Figure 8-50 
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8-12. Find all moments at joints in Fig. 8-51. Draw the moment diagram 
and sketch the deflected structure. lAnt, (in ft-k): Mab * —6.8, Mb “ 14.1, 
Mcb “ —36.0, Mcd “ “l“13.8, Mce “1-22.2.] 



Fiourk 8-61 


8-13. The support at -1 in Fig. 8-52 rotates 0.01 rad clockwise. Support D 
ettles vcrtica^y by 1 in. Find all joint moments by moment distribution. 
? - 30,000 k/in^. [.Ins. (in ft-k): Ma = -47.0, xMba = “31.6, Mac = 
—53.6, Mjjd — 1"85.1, *1/X) = 50.0, Mctt = ”t"l-0] 


*11 //* 1 ^ 1 . 



Figuru 8-52 
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8-14. Find all joint momenta in Fig. 8-53 by moment distribution. The 
support at A settles yertically 0.1 in. The support at F rotates 0,001 rad 
clockwise. E « 30,000 k/in^. [An$. (inft'k); Jlf^s * +18.8, Mba * *20.2, 
Mbb - -21.6, Mbc - +76.6, Mbf - -25.9, Mbo - -8.9, Mrs - 
—31.7, Mcb * —40.0, Mbo * —4.4.j 



Figure 8-53 


8'15. Find all joint moments in Fig. 8-54 by moment distribution. [Ana, 
(in ft*k): Mab * —40-0, Mba * —22.7, Mod ~ —78.8, Mbc ^ +6.5, 
Mde =“ +54.9, Mpy = +17.4, Mfd +8.6, Med — —68.6.] 

8-16. Find all joint moments in Fig. 8-55 by moment distribution. Determine 
all reaction components, draw the bending moment diagram, and sketch the 
deflected structure. [i4ns. (in ft-k)* Mba = —11.8, Mbb - —0.4, Mac = 
‘\-12.2, MEB = “6.5, MIF = "( 12 5, Maa — —6.0, Mfb ~ —13.7, Mcb = 
+ 6 , 0 .) 



lo'-o I i(y-o I 20'-o 
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8-13 Frames with one degree of freedom of joint translation. Inspection 
of the problems of the last section will show that the supports of all the 
frames considered there are arranged so that translation of joints is impos¬ 
sible. In certain cases a predetermined translation was cited as being due 
to settlement of foundations, but the effects could be introduced imme¬ 
diately as additional fixed-end moments because the amount of the transla¬ 
tion was definitely known. In many frames encountered in practice^ 
however, the magnitude and sense of the translations of joints is unknown 
at the outset, and thus the evaluation of these translations and their 
effects becomes an important part of the analysis. 

Two methods are available for including the effects of joint translations 
in an analysis. The first of these, known as the method of successive shear 
correciimSf was originally presented by C. T Morris in his discussion of 
Professor Hardy Cross' paper (1), and is also'described in some detail by 
L. E. Grinter (2). The author believes, however, that the alternate method, 
requiring the superposition of the effects.of separate joint displacements, 
is, in most cases, easier to apply. This method results in a direct solution, 
which is not possible by successive shear corrections. Accordingly, all 
examples involving joint translation given here will be solved by the 
method of separate joint displacements. It is true, of course, that some 
analysts prefer the method of successive shear corrections, and in the case 
of a structure with a large number of degrees of freedom of joint transla¬ 
tion this method may give the easier solution. This will depend, to a 
great extent, on the experience of the analyst. 

It is convenient to classify frames in accordance with the number of 
degrees of freedom of joint translation. For a given frame, one degree of 
freedom exists for each possible translation of a joint or system of inter¬ 
connected joints that can occur as the result of flexing of the members, and 
independently of the translations of any other joints or systems of inter¬ 
connected joints. 

The simplest type of frame, of course, is that with one degree of freedom, 
several examples of which are shown in Fig. 8-56. In each of these examples, 
if the translation of one joint is known, the translations of all other joints 
are either known or can be determined. In Fig. 8-56(a) and (c) the hori¬ 
zontal displacements of all column tops will be equal. A displacement 



Figure 8-56 
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;, diagram provides an easy method for finding the relationship between 
the translations of the two joints in Fig. 8-56(b). Displacement dia- 
grams will be discussed in Examples 8-28 and 8-29. 

’ Three examples of frames with two degrees of freedom are shown in 
Fig. 8-57. The arrangement of the structure of 8-57(a) is such that 



i 

ABC 

0 E F 

V i 

L J k 

i > i 

. i 




(b) 

Figurk 8-57 



the translations of levels 1 and 2 arc not required to be in any fixed ratio 
as different loadings are applied. In 8-57(b) the translations of ABC 
will not have any fixed relationship to the translations of DEF for 
different loading systems. In 8-57(o) the translation of girder AB can be 
different from the translation of CD. 

Consider the s/mple rectangular frame of Fig. 8-58. An analysis of 




this frame by moment distribution (with no side lurch allowed) will 
result in Mba b“ing larger than Mcd- This moans that Ha must be 
larger than HD^ which is impassible since Zff must eciual zero for the 
loaded frame. Actually, as the load P is applied, the frame will lurch to 
the right, and as it sways in this direction the moment Mba is <lccrcascd 
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and Mcd is increased until they become equal; Ha will then be equal to 
and the frame will come to rest in a position Approximating the 
dashed lines of Fig. 8-59. Obviously the magnitude of the lurch cannot be 
predetermined, and in many cases the sense cannot be predicted. A 
description of the method of correcting for this lurch, as well as that for 
determining its magnitude and sense, follows. 

It has been proved that when one end of a prismatic fixed-end member is 
displaced a distance A with respect to the other end in a direction per¬ 
pendicular to the axis of the member, then the moments developed in the 
ends of the member are given by M = O/iVA/Zj^. This condition is 
shown in Fig. 8-59. 




Figure 8-50 


Solving in the usual way for the vertical shear yields V = \2EI A/L®. 
In a prismatic member fixed at both ends, it is evident that the eiul mo¬ 
ments that are induced by a deflection A of one end relative to the other in 
a direction perpendicular to the member axis are proportional to 
Furthermore, the shear necessary to cause this deflection, or resulting 
from it, is proportional to //L®. 

In the case of a member with a pin at one end (as in the beam of 
Fig. 8-60, which has the same /, and L as the beam of Fig. 8-59). 









Figure 8-60 


V = 3KI aqd therefore M ~ SEI A/L*. Thus in a member fixed 
at one end and pinned at the other, the moment induced by a deflection 
A of one ciul relative to the other in a direction perpendicular to the 
member axis is also proportional to //L*. The shear V necessary to 
cause this deflection A is proportional to //L®. 
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For moment distribution the relative stiffness of a member in a frame 
composed solely of prismatic members is usually taken as //L, designated, 
for convenience, by K, Two additional relative stiffnesses are now intro¬ 
duced. The first, designated by will be called the relative shearing- 
stiffness of a member. The relative shearing-stiffness is a number which 
is proportional to, or a measure of, the internal shear indued in a member 
as it resists the displacemerU of one end relative to the other in a direction 
perpendicular to the axis of the member. 

The second new relative stiffness, designated by Kmt is closely related 
to the first, and will be called the relative shearing-moment stiffness. The 
relative shearing-moment stiffness is a number which is proportional to, or a 
measure of, the end moments (or moment) induced in the ends (or end) of a 
member as it resists the displacement of one end relative to the other in a direc¬ 
tion perpendicxdar to the axis of the member. 

The absolute shearing-stiffness is defined as the shear in a juember that re¬ 
sults when one end of the member is displaced a unit distance with respect to 
the other end, the displacement being in a direction perpendicular to the 
member hxis, and the rotation of any rigid joint at the ends of the member 
being prevented. 

The absolute shearing-moment stiffnesses defined as the moment induced 
at the ends (or end, if the member is pinned at one end) of a wember when 
one end of the member is displaced a unit distance with respict to the other 
end, the displacement being in a direction perpendicular to the member nxi't, 
and the rotation of any rigid joint at the ends of the member hetng pnrfnted. 
When a frame is arranged as shown in Fig. 8-fil, with the column 



at A fixed and that at D pinned, and the top of the frame forced to the 
right a distance A under the action of P without votaiion of the top joints, 
structural sense will dictate that the two columns will have different 
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shears induced in them. Obviously, the relative shearing-stiffness and the 
relative shearing-moment stiffness can be made proportional to the abso¬ 
lute shearing-stiffness and the absolute shearing-moment stiffness in any 
ratio desired. Arbitrarily, then, the following will be adopted: 

Rel Kn for AB is » 


Rel Kt for AB is -j-z • 

Inspection of the formulas given in connection with Figs. 8-59 and 8-60 
will indicate that, to be consistent, 


Rel Km for CD must be 


2L2’ 


Rel Kg for CD must be 


/. 

4L3 


The above values of Kg indicate that if no rotation of rigid joints is 
permitted, then a pin at one end of a prismatic member will reduce the 
shear induced therein to one-quarter of what it would hav’'C been if the 
pinned end had been fixed. The moment at the fixed end will be one-half 
the end moments which would have been induced if both ends had been 
fixed. 

Example 8-17. Find all moments by moment distribution for the frame 
of Fig. 8-62. Draw the bending moment diagram and the deflected 
structure. 



FiGURi: 8-62 
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The first step is to perform the usual moment distribution. The reader 
should fully understand that this balancing operation adjusts the internal 
moments at the ends of the members by a series of corrections as the joints 
are considered to rotate, until ZM = 0 at each joint. The reader should 
also realize that during this balancing operation no iranslaiion of any joint 
is permitted. 

The fixed-end moments are 


J'.c = '* = +M ttk, 


Fcb = 


18 X 6 X 12 


183 


- = -48 ft k. 


Table 8-6. 


A 

‘ B 

c 

D 

AB 

BA 

BC 

CB 

CD 

DC 

10 

10 

■j^jH 


15 

15 


0.333 

U.667 1 

1 

0.571 

wm 

0 



+24.0 

+13.7 

-48.0 

+27.4 

+20.6 

+10.3 

-6.3 

-12.6 

-25.1 

— 12.5 





+3.6 

+7.1 

+5.4 

+2.7 

-0.6 

-1.2 

-2.4 

-1.2 





+0.3 

+0.7 

+0.5 

+0.2 


-0.1 





—6.9 

-13.9 

+13.9 

-26.5 

+26.5 

+13.2 


The fined moments listed in Table 8-6 are correct only if there is no trans¬ 
lation of any joint. It- is thereforo necessary to determine whether or not, 
with the above moments existing, there is any tendency for side lurch of 
the top of the frame. 

If the frame of Fig. 8-62 is divided into three free bodies, the result will 
be as shown in Fig. 8-63. Inspection of this sketch indicates that if the 
moments of the first balance exist in the frame, there is a net force of 
1.53 — 0.80 = 0.73 k tending to sway the frame to the left. In order to 
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FiGUitK 8-63 


prevent side-sway, and thus allow these moments to exist (temporarily, 
for the purpose of the analysis), it is necessary that an imaginary horizontal 
force be considered to act to the right at B or C. This force is designated 
as the atiificial jmni redraini (abbreviated as AJR) and is shown in 
Fig. 8-()4. This illustration now shows the complete load system which 



Figuhk 8-64 


Figurk 8-65 


would have to act on the structure if the final moments of the first balance 
arc to be correct. The AJR, however, cannot be permitted to remain, and 
thus its effect must be cancelled. This may be accomplished by finding the 
moments in the frame resulting from a force ecjual but opposite to the AJR 
and applied at the top, as shown in I'ig. 

Although it is not possible to make a direct solution for the moments 
resulting from this force, they may be determined indirectly. Assume that 
some unknown force P acts on the frame, as shown in Fig. S-Cfi, and 
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Figure 8-66 


causes it to deflect laterally to the left, without joint rotation, through some 
distance A. Now, regardless of the value of P and the value of the result¬ 
ing A, the flxed-end moments induced in the ends of the columns must be 
proportional to the respective values of Km- These fixed-end moments 
could, for example, have the values of —10 and —15 ft-k, or —20 and —30, 
or —30 and —45, or any other combination so long as the above ratio is 
maintained. The proper procedure is to choose values for these fixed-end 
moments of approximately the same order of magnitude as the original 
fixed-end moments due to the real loads. This will result in the same 
accuracy for the results of the balance for the side-sway correction that 
was realist in the first balance for the real loads Accordingly, it will be 
assumed that P, and the resulting A, are of such magnitudes as to result 
in the fixed-end moments shown in Fig. 8-67. Obviously, XM — 0 is not 
satisfied for joints B and C in this deflected frame. Therefore these joints 
must rotate until equilibrium is reached. The effect of this rotation is 
determined in the distribution in Tabic 8-7. 



Figure 8-67 
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Table 8-7. 


+ 

B 

c 

D 

AB 

BA 

BC 

CB 

CD 

OC 

10 

10 

20 

20 

15 

15 

0 

0.333 

0.667 

0.571 

0.429 

0 

- 30.0 

-30.0 

+12.9 

+ 25.8 

-45.0 
+ 19.2 

-45.0 

+9.6 

+ 2.8 

+5.7 

+11.4 

+5.7 





-1.6 

-3.3 

-2.4 

-1.2 

+0.2 

+0.5 

+1.1 

+0.5 






-0.3 

-0.2 

-O.l 

-27.0 

-23.8 

+23.8 

+28.4 

1 

-28.4 

-36.7 


During the rotation of joints B and C, as represented by the above dis¬ 
tribution, ih^ value of A has remained constant, with P rarjjing in magnitude 

as required to maintain A. 

• 

It is now possible to determine the final value of P simply by adding 
the shears in the columns. The shear in any member, without external 
loads applied along its length, is obtained by adding the end inoinents 
algebraically and dividing by the length of the member. The final value 
of P is the force necessary to maintain the deflection of the frame after 
the joints have rotated. Jn other words, it is the force which will bo con- 
sisteiit with the displacement and internal moments of the structure as 
determined by the second balancing op(*ration. Hence this final value of 
P will be called the consistent joint force (abbreviated as CJF). 

The con.si.steiit joint force is given by 



+27.0 + 2.3.8 + 28.4 + 3G.7 

2G 


4.45 k, 


and inspection clearly indicates that the CJF must act to the left. 

Obviously, then, the results of the last balance above are moments which 
will exist in the frame when a force of 4.45 k acts to the left at the top level. 
It is necessary, however, to determine the moments resulting from a force 
of 0.73 k acting to the left at the top level, and some as yet unknown 
factor “z"' times 4.45 will Ik* ust'd to reprc.scnt this force acting to the left. 
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AJI^ B C _ 

0.73 k 4.452 


Figure 8-68 


The free body for the member BC is represented by Fig. 8-68. = 0 

must be satisfied for this figure, and if forces to the left are considered 
as positive, the result is 4.45s —■ 0.73 = 0, and 

z = +0.164. 

If this factor z = +0.1C4 is applied to the moments obtained from the 
second balance, the result will be the moments caused by a force of 0.73 k 
acting to the left at the top level. If these moments are then added to 
the moments obtained from the first balance, the result will be the final 
moments for the frame, the effect of the AJR having been caiuelled. 
This combination qf moments is shown in Table 8-8. 


Table 8-8. 


Joint 

A 

B 

c 

D 

Member 

AB 

BA 

BC 

CB 

CD 

DC 

Moments from 
first balance 

-6.9 

-13.9 

fl3.9 

-26.5 

+26.5 

+13.2 

2 X moments 
from second 
balance 

-4.4 

-3.9 

■ 

+4.7 

-4.7 

-6.0 

Final moments 

-11.3 

-17.8 

+ 17.8 

-21.8 

+21.8 

+7.2 


If the final moments ai-e correct, the shears in the two columns of the 
frame should be equal and opposite to satisfy Z// = 0 for the entire 
frame 

This check is expressed as 

+11.3 + 17.8 -21.8 “ 7,2 _ 

26 " 26 

and 


+1.12 — 1.11 = 0 (nearly). 
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The signs of all moiiiciits taken from Table 8-S have l>cen reversed to 
give the rorrccl signs for the end moments external to tlie columns. It 
will be remembered that the moments considered in moment distribution 
aitJ always int<Tnal for each incinl)er. However, the above check actually 
consi<lers each column as a fri^e l>ody an<l so external moments must Ik; 
used. 

In h'ig. 8 -09 the moment under the 18 k load is obtained by tivating BC 
as a free body: 



Fiovio: 8-00 


il/iH - 5.77 X 12 - 17.8 = +51.5 ft k 

The direction of side-lurch may be determine<l from the obvious fact that 
the frame w ill always lurcli in a direction opposite to the AJIl. If requii'cd, 
the magnitude of this side lurch may be found. The procedure which 
follows will appl 3 '. 



U) (h) 


Figuki: 8-70 

In Fig. 8-(i7 a force P of Hufficient magnitude to result in the indicated 
column moments and the lurch A was applied to the frame. During the 
second balance thi.s value of A was held con.stant as the joints B and C 
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rotated, and the value of P was considered to vary as necessary. The final 
value of P yraa found to be 4.45 k. Since A was held constant, however, 
its magnitude may be determined from the equation M = 6EI A/L*, 
where is the fixed-end moment for either column in Fig. 8-67 ,1 is the 
moment of inertia of that column, and L is the length. This A will be the 
lurch for 4.45 k acting at the top level. For any other force acting hori¬ 
zontally, A would vary proporticmally and thus the final lurch of the frame 
would be the factor 2 multiplied by the A determined above. 

Example 8-18. Find by moment distribution the moments in the 
frame of Fig. 8-71. 




118 k 

B 12'-0 

♦ 6'^ C 

/ - 

360 in« 

K » 

20 

Ll 

. 1 


isli 

II II II 


1) II II II 

k 





18'-0 


Figure 8-71 



The first balance will give the results shown in Table 8-9. 


Table 8-9. 


AB 

BA 

BC 

CB 

CD 

DC 

-7,2 

— 14.6 

-t-14.6 

-22.5 

+23-.5 

0 


A check of the member BC as a free body for 2/f = 0 (see Fig. 8-72), 
will indicate that an A JR is necessary as follows: 


AJR + 0.84 - 0.87 - 5.0 = 0, 
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F*ouri: 8-72 


from which 

A.IR — in the direction assumed. 

"I'lic \alueH of Km for the two columns arc shown in Fig. 8-71, with Km 
for colninn CD b(‘ing K/2L because of the pin at the bottom. The hori- 
/oii1:il (hsplamm'ul A of the top of the frame, as shown in Fig. 8-73, is 


P 



assumed to caus<" the fixed-end nioment.s sliowji there Thest* moments are 
pioimrtional to the values of Km and of approximati^ly the same order of 
magnitude as the original fixed-end moments due* to the real loads. The 
resuKs of lialancing out these moments are given in 'ral>l(‘ S 10. 


Txblk S 10 


AH 

B \ 

BC 

CB 

(I) 

ix: 

- 31 1 

- 2S 1 

\ 2S.4 

~\ 23 r» 

- 23 li 

0 


and 


(\I r = 


‘M A I 28.4 ! 23 (i 


2 (> 


=r 3 32 k, 


5 03 - z X 3.32 -- 0, 


from whieli 


^ = I 1.52. 
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The final results are given in Table 8-11. 


Table 8-11. 



AB 

BA 

BC 

CB 

CD 

DC 

First balance 


-14.6 

+14.6 

-22.5 

+22.5 

0 

t X second 
balance 

—52.1 

m 

m 

+35.8 

-35.8 

0 

Final moments 

-69.3 

-57.6 

+57.6 

+13.3 

-13.3 

0 


If these final moments are correct, the sum of the column shears will 
be 5.0 k: 


Sum of column shears = 


59.3 + 67.6 + 13.3 
26 


5.01 k. 


The 5 k horizontal load acting at C enters into the problem only in 
connection with the determination of the AJR. If this load had been 
applied to the column CD between the ends, it would have resulted in 
initial fixed-end moments in CD and these would be computed in the usual 
way. In addition, such a load would have entered into the determination 
of the AJRV since the horizontal reaction of CD against the right end of BC 
would have been computed by treating CD as a free body. 


Problems 

8-19. Find all joint moments in Fig. 8-74 by moment distribution. Draw the 
moment diagram and sketch the deflected structure. [Ans,: AIab ^ —4.7 ft*k, 
Mb * 21.0 ft k. Me « 16.2 ft-k, Mdc * +10.5 ft k.j 

|20k 



20'-0 


Figure 8-74 
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8-20. Find the moments at B and C in Fig. 8-75 by moment distribution. 
Draw the moment diagram and sketch the deflected structure. [Arts.: Mn * 
21.4ft-k, Me = 21,4 ft-k.) 



Figukl S-75 Fi<;i:ur S-70 


8-21. Determine the inninents at B and C in Fi|;. S 70 Diaw the moment 
diagram and sketch tlie deflected staictuie |d».v * My; = SO ft-k, Me - 
10.7 ft-k.l 


10 k n C 



riouKi S-77 


8-22. Find all moment- in Fig. S-77 iiy moment distiihution. Ma 

31.4 ft-k, Me = 3.3 S ft'k. Mj)c ^ I 00.8 ft-k.) 
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8-23. Analyze the frame of 8-78 by moment distribution. Draw the 
moment diagram and sketch the deflected structure. [Ana,: Af« = 25.4 ft-k, 
JIfe »= 14.8 ft-k, Af DC = -50.9 ft-k.] 



Figuui. S -78 


8-24. Evaluate joint momentb in Fig. 8-79 by moiuept distribution. Draw 
tlie moment diagram and sketch the deflected structure. [Ana.: Mb = 14.1 ft-k, 
A/ca “ —21.9 ft-k, Mcd * -|-11.9ft-k, Mbc “ “f‘9.l ft-k.) 



Figvul 8-79 
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8-25. Find all moments in Fig. 8-80 by moment distribution. Draw the 
moment diagram and sketch the deflected structure. [.4n«. (in ft-k): Mab ™ 
+53.8, Mba “ +14.2, Mbc » -21.3, Mbd - +7.1, Mdb - -70.6, 
Mde - ” 9 . 4 .] 



8-26. Find all moments in 
Fig. 8-81. Draw the moment 
diagram and sketch the deflected 
structure. [AnB. (inft'k): 

+10.6, Mba ** +8.7, Mbd “ 
“t-9.1, MBC * —17.8, Md ** 0.6, 
Mbd — — 6 . 0 .) 



Figure 8-81 


lO'-O 
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8-27. Find all moments in Fig. 8-82 by moment distribution. Determine the 
sense and magnitude of the rotation of joints B and C, as well as that of the lurch 
of level BC. [Ana,: Mab +33.5 ft*k, Mo ^ 2.2 ft-k, Mcb *= —106.8 ft-k, 
Mcd - +66.8 ft*k, $B - +4.3 X 10*3 rad, 0c = +0.18 X 10"® rad, lurch = 
0.67 ID. to right.) 

I 25 k I 8 k 



Fiqure 8-82 


The examples which follow illustrate the method of analyzing frames 
with sloping legs. 


Example 8-28. Find all moments in Fig, 8-83 by moment distribution 
E = 30,000 k/in®. 

|20k 



Figurl 8-83 
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The fixed-end momenta for Ihe 20 k load are roinpuled and the frame its 
balanced in tlic usual way, side-Iur<*h being prcivcMit(‘d Ijy an AJIf to Ik? 
later evaluated. I'lie r<*sulls of the first balance are gi\en in Table 8-12. 


T\hlk 8-12. 


\B 

1 

HA 

HC 

CB 

1 

Cl) j 

7X7 

15.1 

-30.2 

1 30 2 

-14.1 

-1 M.l 

-1 G.9 


The evaluation of ihe A.Jlt is somewhat more complieated than in j)re- 
ceding examples l)C(*ause the eolumn thrusts liave horizontal components 
As a first step, treat liC as a fiee body (see I'ig. 8-84) in order to determine 

20 k 

14 I fi 1 

T 

4 l**> 00 ](• I -[*5 00 

i 0 81 •To'"'*’®* -0 81 

M 81 k “ -i-1 la 



Figuri: 8-84 


end shears. Next, consider each eolumn as a free boily, using the shears 
determined abo\' 0 . 


From Fig. 8-85, 

XMa -- 0 (clockwise is -H), 

-17.32 Iln.i + 15.1 + 30.2 
4-15.81 X 10 = 0, 
from which 

Hba = +lF73k. 
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Fiw Fig. 8-86, 


357 


2>fp = 0 (clockwise is +), 

17.32 Hcd “ 4.19 X 10 - 14.1 - 6.9 = 0, 


from which 


Her ~ ”1-3.62 k. 

The member BC is again drawn as a free body in Fig. 8-87, with only 
horisontal forces being shown, and the result is: 


AJR 11.73 k 


3.62 k 10 k 


and 


Figure 8-87 


IH = 0 (to the right is positive), 
AJR + 11.73 - 3.62 - 10 = 0, 


AJR +1.89 in the direction assumed. 
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It i« now necessary to find the value of a C\IF. The pro<*cdiiro, how¬ 
ever, is <lifTerent from that pre\ iously used. In this case, any horizontal 
displacement of HV will also result in vertical displacement of B and C. 
ConsecjiKMitly, then* will he fixed-end moments in all members. Arbi¬ 
trarily assume that BC is displaced by an unknown force P so that the 
horizontal components of the inovonaMit of B and (' arc 0.1 in. to the left. 
The poiiit r will move about point />, with CD as a radius, until the 
liorizontul component of its motion is O.l hi Point B will move in a 
similar manner about -1, with AB as a radius. It is thus possible to deter¬ 
mine the actual movements of points B and (\ as well as the vertical com- 
poiKmls of their displacemeuts, as .shown in the displac^emcnt diagram 
of I’ig S SS The fixed-cud moments resulting from these joint trans¬ 
lations (with joint rotation b(*ing prevented) are eomputed as follows; 


n 


r 





Pui - r 


/{ 


(i ^ 30,000 X 800 X 0 1154 
IA 20^ X 12*< 


-24 ft*k, 


„ (i X 30,000 X KKK) X (2 X 0 0577) , , 

/'/;r I’r/i - * " - 


Fily " Pju 


t) X 30,IKK) X 000 X 0.1154 


20^ X 12< 


- - --- - - 18 ft-k. 


(All the above moments an* proportional to whieh ean be con- 

sidorcxl to be a tfutf/nmi K \j. It would have licen easier to compute values 
for the modilie<l K i/ tor all members of the frame and to a.s.sumr fixed-end 
moments, resulting lunn an arbitrary but imknowm lurch, in proportion 
to them. Such a prociHlnre wil! Ix' follow'od in the next problem.) 
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The moments in question arc balanced, with the results given in 
Table 8-13. 


Table 8-13. 


AB 

BA 

BC 

CB 

CD 

DC 

-24.5 

-25.1 

+25.1 

-122.3 

-22.3 

-20.1 

20 1 ft-k / 

^ B 

k 



I A 

^ 22.3 ft-k 

2.37 k 1 

25 1 + 22 3 ^2.37 

1 ^ 

237 k 


20 

Figure 8-89 


The value of the CJF is found in a manner similar to that employed for 
the AJR (sec Figs. 8-89, 8-90, 8-91) 



Figuri. S-90 


From Fig. 8-90, 

I ■- 0 (rlorkwise i.s \ ), 

-I7..32//'^ 4 1 2.37 X 10 | 25 I f 24.5 =- 0, 

from which 

|42;Jk. 
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Fiqdbe 8-91 



Fig. 8-91, 


2Md = 0 (clockwise is 

-17.32 H'co + 2.37 X 10 -|- 22.3 + 20.1 = 0, 

from which 

= +3.82 k. 


The CJF is obviously 

4.23 + 3.82 = 8.05 k acting to the left. 


AJR B C *XCJF 

1.89 k' 8.OS1 


Fiqure 8-92 


In Fig. 8-92, XH must be zero for BC, and thus 


from which 



z = +0.235. 

The final results are given in Table 8-14. 
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Table 8-14. 



AB 

BA 

BC 

CB 

CD 

DC 

First bslance 

—15.1 

BQ 

+30.2 

-14.1 

+14.1 

-1-6.9 

z X second 
balance 

-S.8 

a 

-6.9 

“1-6.9 

-1-6.3 

-5.3 

—4.7 

Final moments 

B 

-36.1 

-|“36.1 

-8.8 

+8.8 

+2.2 


As A check on these moments, the frame of Fig. 8-83 may be considered 
to be split into three free bodies, a procedure previously followed in com¬ 
puting the AJR and the CJF. The vertical arid horizontal reaction com¬ 
ponents may then be determined. All reaction components are shown in 
Fig. 8-93. 



From this check, ZV = 0 and ZH = 0 are nearly satisfied, and the 
final moments may be considered to be correct. 

Example 8-29. Evaluate joint moments in Fig. 8-94 by moment 
distribution. 

First, the fixed-end moments are computed as follows: 

4 y 90 

Fbc = + = +10 ft k, Fcb = -10 ft-k, 

Fcd = + = +20 ft k, Fdc = -20 ft k. 

These are balanced in the usual* manner^ with the resulting moments (in 
ft-k) shown in Table 8-15. 




























I 5'-0 
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Table S-IS. 


AB 

BA 

BC 

CB 

CD 

CE 

-127 

1 

+5.5 

-5.5 

-54.0 

-(5.0 

H-60.0 


Tlu'so inomcJits will ho correct only if no lurch of the frame is pt^nnitlccl. 
The value of the A.TR which prevents this lurch \vill bt* computed by a 
(liilcnMit and shorter method than that used in the preceding example, 
lien* it will be assumed that the AJIl acts horizontally to the right at 
joiiil r. (It could have l)cen assumed to act at joint B.) The value of the 
A.Jll is easily determined by taking moments at the intersection of the two 
sloping l(*gs, as shown in Fig. 8-95: 

= 0 (clockwise is j, 

0.39 X 42 42 - 2.7 - 3.85 X 33.54 - 4 X 5 + 4 X 20 

}- 8 X 20 - 10 AJR = 0, 

from wliich 

A.IR -- i 10.47 k to the right, as assumed. 
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The effect of this AJR must be cancelled by a force of 10.47 k acting 
towaiQ the left at C. The moments resulting from the action of this 
fprce must be evaluated indirectly. Assume that some force of unknown 
magnitude acts toward the left at C, This force will cause the frame to 
lurch to the'left, with the amount of the lurch being arbitrarily set at some 
convenient value. In this case, let us assume that the horizontal projection 
of the lurch of B will be 1 in. to the left (see Fig. 8-96). The actual dis¬ 
placements of joints B and C, which must be consistent with the assumed 



Figure 8*96 
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horizontal component of the displacement of joint are most easily 
determined by drawing a displacement diagram, as shown in Fig. 8-96. 
Here all members are considered to be reduced to zero length. Therefore 
joints A, B, C, and D coincide at Q. Joint B must rotate about A, with 
AB as a radius. Therefore, B* is located at the intersection of a vertical 
line drawn 1 in. to the left of Q = ri with another, line drawn through 
Q A but perpendicular to the member AB, QB* is the displacement of 
joint B. 

During the lurch of the frame joint C must rotate about D, with. CD 
as a radius, and at the same time must rotate about the translating 
joint Bf with BC as a radius. The hnal position of joint C, represented by 
C*, must therefore be at the intersection of a line drawn through Q = D 
perpendicular to the original direction of the member CD, with another 
line drawn through B' pcrpcndirailar to the original direction of the member 
BC. (The line QX, representing the assumed 1-in. horizontal component 
of the displacement of joint B, may be drawn to any desired scale, but the 
use of an enlarged scale gives greater accuracy.) The magnitudes of the 
displacements arc shown in Fig. 8~06, and from these displacements the 
various values for the modified Km arc computed. For prismatic members 
fixed at both ends the modified is I^/L^; if the prismatic member is 
pinned at one end the value is IAI2L^, These are computed as follows: 

Mod K^f for AB = 424 X = -1.33, 

Mod Km for BC = G18 X = +1.99, 

Mod Km for CD = (>71 X X 22 36® = -0.49. 

Any lurch of the frame, cith(*r to the right or to the loft, will result in 
fixed-end moments which will be proportional to these values of the 
modified If the lurch is to the left (desirable in the present case), the 
signs will agree with those in the above equations. It will be assumed, 
therefore, that*the lurch of the frame is to the left and that it is of sufficient 
magnitude to cause fi.\cd-cnd moments (in ft-k) as shown in Table 8-lC. 


Table 8-lG. 


AB 

BA 

BC 

CB 

CD 

CE 

-13.3 

-13.3 

+19.9 

+19.9 

-4.9 

0 
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The magnitude of the lurch which is consistent with the above momenta 
is not known but could, if desin^, be computed. Tliese moments are 
balanced out in the usual way, and the moments (in ft-k) resulting from 
this second balance are given in Table 8-17. 


Table 8-17. 


AB 

BA 


CB 

CD 

CE 

-13.7 

— 14.3 

+14.3 

isa 

-11.0 

0 


The force (CJF) necessary to hold the frame in the deflected position is 
evaluated by the same method used to find the AJR: 



\ 


Figurl 8-97 

SiVc = 0 (rlockwisc is +), 

+10 X CJF + 13.7 - 1.32 X 42.42 - 0.49 X 33.54 = 0, 
from which 


CJF = +5.87 to the left, as assumed. 
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To obtain the moments resulting from the action of a force of 10.47 k to 
the left at C, the miunentB resulting from the second balance must be 
multiplied by the factor 


+10.47 

+6.87 


+1.78. 


If this is done, and the results added to the moments obtained from the 
first balance, tiie final moments will be as shown in Table 8-18. 


Table 8-18. 


AB 

BA 

BC 

CB 

CD 

CE 

-21.7 

-19.9 

BB 

—34.4 

Ba 

+60.0 


Probleub 

8-30. Determine all joint moments in Fig. 8-98. Draw the bending moment 
diagram and sketch the deflected structure. [i4n«. (in ft*k): « 14.5, Afcs » 

-24.7, AfcD - —26.3, Mdc - —3I.0.I 




Figure 8-98 


8-31. Find all joint moments in Fig. 8-99 by moment distribution. Draw 
the bending moment diagram and sketch the deflected structure. [Ans. (in ft-k): 
Mab - -05, Mba « +18, Mbc * +123, Me - 49, Mdc = -67.] 
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CHAPTER 9 


ADDITIONAL APPUCATIONS OF 
MOMENT DISTRIBIjnON 

GenenL This chapter includes discussions of the application of 
moment distribution to the analysis oi continuous frames with two or 
more degrees of freedom, to the evaluation of secondary stresses in 
articulated structures, and to the analysis of frames with restrained joints. 

With one exception, all the structures to be considered in this chapter 
are composed entirely of prismatic members. This exception, a rigid gabled 
frame with stepped columns to support a crane runway girder, can be 
solved with an interesting supplemental application of moment distribu¬ 
tion. The analysis of frames with nonprismatic members will be the subject 
of the next chapter. 

9^2 Frames widi two degrees of freedom of joint translation. The 
structures shown in Fig. 9-1 are typical examples of frames with two 
degrees of freedom. The structure in 9-1 (a) (similar to the frame of 
Fig. 8-57(a)] is occasionally found in light building frames and supports 
for industrial equipment, but is, to some extent, academic. However, 



Figure 9-1 
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because its analysis is somewhat simpler than those of the other three 
frames, it will be used as a first demonstration. The frame in Fig. 9-1 (b) 
is commonly used for the bents of highway and railway trestles, while the 
frame in (c) is quite common in industrial buildings. The gabled frame 
in (d) is the type ordinarily spoken of as a "rigid frame” and has wide 
usage in auditoriums, hangars, and industrial buildings. 

In each frame of Fig. 9-1 diagonal dashed lines are shown. If all joints 
were pinned instead of rigid, these dashed members would have to be 
inserted in order to maintain the stability of the structure. When inserted, 
each such member cancels one degree of freedom, and this provides a 
method for determining the number of degrees of freedom of more com¬ 
plicated frames. All joints arc considered to be pinned and diagonals are 
inserted until the structure is stable. The number of diagonals will usually 
(but not always) equal the number of degrees of freedom. Sometimes a 
single diagonal will cancel two degrees of freedom instead of the usual one, 
and so this method must be used with discretion. 

Example 9-1. Find all joint moments in the frame of Fig. 9-2 by 
moment distribution. Draw the bending moment diagram. 



Figurc 9-2 
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The fixed-end moments are computed in the usual way and (expressed 
in ft-k) are shown in Fig. 9-3. These moments are balanced out, with the 



results shown in Fig. 9-4. The moments obtained from this first balance 
will be correct only if no side-sway is permitted of either CD or BE, and 
therefore side-sway is assumed to be prevented by AJR’s acting at each 
level. 



Figure 9-4 Figure 9-5 

The values of these AJR’s must be determined. In multi-story frames 
they are best obtained by first finding the shears in the columns and then 
placing these shears on a sketch, as shoAvn in Fig. 9-5. 

In this figure, dots indicate division points for separating the frame into 
free bodies, as will be presently demonstrated. The location of each of 
those dots is, in no way related to the moments at the ends of the cor¬ 
responding columns. That is, the dots do not represent points of contra- 
flexure but are used to represent more clearly the actions of the column 
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flhean. It is important to note that the column shears, as shown in Fig. 
9-5, are external to the column s^ments on which they act, and thus may 
be used directly on each free body. 

An explanation of the method for determining the senses of these 
column shears is in order at this point. Consider, for example, the free 
body for CB, as shown in Fig. 9-6. Inspection indicates that the hori- 
fiontal reactions external to this column section must act in the directions 
shown in Fig. 9-6, and the magnitude will be 



Fioubb 9-6 Figure 9-7 


From the senses' of these external horizontal reactions it is apparent 
that if any section or point is considered in the column, as, for example, 
the.dot, then that part of the column below the dot will push to the right 
on the part above and, in turn, that part of the column above the dot will 
push to the left on the part below. Therefore the senses of shears 
external to the column segments adjacent to the dot will be as shown for 
CB in Fig. 9-5. A convenient name for this designation of column shears 
is shear-couple. In column CB, then, the shear-couple is said to be clock¬ 
wise and in DE it is counterclockwise, as shown in Fig. 9-5. 

Observe carefully the shear-couple shown in AB, the column which 
supports the interpanel load of 20 k. As would be expected, the value 
of this shear-couple is determined by treating AB a free body (see 
Fig. 9-7). Here only the direction of the shear-couple in the part of the 
column above the 20 k load is of interest, since this will be a part of the 
free body to be formed about the level of BE. Taking moments about A , 
we find that the upper horizontal reaction on Ail is 


20 X 15 + 103.2 — 60.9 
30 


11.43 k. 


The sense of the shear-couple in the upper part ai AB will then be as 
shown in Fig. 9-5, 
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A rule to follow for the easy determination of the sense of the shear- 
couple in a member, with no interpanel loads acting, is: If the turn of 
the irUemal end momenie of the member (these moments, and their signs, 
are the direct results of the moment distribution) is negative, then the shear- 
couple is positive, or clockunse. If the sum of the moments is positive, then the 
shear-couple is negative, or counterclockwise. This rule does not apply 
when there are interpanel loads on the member, for in that case the sense 
of the shear-couple should be determine as demonstrated for AB. 

Having determined the shear-couples of Fig. 9-5, we now consider the 


AJR_ c 
5.23 I 



Fiqure 9-8 

free body in Fig. 9-8. Here, ZH = 0 must be satisfied, and thus, con¬ 
sidering forces to the right as positive, the following expression results: 


from which 


AJR 4- 5.23 - 10 - 4.02 = 0, 


AJR = -f8.79 k in the direction assumed. 


The free body about the level BE would be as shown in Fig. 9-9. From 
this figure: 


5.23 k 4.02 k 

£1 AJR 

11.43 k i48 It 


Fiouke 9-0 

ZH = 0 (to the left is positive), 

AJR -1- 5.23 -f 2.48 - 11.43 - 4.02 = 0, 

from which 

AJR = -1-7.74 k in the direction assumed. 

The AJR’s determined from Figs. 9-8 and 9-9 are shown in Fig. 9-10. 
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Forces equal and opposite to these AJR’s are applied at the same levels 
and the moments caused by these forces are added to the moments 
obtained from the first balance to obtain the final moments in the frame. 
The following procedure will apply. 

A horizontal force of unknown magnitude is assumed to act at the top 
level, while, at the same time, anothef horizontal force of unknown mag¬ 
nitude acts at level BE. Under the action of these forces level CD 
lurches to the left (the frame could have been assumed to lurch to the 
right), while level BE is held in position. (The sense of these forces 
will be determined later.) The distorted frame is shown in Fig. 9-11, 
with the resulting fixed-end moments. These moments are propor¬ 
tional to ih€ Km values o( the distorted colunms. 



Figure 9-11 


Moments are balanced in the usual manner. No additional translation 
of joints is permitted, but the two unknown forces change in magnitude 
as the joints ace permitted to rotate during the balancing operation. 
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In their final value these forces are consistent with the moments resulting 
from the balancing operation. The resulting momenta, the shear couples, 
and the CJF’s are shown in Fig. 9~12. 

» 3.08 k 


4.a0k 


Figure 9-12 

By another combination of horizontal forces acting at levels BE and CD 
the frame is next assumed to be forced into the distorted position shown 
in Fig. 9-13. The fixed-end moments, proportional to the Km values of 


C D 



Figure 9*13 


the distorted columns, are shown in this figure. These moments are 
balanced out, and the resulting moments, shear-couples, and CJF’s are 
as shown in Fig. 9-14. The CJF’s of Figs. 9-12 and 9-14, and the moments 
with which they are consistent, cannot be combined directly to find the 
moments resulting from two forces equal and opposite to the AJR's of 
Fig. 9-10. It is possible, however, to find some factor X by which all 





9-2] 


FRAMES WITH TWO DEGREES OF FREEDOM 


375 



+3.7 
0.95 kj 
+19 9 

-36.0 


+16.1 

B 


- 2.6 


+2.0 


-CJF = 1.35 k 


+14 2 
~E 


mCJF = 574 k 


2.80 k 





Figure 9-14 


values shown in Fig. 9-12 may be multiplied, and another factor Y by 
which all values of Fig. 9-14 may be multiplied, such that an algebraic 
summation of the products will result in a set of moments consistent with 
forces acting equal and opposite to the AJR's of Fig. 9-10. 

The two condition equations necessary to evaluate X and Y ate obtained 
by simply expressing the fact that the superposition of X times the CJF's 
of Fig. 9-12 and Y times the CJF’s of Fig. 9-14 and the AJR's of Fig. 9-10 
must result in a net horizontal force of zero acting at catii of the two 
levels. If we consider that forces acting to the right are positive, these 
equations are; 

For level CD, 

-3.08X + \M5Y + 8.79 ^ 0 


VoT level BE, 


4-4.20X - 6.74y - 7.74 - 0, 


A simultaneous solution will result in 

= +3.34 and F = -} 1.10. 

If the moments of Fig. 9-12 are multiplied by X and those of Fig. 9-14 by 
F, and if the products are added algebraically to the moments of Fig. 9-4, 
the final moments will result. (See Fig. 9-15.) In the solution above, if 
either or both X and F had been negative, the multiplication would have 
been performed following the usual rules of algebra regarding the signs of 
products. 
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-127.0 

d D 

10.12 k ^ 

-5.1 

-125.7 

UlOk 

+7.7 

+215.7 -55.0 

—90.0 

B E 




+4S.2 

11.86 k 



2oT^ 


TSTk 

+34.4 

A _ F 

+8.1 






Figure 9-15 


Figure 9-16 


As a check on the moments, the final shear-couples are shown in Fig. 
9-15. Here we see that the condition that ZH = 0 is very nearly satisfied 
for the free body about CD and also for the free body about BE, The 
moment diagram (with moments expressed in ft-k) is shown in Fig. 9-16. 

From the foregoing discussion it is apparent that in order to effect a 
solution of a frame with one or more degrees of freedom, it is necessary to 
have one set of consistent joint forces and moments for each degree of 
freedom. Obviously, to obtain each set, a distortion must be impressed 
which is consistent with the constraints of the structure. In this regard it 
is suggested that imaginary structural constraints be introduced in the 
form of dotted diagonals, each diagonal suppressing one degree of freedom. 
These imaginary diagonals are then removed (only one being omitted at 
any given time) in order to determine the various distortions to be im¬ 
pressed on the frame. The moments resulting from each distortion are 
selected in proportion to the Km or modified Km values of the members 
which are flexed as a result of each distortion. The analysis is then com¬ 
pleted as shown above. 

Frames which have a width of more than one bay are analyzed by this 
same method. In the case of additional stories, each extra story height will 
add an extra degree of freedom to the frame. Consequently, for each new 
story an additional distortion must be impressed, an additional set of 
CJF's must be evaluated, one more simultaneous equation must be written, 
and another constant similar to X and Y mus,t be evaluated. Obviously 
the work involved in a complete analysis becomes quite extensive for even 
a small frame. Fortunately a “short cut** is possible in the application of 
moment distribution to building frames. This is known as the twfxycle 
method of moment distribiUion* 

^Fot an explanation of this method see Continuity in Concrete Building 
Frames, a booklet available from the Portland Cement Association. 
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Example 9-2. A railway viaduct bent is proportioned as shown in 
Fig. 9-17. Lateral loads due to the nosing of the locomotive and wind on 
train and trestle result in a lateral force of 35 k at the top, as indicated. 
Find all joint moments. 




The AJU necessary to prevent lurch is as shown in Fig. 9-18. The 
effect of removing this AJR is determined by the following procedure. 


AJR 
35 k 



Since the frame has two degrees of freedom, two different distortions must 
be impressed and consistent joint forces and moments must be evaluated 
for each distortion. First, we assume that the frame is distorted as in 
Fig. 9-19(a), and then as shown in 9-19(b). To determine the several 
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(b) 

Figure 9-19 


A*8 to be used in computing the values of modified Km, it will be 
assumed in each case that the horizontal component of the displacement 
of each joint is 1 in. The displacement diagram is shown in Fig. 9-20. 



Figure 9-20 

By similar triangles, 

X 
1 

from which 

X 

and 

U 

1 

from which 

y 

The values for modified Km are 

AB BC ^ DE = EF = KmA = 1.31 X 1.009 = 1.320, 
CD = G.25 X 0.266 = 1.670, 


2 

= l5' 

= 0.133 in., 

15.133 
^ ~ 5 ”' 

= 1.009 in. 


Si: = 1.56 X 0.266 = 0.415. 
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Figure 9-21 


-123 -123 
+123r^ 


+102i'-C7 -07 ,+102 



DI+123 



£\-35 


F\-17 


Figure 9-22 


The top level of the frame is caused to lurch to the right, as shown in 
Fig. 9-21, resulting in the fixed-end moments (in ft-k) indicated. These 
moments are then balanced out, with the results given in Fig. 9-22. 

The CJF at level CD is assumed to act to the right on the free body, as 
shown in Fig. 9-23. This assumption is verified, and the CJF is evaluated, 
by taking moments about the intersection of the two sloping legs: 



Figure 9-23 


123 + 102 
15.13 


Sil/c.m. = 0 (clockwise is +), 

^ ^ ^ - 204 - 45 X CJl' = 0, 

from which 

CJF = 4-35,47 k to the right, as assumed. 

The CJF at level BE is determined by means of the free body in 
Fig. 9-24: 
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15.13 

Figure 9-24 


Z3/c m “ 0 (clockwise is +), 


-2 X 5 X 15.13 + 34 - 35.47 X 45 + GOCJF = 0, 


from which 


CJF = +34.70 k to the left, as assumed. 


Figure 9-25 shows the final moments resulting from the first distortion, 
with the censistent joint forces as just determined. 


C.IK -123-12.3 



Figure 9-25 
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The second impressed distortion is shown in Fig. 9-26. The fixed-end 
moments are proportional to* the modified Ku of each member. These 
moments are balanced out and the consbtent joint forces are evaluated 
by the same method used for the firat impressed distortion, with the 
results as shown in Fig. 9-27. It is now necessary to find some factor X by 



CJF -14 -14 



which aU values of Fig. 9-25 may be multiplied, and to find another factor 
Y by which all values of Fig. 9-27 may be multiplied, such that an alge¬ 
braic summation of the products will result in a set of moments which will 
be consistent with a force acting equal and opposite to the AJR of Fig. 9-18. 

The two condition c({uations necessary to evaluate X and Y are again 
written, as in Example 9-1, to express the fact that the superposition of X 
times the GJF’s of Fig. 9-25 and Y times the CJF's of Fig. 9-27 and the 
AJR of Fig. 9-18 must result in a net horizontal force of zero at each of 
the two levels. If we consider that forces acting to the right are positive, 
these equations arc; 

For level CD, 

+35A7X + 0.62r - 35.0 = 0. 

For level BE, 


-34.70X + 32.90r = 0. 

A simultaneous solution will result in 

X = +0.97 and Y = +1.02. 

If the values of Fig. 9-25 are multiplied by X and the values of Fig. 9-27 
are multiplied by Y, and if the two sets of products are added algebraically, 
the results will be consistent with the original force of ^5 k acting to the 
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right at level CD. The resulting final moments (see Fig. 9-28) may be 
verified by taking moments about the intersection of the sloping legs for 
either of the free bodies previously used in the analysis. 


35 k -13.3 -133 



Example 0-3. The frame of Fig. 9-29 is to be used in a small industrial 
building, with the necessary roof slope to be provided in the roof con¬ 
struction. The bays aiv 20 ft and the total roof load is 50 Ib/ft^ Wind, 
blowing from the left, is 20 Ib/ft^ on vertical surfaces. Find all joint 
moments resulting from the combination of roof and wind loads. (In 
practice, wind moments are computed separately.) 


B 






A 



25'-0 



/C 50 

K 100 
Km = 10 


30'-0 


oS 


Figure 9-29 


Wind con(*entration at 


D = 5 X 20 X 0.02 = 2.0 k, 

S = (7 5 4- 5) 20 X 0.02 = 5.0 k. 
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+75.0 -75.0 



Figure 9-30 


The fixed-end moments^ computed and then indicated in Fig. 9-30, are 
balanced out, with the results given in Fig. 9-31. In the same figure are 



Figure 9-31 


indicated the shear-couples for these moments and the AJR^s. The first 
impressed distortion and the resulting fixed-end moments are shown in 
Fig. 9-32. These are balanced out, with the resulting moments, shear- 



Figure 9-32 
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CJP 

6.73 -4.5 


10.8 

15 



+6.3 



E +11.2 
- 11.2 

8.26 k: 



32.6 

10 


+21.0 
I 75 k : 
+10.6 


41.2 

15 


^ CJF 
+2.0 ^ 3.48 k 

-2.9 


0.17 k « 



AS 

25 



Fioubb 0~33 


couples, and CJF’s as indicated in Fig. 9-33. The second impressed dis¬ 
tortion and (he resulting fixed-end moments are as shown in Fig. 9-34. 



Figure 9-34 


These are balanced out, with the resulting moments, shear-couples, and 
CJF's shown in Fig. 0-35. 


CJF 


.CJF 

E -11.1 

+11.1 

^ 26.2 

-6.0 3.11 k 

F 1 + 6 . 0 ' 

2.62 k 


3.42 k -1.2 

-5.9 +15.1 

“ 10 


+1.2 

-9.2 

13.7 

15 

6.49 k= — 

i 0.11 k J 

, 0.91 k : 

25 

+0^J^ 

-4.5 

mm 


+6.2 


Figure 9-35 
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As in Examples 9-1 and 9-2, it is possible to find some factor X by which 
all values of Fig. 9-^3 may be multiplied, and to find another factor Y by 
which all values of Fig. 9-35 may be multiplied, such that an algebraic 
summation of the products will result in a set of moments consistent with 
forces acting equal and opposite to the AJR’s of Fig. 9-31. As before, the 
equations necessary to evaluate X and Y express the fact that the super¬ 
position of X times the CJF’s of Fig. 9-33 and Y times the CJF’s of 
Fig. 9-35 and the AJR’s of Fig. 9-31 must result in a net horizontal force 
of zero at levels BD and EF. If we consider that forces acting to the right 
are positive, these equations are: 

For level RZ>, 

6.73JSr - 3.42F -|- 0.97 = 0. 

For level EF, 

-3ASX + 3.1ir - 4.28 = 0. 

A simultaneous solution will result in 

X = +1.27 and Y = +2.77. 


If the values of Fig. 9-33 are multiplied by X and the values of Fig. 9-35 
are multiplied by F, and if the products are added algebraically to the 
values of Fig. 9-31, the results will be the final moments in the frame. 
These final moments, together with the shear couples, are shown in Fig. 
9-36. Note that because all computations were made with a slide rule, 
slight discrepancies exist between these shear-couples and the applied 
horizontal loads. 



Figure 9-36 
CONTENTS 
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Problems 

9-4. Find all moments in Fig. 9-37 
by moment distribution, [ An«. (in ft*k): 
Mab “ — i»9, Mba —15.6, Mbs * 
+47.3, Mbc •—31.7, Mcb * -37.1, 
MDC " —54.1, Msd * +14.9, Mbb “ 
—23.3, M bf “ +8*4, Mfb “ +8.6.] 

9-5. The frame sketched in Fig. 9-38 
is proposed for a small industrial build¬ 
ing. The necessary roof slope will be pro¬ 
vided in the roof construction. The bays 
are 25 ft and the total roof load is 60 
Ib/ft^. Wind, blowing from left to right, 
is assumed at 20 Ib/ft^ on a vertical 
surface, and is considered to cause a 
uniform load on the column AB. Find 
all joint moments by moment distri¬ 
bution. [Ana, (in ft-k): Mba - —32, 
Mcj> “ +101, MDC —18, Mdf “ 
-40, Mds « +58, Mpo « +108.] 
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Figure 9-37 


1.5 k/ft 



Figure 9-38 


000 in* / = 400 in 
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Example 9-6. The rigid frame bents for a g 3 nnnasium are to be spaced 
at 25-ft centers (see Fig. 9-39). Dead and snow load^ including an allow¬ 
ance for steel purlins and the frame itself^ are assumed to be 65 Ib/ft^ of 
horizontal roof projection. Purlins are to be spaced at 7.14 ft center-to- 
center on the horizontal projection. The moment of inertia is constant. 
Find all joint moments by moment distribution. 



£!ach concentration = 25 X 7.14 X 0.065 = 11.6 k except at column 
tops, where the concentrations are 5.8 k. By the equation given in Sec¬ 
tion 8-9, the fixed-end moments in the sloping girders are: 



(N^ - 1)PL (7* - 1)11.6 X 50 
12^ ~ 12 X 7 


331 ftk. 


The initial fixed-end moments in the frame, therefore, are as shown in 
Fig. 9^. 
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These are balanced out to give the moments shown in Fig. 9-41. 



Joint translation is prevented by AJR’s at B and D, and these AJR’s must 
be determined. The AJR acting at B is mos easily evaluated by use of the 



27.8 k 


Figure 9-42 

free body shown in Fig. 9-42. If 2Af = 0 is written with respect to the 
indicated center of moments (c.m.) and if clockwise moments are con¬ 
sidered to be positive, the following equation results: 

+150.8 X 50 + 208 - 27.8 X 111.80 - 8.31 X 75 - 50AJR = 0, 

from which 


AJR = +80.46 k in the direction assumed. 

By a similar procedure, if we use free body BCDE^ the AJR at D will be 
found to l>e 80.46 k to the left. (Actually it is unnccc^ry to compute this 
last value. Since we have computed the value of the AJR at B, that.at D 
may be inferred from symmetry.) 
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The effects of the AJR’s acting at B and D in Fig. 9-41 must be can¬ 
celled. This is accomplished by finding the moments caused by forces 
acting at B and D equal in magnitude but opposite in sense to the AJR’s, 
and then by adding these moments to those in Fig. 9-41 to obtain the 
fina.1 moments in the frame. In order to accomplish this, one distortion 
must be impressed on the frame for each degree of freedom, and values 
of the modified Km should be determined for each member. For the pur¬ 
pose of computing these values, it is assumed that joint B is displaced 1 



in. to the right, with joint D held in position. (See Fig. 9-43 for the 
displacement diagram.) The modified values of Km are: 

For AB, Mod Km -= A - Km = I X 4.46 = 4.46. 

For 5C-Rnd VD, Mod Km = A - Km = 1.12 X 1.79 = 2.00. 

The frame, with the first impressed distortion and the resulting fixed-end 
moments, is shown in Fig. 9-44. These moments are balanced out and the 



CJF’s are evaluated by the use of two free bodies, ABCD and BCDE (a 
method previously explained in connection with Fig. 9-42), with the results 
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Figure 9-45 


shown in Fig. 9-45. Since the frame is symmetrical, this last figure may 
drawn opposite hand (mirror image) to obtain the results of forcing D 
the left while B is held fixed in position. Figure 9-46 is obtained in this 


way. 



CJF 
27.62 k 


Two factors, X and Y, may be found such that when all values of Fig. 
9-45 are multiplied by X- ahd then added to the products obtained by 
multiplying corresponding values of Fig. 9-46 by the resulting sums 
will be the effects of forces acting at B and D opposite to the AJR's. The 
two condition equations necessaiy for evaluating the factors X and Y are 
written from Figs. 9-41, 9-45, and 9-46. If we consider that forces acting 
to the right are positive, these equations are: 


For joint B, 


For joint D, 


+80.46 + 27.62X + 22.06F = 0. 
-80.4G - 22.06X - 27.62F = 0. 


Obviously, X and Y must be equal, and a solution will result in X = F = 
may be m^^The final moments arc obtained by adding algebraically the 
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moments of Fig. ^1, the moments of Fig. 9-45 multiplied by factor X, 
and the mommts <rf Fig. 9-46 multiplied by the factor F. The results are 
Aom in Fig. 9-47. 



The method of analysis just demonstrated—that of separate joint dts- 
placemerUs —^is perfectly general and is applicable regardless of the type of 
loading applied to the frame. For the above vertical loads, however, the 
alternate solution which follows is easier. In addition, it is the appropriate 
method to use in order to determine the efTect of spread of the column 
footings, temperature changes, or shortening of the girders due to axial 
stresses. 

In this alternate solution the initial fixed-end moments caused by the 
applied loads, the first balance, and the resulting joint moments and 
AJR’s are found exactly as explained in connection with Figs. 9-41 and 
9-42. However, in this solution, in order to evaluate the effect of removing 
the AJR's, we first assume that a distortion is impressed on the frame by 
simultaneously forcing both joints B and D outward by et|ual amounts. 
The magnitude of the assumed enforced outward movement of joints B 
and D is arbitrary. For the purpose of drawing a displacement diagram, 
a movement of J in. will be assumed. (See Fig. 9-48.) The modified 
values of Km are; 

For AB and DE, 


Mod Km ^ - Km = 0,5 X 4.40 = 2.23. 
For BC and CD, 

Mod Km “ A" Km — 1-12 X 1.79 = 2.00 



■ft 


Figukk 9-48 
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A distortion of the type described above is assumed to be impressed on 
the frame and to cause the fixed-end moments shown in Fig. 9-49. The 



displacements of joints B and D, consistent with the fixed-end column 
moments of 223 ft*k, can be computed if the column sizes are known. 
For example, if the frame is fabricated of 36WF160 sections, with a 
moment of inertia of 9739 in^, the consistent displacements of B and 
D will be 


ML* 12 X 223 X 25* X 144 . 

3EI ~ 3 X 30,000 X 9739 ~ 

The fixed-end moments of Fig. 9-49 are balanced, with the resulting mo¬ 
ments and CJF’s shown in Fig. 9-50. It is necessary to find the joint 



Figure 9-50 


moments resulting from forces of 80.46 k acting outward at joints B and 
D on the frame of Fig. 9-41. These are readily obtained by multiplying 
the moments of Fig. 9-50 by a factor which is given by 


80.46 

24.90 


3.23. 
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If the moments of Fig. 9-50 are multiplied by 3.23 and the products 
are added to the moments of Fig. 9-41, the results will be as shown in 
Fig. 9-51. These are in good agreement with the moments shown in 



Figure 9-51 


Fig. 9-47. (Any discrepancy is due to slide rule computations.) The final 
displacement of .8 or D will be z times the displacements shown in Fig. 9-50: 

3.23 X 0.276 = 0.89 in. 

Example 9-7. Find the moments in the rigid frame bent of the pre¬ 
ceding example (9-6) as caused by a wind with a velocity of 100 mi/hr. 
(See Fig. 9-52.) 



Figure 9-52 


Prohuhly the best recommendations relative to wind pressures for design 
for use in tiiis country are those included in TranaaciionB of the /I merman 
<SViV//y of Civil Engineers on wind bracing in steel buildings, VoL 105, p. 1713, 
19-10, The following recommendations arc taken directly from these Transactions. 
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The report indicates that *... it is not necessary to divide the wind force 
into pressure and suction effects when dealing with the bracing oi tall buildings. 
However, this may need to be done for structures with rounded roofs, such as 
armories, hangars, and drill sheds, and for mills or other buildings with large, 
open interiors and walls in which large openings may occur. For any building, 
possible high local suction effects, due to bad aerodynamic properties of the 
building profile, should be investigated in relation to secondary members and 
the attachments of roofing or siding.” 

External farces on windward and leeward walls. For surfaces which are per¬ 
pendicular to the wind direction the report states that .. where q is the velocity 
pressure of the wind, an external pressure of 0.8g may be exerted on the wind¬ 
ward wall of buildings of average ratio of height to width and an external suction 
of 0.5^ on the leeward wall. For an air density of 0.07651 Ib/ft^, correspond¬ 
ing to 15°C, at 760 mm of mercury, and where the velocity V is expressed in 

miles per hour, the velocity pressure in pounds per square foot is fpven by 

q = 0.0025587^.” From the preceding, “it is seen that the total combined force 
on the outside of the windward and leeward vertical faces of an average building 
may be 1.3^, or approximately p « 0.0033It may be determined from this 
last equation that a total wind force of 20 Ib/ft^ will result from a wind velocity 
of 77.8 mi/hr. The velocity pressure for this wind velocity is 15.5 Ib/ft®. 

External farces on plane surfaces inclined to the wind. “For surfaces not more 
than 300 ft above the ground and for both symmetrical and unsymmetrical 
gable roofs, where a is the slope of the roof to the horizontal in degrees, the 
recommended wind forces are as follows: 

(1) Windward slope— 

(a) For a not greater than 20”, a suction of 12 Ib/ft^ 

(b) For a between 20® and 30”, a force of p = i.20a — 36, the negative 

value indicating suction. 

(c) For a between 30* and 60®, a force of p == 0.30a — 9, the positive 
value indicating pressure. 

(d) For a greater than 60®, a pressure of 9 Ib/ft^. 

(2) Leeward slope— 

For all values of a in excess of zero, a suction of 9 Ib/ft^. ” 

External forces on rounded roof surfaces. “Considering the rounded roof as 
represented roughly by a circular arc passing through the two eaves and the ridge, 
or, where the roof slope starts from ground level, through the springings and the 
ridge, and letting the ratio of rise of the arc to its span be r, the recommended 
wind forces lor surfaces not more than 300 ft above ground level are as follows: 

(1) Windward quarter of roof arc— 

(a) For roofs resting on elevated vertical supports: when r is less than 0.20, 
a suction of 12 Ib/ft^; when r is greater than 0.20, a pressure of 
p = 30r — 6. Alternatively, when r is between 0.20 and 0.35, a 
force of p — 80r — 28, the negative sign indicating suction. 

(b) For roofs starting from ground level: for all values of r, a pressure of 
p = 19r. 
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(2) Central half of roof arc— 

(a) For roofs resting on elevated vertical supports, a suction of p « 
15r+ 11. 

(b) For roofs starting from ground level, a suction of 11 Ib/ft^. 

(3) Leeward quarter of roof arc— 

For all values of r greater than zero, a suction of 9 Ib/ft^. ” 

External /orces on a fiat roof, “For a flat roof a normal suction of not less than 
12 b/ft^ should be considered as applied to the entire roof surface.'* 

External farces on walls parallel to the wind, “On walb parallel to the wind an 
external suction of 9 Ib/ft^ should be considered.” 

Internal wind forces. The wind force to be assumed in design is to be taken as 
the applicable external wind force (as outlined above) only in the event that the 
building is airtight. Such a condition will rarely arise, and therefore internal 
suction or pressure should also be considered. 

“Normally, air leakage due to the usual small openings around windows, doors, 
skylights, and caves will give rise to an internal pressure or suction of from 0.25g 
to 0.35g, depending on whether the openings are chiefly in the windward or in the 
leeward surfaces. 

"Where openings are of substantial size, the internal wind force may be of 
considerable magnitude. It may be pressure or suction, depending on whether the 
openings are in windward surfaces, in leeward surfaces, or in surfaces parallel to 
the wind.” Very large internal pressures have been (and may be) built up because 
of the breaking of windows on the windward side of buildings by wind-carried 
objects. On the basis of various studies and investigations it appears that 
reasonable allowances for internal wind forces are as follows: 

(1) “For buildings that, although nominally airtight, with closed doors and 
windows and unbroken glass, are nevertheless more or less ‘air leaky' by 
reason of numerous distributed small openings, an internal pressure or 
suction of 4.5 ib/ft^ normal to walls and roofs. 

(2) For buildings with 30% or more of the wall surfaces open, an internal 
pressure of 12 1b/ft^, or an internal suction of 9 Ib/ft^. 

(3) For buildings that may have percentages n of openings varying from 0 to 
30% of the wall space, an internal pressure of 

p * 4.5 0.25n, 


or an internal suction of 

p — 4.5 + O.lSn.” 

Wind force on a series of roofs, “Where a series of roofs exists in one building, 
one roof lying behind another and being nominally masked by it, the structure 
as a whole is to be designed for the full wind load on the first roof and for 80% 
wind on the other roofs. Any one roof, however, is to be designed for the full 
wind load.” 
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Returning to Example 9-7, the velocity pressure is computed as follows: 

q = 0.002558^2 = 0.002558 X 100® = 25.58 Ib/ft®. 

The pressure against the windward wall is 

0.8 X 25.58 = 20.4 (say 20) Ib/ft®. 

The suction on the leeward wall is 

0.5 X 25.58 = 12.79 (say 13) Ib/ft*. 

Tlie action on the windward slope, where a = 26^40^ is 

1.20a - 36 = 1.20 X 26.7 - 36 = -4 Ib/ft* suction. 

The action on the leeward slope is —9 Ib/ft® suction. Because of special 
features of construction, it is assumed that no internal pressure or suction 
need be considered. However it is usually advisable that, depending upon 
the location of glazed openings subject to breakage, either internal pressure 
or suction be assumed to exist. This internal effect would be added alge¬ 
braically to the external forces as computed above. 

For the problem at hand, the wind forces on the various surfaces are as 
shown in Fig. 9-53. Fixed-end moments as caused by the above loads are 
computed and balanced in the usual way, while the values of the AJR’s 
at B and D are evaluated in a manner similar to that used for Fig. 9-42. 
The results are shown in Fig. 9-54, where it can be seen that S/f and ZV 
equal (or very nearly equal) zero. 

If the moments of Fig. 9-54 are combined with moments resulting from 
the action of two horizontal forces applied at B and Z>, of the same magni¬ 
tude but of a sense opposite to the AJR’s at these joints, the re<iuired wind 
moments at the joints of the frame will be obtained, The moments result¬ 
ing from two forces at B and D opposite to the AJR’s may be verv easily 
found by using the information given in Figs. 9-45 and 9-46. We can 
determine the values of two factors X and K, such that when the \'alucs 
of Fig. 9-45 are multiplied by X and the values of Fig. 9-40 are multiplied 
by K, the summation of the corresponding products will be the moments 
resulting from the simultaneous action of 15.16 k to the right at H and 
0.42 k to the right at D. The required condition equation.^ for evaluating 
X and Y (from Figs, 9-45, 9-46, and 9-54) are 


+27.62X + 22.06r - 15.16 = 0, 
-22.06X - 27.62K - 0.42 = 0, 
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and a aiinultaneous solution will give X = +1*54 and Y — —1:25. If 
these factors are applied as indicated above and the results combined with 
the values shown in Fig. 9-54, the final wind moments will result, as shown 
in Fig. 9-55. (Minor inconsistencies apparent in these results, chiefly in 
checking ZH and ZV = 0, are due to slide rule computations.) 
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Example 9-4. Find the effects of the elastic stretch of the tie, girder 
shortening, and temperature change for the loaded rigid frame bent of 
Example Consider a temperature drop of 70^F and a temperature 
rise of 40^F, The frame is fabricated with 36WF160 sections throughout. 
(See Fig. 9-56.) 



Figure 9-56 

All the actions referred to in the example statement will cause a change 
in the horizontal distance between the .knees of the bent relative to the 
distance between column bases. This change will induce moments in the 
frame, and these moments are to be evaluated. 

In the design and construction of any rigid frame bent, it is important 
that any outward movement of the column bases be prevented. Unless the 
character of the foundation definitely ensures that such movement will 
not occur, it is advisable to use a structural tie between-the column footings 
of each bent. This tie is usually a steel rod, suitably protected against 
corrosion and designed to provide all the required horizontal 'reaction 
components at the column bases. When the bent is loaded, the tie is as¬ 
sumed to stretch elastically and the column bases are assumed to move 
apart by the amount of the tie stretch. 

Ciirder shortening results from the axial compression in the sloping 
girders of the bent and causes the knees of the frame to move toward each 
other. A drop in temperature will cause a similar movement of the knees, 
while a rise in temperature will cause the knees to spread. 

in beginning the analysis, it is convenient to first determine the moments 
induced in the frame by an arbitrary outward movement of each column 
base. A lateral movement of 0.275 in. of one end of the 36WF160 column 
to the other end has been found (Fig. 9-49) to cause a fixed-end 
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moment of 223 ft-k at the t<^ end of the column. It will therefore 
be assumed that each column base moves outward by 0.275 in. Figure 
9-57 shows these displacements and the fixed-end moments. 


C 



0.275 in 0.275 in 


Figure 9-67 

If these moments are balanced and the AJR*s at B and D evaluated, the 
results are as shown in Fig. 9-58. We must now find the mcHnents resulting 



0.275 in 0.275 » 

Figure 9-58 

from horizontal forces acting at B and D, forces which are equal in magni¬ 
tude and opposite in sense to the AJR’s in Fig. 9-58. These moments arc 
easily found by referring to Fig. 9-50, which shows moments resulting 
from horizontal forces of 24.90 k acting outward at B and D. By direct 
proportion, the moments and displacements resulting from horizontal 
forces of 8,28 k acting outward at B and D can be computed if we mul¬ 
tiply the movements and displacements of Fig. 9-50 by a factor given by 

_ 1 ^ 

^ ” 24.90 “ 


0.332. 
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where L is the length in feet, from knee to ridge, of one girder and where 
A is the cross-sectional area of the girder in square inches. The length 
differential for girder shortening, for the actual values from Fig. 9-47, is 


( 


+ I 36.2 X 0.895 + 


81.2 ,, n 117 V X 55.90 X 12 X 0.895 
2 ^ V 47.09 X 30,000 


+ 0.02 in. 


The combined positive length differentials are 


+0.40 + 0.55 + 0.02 = +0.97 in. 

In order to determine the net negative length differential, the per¬ 
centage of the dead load on the frame must be known. Such information 
is necessary because it is assumed that temperature rise can occur 
only in the summer when snow loading cannot exist. Consequently, the 
length differential due to temperature rise must be combined with 
length differentials caused by tie elongation and girder shortening when 
dead load alone is on the frame. Assume that 40% of the total design load 
is dead load. The net negative length differential will therefore be 


+0.4 (0.40 + 0.02) — 0.31 = —0.14 in. 


ActuaUy the negative length differential is of little practical value, 
since it can occur only when dead load alone is on the stmcture and hence 
cannot be used to determine a critical design moment. The combined 
positive length differential, however, is necessaiy to determine the maxi¬ 
mum positive moment at'the center. Figure 9-60 shows the*effects of an 
initial positive length differential of 0.55 in. The desired moments may be 
obtained by multiplying the values in this figure by a factor determined as 


z 


+0.97 

+0.55 


+1.76. 


The resultant values are shown in Fig. 9-62. Comparison of these moments 
with those of Fig. 9-47 indicates that the seconduy effects just considered 
will increase the positive moment at the peak of the frame but will decrease 
the moments at the knees. The wind moments of Fig. 9-55 will decrease 
the moments at both the peak and the knees. The maximum moments 
that can ever exist in the frame, for the loads shown, will therefore be 
taken as 880 ft*k at the knees (neglecting the relieving moment of 23 ft-k, as 
shown in Fig. 9-62, in the event that such relief does not materialise) and 
as 264 + 47 ~ 311 ft*k at the peak. These tentative design moments are 
shown in Fig. 9-63 
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It should be pointed out here that the maximum moment at the knee 
can be considerably reduced by prestressing the frame. This procedure 
will increase the moment at the peak to a value which will be equal to the 
reduced moment at the knee, and thb is desirable if the frame is to be 
fabricated with a constant moment of inertia. The frame would be pre¬ 
stressed by applying a horizontal force P, acting outward at each column 
base, as shown in Fig. 9-63. The value of P must be such as to make the 
maximum moment at the knee equal the maximum moment at the peak. 

This condition is expressed as follows; 

880 - 25P -= 311 + SOP, 

from which 


P = 7,57 k. 
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With this force acting on the frame, the moments at the knee and at the 
peak become 

880 - 25 X 7.57 = 690 ft k, 

and thus the maximum moment has been considerably reduced. 

The required movement of each column base to accomplish this prestress 
may be readily computed by referring to Fig. 9-60: 

^ X 0.275 = 4.0 in. 

This prestresa would be very easily managed in the field by fabricating the 
bent BO that each column base, with the bent erected but with no load 
acting, would be 4 in. inside the vertical line from the knee. The applica¬ 
tion of the dead load of the sloping girders would introduce nearly dl the 
desired total spread of 8 in. between the column bases. Then the column 
bases could be easily pulled the remaining distance into position, the col¬ 
umns would be vertical, and the desired prestress would be introduced. 


Example 9-9. Find the moments in the frame of Fig. 9-84 as caused 
by the crane loads shown. 
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The first step in the solution of the problem is to find the fixed-end 
moments Fba and Fds> One method of computing these moments is to 
make use of the formulas developedin Problem 5-11. These formulas are 
shown in Fig. 9-65, with the rigns reversed to give the action of the member 
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Figure 0-65 


on the joint. The moment M applied to the column through the bracket 
will be considered to be positive if it is clockwise. A positive result ob¬ 
tained from either of the above formulas for the fixed-end moments will 
then indicate a tendency for the end of the member to rotate the support 
in a clockwise direction. If values for the column AB are substituted in 
the above formulas, assuming temporarily that the base A is fixed, the 
following fixed-end moments result; 

Fba = - ^ (26 - a) = (13.0 - 13.6) = +0.44 ft-k, 

Fab = - ^ (2a - 6) = — (27 - 6.6) = -8.76 ft k. 

The fixed-end moment at end with end A pinned, is easily found by 
balancing out the moment Fab to zero and by carrying over one-half of 
the balancing moment. The result is that 

= +0.44 + 4.37 = +4.81 ft-k. 

The value of the fixed-end moment is found by direct proportion 
and reversing the sign; thus; 

F’he = ^ X 4.81 -2.13 ft k. 

17.0 

An interesting and useful alternate method for determining the fixed-end 
moments for a meniher loaded with a moment or couple, at any point 
aloilg its length, is provided by moment distribution. Assume, for con¬ 
venience, that the meml)er AB is horizontal and that a support, or an 
AJR,'is temporarily provided at A, the point of application of the couple. 
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Fab 


Pab* 3.17 X 13.5 X 6.5* 


La 


203 


= -4.61 ftk, 


„ Po*6 3.17 X 13.6* X 6.6 
Fba = -jj- ---= +9-37 ft k. 


20 * 


If the above end moments are added to the end moments of Fig. 0-67, 
the final fixed-end moments for the original member will be = 
—8.77 ft*k and Fba = +0.48 ft-k. These values agree closely with 
those previously obtained by the formulas. The initial fixed-end moments 




-2.13 



Figure 9-70 

for the frame, before balancing, are therefore as shown in Fig. 0-70. 
These moments are balanced and the AJR’s determined as described in 
Example 9-6, with the results shown on Fig. 9-71. 



As in previous problems, it is now necessary to find the moments caused 
by forces acting equal and opposite to the AJR’s. Since the procedure is 
exactly the same as described in Example 9-6, it is suggested that the 
reader make the detailed computations and find the CJF’s and joint 
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moments resulting from an impressed displacement of joint B of 1 in. to 
the right^ joint D being held in position. (The results are shown in Fig. 
9-72.) 



If Fig. 9-72 is drawn opposite hand, corresponding values will be obtained 
for a 1-in. impressed displacement of joint D toward the left, joint B being 
held in position. From these two figures and from Fig. 9-71, two factors 
X and Y are determined and applied as described in Example 9-6. The 
final results are shown in Fig. 9-73. 



Figure 9-73 


Example 9-10. In Fig. 9-74 find all moments, as caused by the crane 
loads shown, by moment distribution. Column bases are fixed. 

Stepped-columns are commonly used in industrial buildings with 
heavy crane installations. If these stepped-columns also support a gabled 
rigid frame, the analysis of the frame becomes slightly more involved 
than would otherwise be the case. This, of course, is because the columns 
are nonprismatic. h’ixed-end moments, stiffness and carry-over factors 
must be computed for these columns, and this can be accomplished by 
moment distribution. (Two other methods will be presented in Chapter 10.) 




9-l‘ 
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As a first step toward the solution of the problem^ the fixed-end moments 
will be computed. For this purpose consider that the column ABC is 
placed on its side, with the ends fixed and with an AJR acting at B. The 
moment of 120 X 1.5 = 180 ft*k is applied to the member at fi, and this 
moment is distributed to the members BA and BC in proportion to their 
distribution factors. One-half of each distributed amount is carried over 
to the opposite fixed end of each member. The resulting moments and the 
evaluation of the AJR are indicated in Fig. 9~75. The effect of this AJR 

ISO ftk 



Figure 9-75 


must be cancelled. To accomplish this, some unknown force is applied at 
B on the otherwise unloaded member, and point B is thereby displaced 
downward (without rotation) a distance sufficient to induce moments 
proportional to the values of This condition is shown, the mo¬ 

ments are balanced, and the CJF evaluated in Fig. 9-76. The final 



Figure 9-76 
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moments shown in this figure are thus found to be consistent with a 
GIF of 32.15 k acting down. It is now necessary to find the moments 
caused by a force of 1.96 k acting down, and these may be obtained by 
multiplying the final end moments of Fig. 9-76 by a factor 

' = 32* = 

The final values of the fixed-end moments are obtained as follows; 



AB 

CB 

Moments of Fig. 9-75 

-64.3 

-25.6 

(Moments of Fig. 9-76)2 

+7.1 

-6.3 

Fixed-end moments 

-57.2 

-31.9 


By inspection we see that the fixed-end moments Far and Fef are oppo¬ 
site in sign to, and one-third the magnitude of, the corresponding values 
of Fxb and Fcb- Therefore, 

Fgf = + ftdc, 

Fef ~ — * +10.G ft'k. 

The carry-over factor Cca is next computed. The member is first 
assumed to be arranged and loaded as shown in Fig. 9-77, and moments 


^ it' / = 5000 li^ 

K = 250 
Ku = 12.5 


0.709 0 2:n _1 ft-k 

1000 in* ^ 

= 100 
AJRl iK = 75 

ICm = K/2L =50 


Results of 

moment 

distribution 


-0 19 


-0.38 


-H).38 


+1.00 


0 19 ft k 



|0029 k 


0.38 0 ^ 0.38 ft k 1.00 ft k 

— = 0029 ki 4 0.138 k 1 0.138 k = 

|AJR * 0.167 k 
Figure 0-77 
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are balanced and the AJR evaluated as shown therein. Again it is neces¬ 
sary to find the moments resulting from the action of a force at B equal 
and opposite to the AJR. Assume that B is depressed sufficiently to induce 
end moments proportional to the values of Km indicated in Fig. 9-77. 


CJF 



0.96 ft k 




0.67 ft-k ^ 0.07 ft*k 


t 


0.082 k » 


1.G3 

20 


0.082 k I 10067 k to.OG7k 
1 CJF = 0 149 k 


0.07 

10 


Figure 9-78 


This condition, together with the rebults of the moment distribution and 
the evaluation of the CJF, is shown in Fig. 9-78. In order to find the 
moments resulting from a force of 0.167 k acting down at R, we simply 
multiply the moments of Fig. 9-78 by a factor 


0.167 

0.149 


1 . 12 . 


When the resulting moments are added to the moments of Fig. 9-77, 
the final moment at A will be 0.89 ft-k. The end moment at C will, of 
course, be 1.0 ft-k. The required carry-over factor is therefore 


The stiffness may be determined by first computing the rotation at 
end C resulting from the action of the 1 ft-k couple. When the rotation 
of end C caused by this unit couple is known, it is a simple matter to find 
the moment necessary to cause a rotation of 1 rad. This moment, by 
definition, will be the absohde stiffneaB. 

The conjugate beam is shown in Fig. 0^79. It is clear that relative 
values of / have been used in computing the magnitudes of the elastic 
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loads. Since the relative / for the segment BC of the column is taken as 
unity, then all relative moments of inertia are referred to the moment of 
inertia of BC. This will be designated as fret- The shear Bp. in the con¬ 
jugate beam at C' will be 

Bp. = 6.860 + 0.218 - 1.258 = 5.820. 


The slope at C will be given by 



Bc’ 

EI„, 


The absolute stiffness Kc at C will be: 


Absffc = 


9c 


EI„t 

Be 


Since it is assumed that Fig. 9-79 represents an original design, the siies 
of the rolled sections required in the frame are not known, and cmiBe- 
quently, /nt is not known. However, if E and /,ef are arbitrarily assigned 
values of unity, it is possible to obtain a relative value for Kca which 
will be entirely satisfactory for the analysis. This value for relative 
Kca is: 


Rel Kca = ^ = 0.172. 

Care must be taken that the value used for the stiffness of the girder is 
related to the same datum as that of the relative stiffness of the stepped- 
cdunm. The absolute stiffness for the girder CD is given by: 


Abe Kcd = 
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Ccmaequently, ainoe E and Ini have been assigned values of unity, the 
correct relative stiffness will be given by: 

The foregoing mformation, all of which is necesaaiy f<w tiie first balancing 
operation, is aasembled in Fig. 9-80. The moment distribution is per¬ 
formed and the AJR’s computed as previously demonstrated, with the 
results shown in Fig. 9-81. 
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As in the preceding examples illustrating gable frame analysis, we must 
again find the moments induced in the frame by the action of forces 
equal and opposite to the AJR’s. As a beginning, assume that joint 
C is moved to the right one unit while joints B, B, and F are held in 
position. (The relative displacement diagram is shown in Fig. 9-82.) 
The resulting fixed-end moments must be consistent with these relative 
displacements. It will be remembered that a set of consistent fixed- 
end moments can most easily be determined by first choosing a set 
of moments which are proportional to the values of Km (indicated, in 
this example, in Fig. 9-74), and then by multiplying these moments for 
each member by the corresponding relative displacement between the two 
ends of that member. Thus, if we arbitrarily assume that the lateral dis¬ 
placement of C is sufficient to cause Fbc end Fcb to be 100 ft*k, then the 
magnitude of Fcot Fbc^ Fds, and will be given by 1.58 X 10 = 
16.8 ft-k. The distorted frame, these fixed-end moments, and the AJR's 
required to hold the frame in this distorted position are shown in Fig. 9-82. 



AJR 


Figure 9-82 


It is necessary to remove the AJR at B, and to do this it is convenient to 
consider the member ABC as placed on its side, as shown in Fig. 9-83. 
The fixed-end moments and distribution factors are indicated on the sketch. 
The unbalanced moment at B is distributed, carry-overs are made, and 
the AJR at B is evaluated. From Fig. 9-83 it is apparent that the effect 
of the AJR at B must be cancelled by a force of 21.09 k acting down at B 
on the fixed-end member ABC. The moments resulting from the action of 
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* 
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m 
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iS?-. M.kt 
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j 

tl 5.73 k 

k 

i 

IaJR « 21.08k 


35.8 Itk 






15.73 k > 


157.3 

10 


Fioube 0-83 


thu force may be easily determined by multiplying the final moments 
of Fig. 9-76 by the factor 


_ 21.09 
* 32.15 


0.657. 


The final fixed-end moments Fac 5nd Fca (with the AJR at B removed) 
are therefore obtained by combining the final end moments of Fig. 9-83 
with the factor i times the end moments of Fig. 9-76: 


Fac - -36.7 + 0.667(+116) = +40.6 ft k, 
Fca = +85.8 + 0.657(-l03) = +18.2 ftk. 


The AJR at jB (indicated in Fig. 9-82) has now been removed. The 
final set of fixed'^nd moments, necessary before the balancing operation, 
are shown in Fig. 9-84, as are the AJB*s. Moments are balanced and the 
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CJF’8 (tlie final vahiea of the AJR’s) are eomiNited ae before, with the 
results diown in Fig. 9-86. If Fig. 9-86 is drawn opposite hand, it will give 
the results of a sunOar enforced diq)laoement of joint £ to the left. 



FieuBB 9-86 


The information of this last figure, combined with that of Figs. 9-86 and 
9-81, will permit the evaluation of factors X and Y and the completion 
of the analysie as previously demonstrated. Hie final results are shown 
in Fig. 9-86. 



3.18 k 


Figure 9-86 
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Problems 

9-11. For the gable frame of Fig. 9-87 find all momenta by moment distribu¬ 
tion. Loads are 2 k/ft on the horisontal projection of the roof girders. Since it Is 
assumed that this is to be a preliminary analysis, the moment of inertia will be 
taken as constant, [ilns.; Mba ^ —288 ft*k, Mcb * +239 ft-k, Mdb * 
+288 ft-k.] 




A 






Figure 9-87 


9-12. Using an assumed wind velocity of 80 mi/hr, find the moments caused 
by a wind blowing from left to right on the frame of Problem 9-11. Bay lengths 
are 25 ft. Use recommendations of the American Society of Civil Engineers for 
finding wind loads on the various surfaces of the bent, and neglect internal 
pressure. Note that it is difficult to obtain close accuracy in this type of problem 
because the moments resulting from the removal of the AJR's are much larger 
than the initial fixed-end moments. The coefficients X and Y should be obtained 
by use of a computing machine. [Ana, (approximate): Mb ™ 156 ft*k, Me ■■ 
26 ft*k, Md ^ 90 ft k.] 

9-13. The gable frame of Fig. 9-88 is subjected to crane loads, vertical and 
horisontal, as shown. The moment of inertia is constant. Find all moments by 
moment distribution. [Ana,: Mba = +124 ft-k, Mcb « “31 ft-k, Jlfjjc - 
-99 ft-k.) 

9-14. In Fig. 9-89 find all moments in the unsymmetrical gable frame as 
caused by the vertical loads shown. The moment of inertia is constant. [Ans.: 
Mba - -69.7 ft-k, Mcb * +3.2 ft-k, Mdb - +69.7 ft-k.] 
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Figure 9-89 

9-15. Find the momenta which will result in the frame of Problem 9-14 from 
the action of 2 k at C and 5 k at B, both acting from left to right. [Ana.: Mba ^ 
-] 56.6 ft-k, Mcb - -t-12.1 ft-k, Mdb - 4-48.5 ft-k.J 

9-16. From Fig. 9-90 find the carry-over factor Cca and the absolute stiffness 
Kca in ft-k. E = 30,000 k/m®. [iln*.: Cca. “ 4-0.93, Kca - 10,500 ft-k.) 



Figure 9-90 
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9-17. In Fig. 9-91 find the fixed-end momenta caused by the 8 k load. In 
addition, find the carry-over factor Cac and the absolute atiffnesa iC ac for the 
member. The beam is 1 ft wide. E » 2000 k/in^. [An»,: Fac * +13.6 ft*k, 
Fca - -47.6 ft-k, Cac - +1.20, Kac - 43,400 ft-k.] 



12'-0 


12'-0 


Figure 9-91 


9-3 Frames with several degrees of freedom. The method of applying 
moment distribution to continuous frames with two degrees of freedom, 
demonstrated in the last section, can easily be extended to structures with 
several degrees of freedom. 

Example 9-18. Outline the analysis of the frame shown in Fig. 9-92 
by moment distribution. 



Figure 9-92 


No loads are shown on the given frame because this method of analysis 
will apply to any loading system. Fixed-end moments must first be com¬ 
puted, and these are balanced in the usual manner. The moments resulting 
from this first distribution are valid only if all joint translation is prevented. 
As shoAvn in Fig. 9-92, four diagonals would be necessary to prevent all 
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joint translation, and thus four AJR’s are required. These AJR’s must be 
evaluated, which can be accomplished by a combination of the methods 
illustrated in previous examples. AJRi and AJR2, for example, can be 
detennined by computations similar to those demonstrated in connection 
with Fig. 9-42. AJR3 and AJR4, however, must be computed by using 
shear-couples, as illustrated in Example 9-1 or Example 9-3 
The effects of this initial set of AJR^s must be cancelled, and the method 
previously demonstrated will apply. The joints of application of the initial 
AJR's are caused to translate, each joint in its turn. Consider, for example, 
the joint of application of AJR3. This joint is caused to translate to the 
right some arbitrary amount, usually unknown in magnitude but possible 
of evaluation if desired. The frame will be distorted as shown in Fig. 9-93. 




No rotation of joints is permitted during this translation. Fixed-end 
moments proportional to the Km values (modified, if necessary) are induced 
in the members affected by the translation. The joints of the distorted 
frame arc held in position by a new set of AJH's, the initial magnitudes of 
which are unimportant. The moments induced by the translation are now 
distributed; that is, the joints are permitted to rotate (without additional 
translation) to a position of moment balance at each joint. As the joints 
rotate, the AJR’s change in magnitude and, in their final values, arc con¬ 
sistent with the final moments. Honce these AJR’s become the CJF’s for 
the distorted and balanced frame of Fig. 9-93. 

This process is repeated for each joint of application of an initial AJR, 
and four sets of balanced moments and CJF’s result. These, together with 
the balanced moments and AJR’s of Fig. 9-92, will permit the evaluation 
of four constants, W, X, Y and Z, by exactly the same procedure as was 
demonstrated for frames with two degrees of freedom. Applied in the same 
manner as before, these const&nts ivill permit completion of the analysis. 
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Example 9-19. Outline the analysis of the continuous frame of Fig. 9-94 
by moment distribution. 



Figure 9-94 

All fixed-end moments are computed in the usual way, and these mo¬ 
ments are balanced, with joint translation being prevented by the AJR’s 
shown in Fig. 9-94. The principal objective of this example is to explain 
the procedure for evaluating these AJR’s. 

In this sequence, the values of AJRi and Va are computed from 
Fig. 9-95 (a) and (b), respectively, by taking moments about the center 
indicated in each sketch. AJR 2 is next computed from Fig. 9-96, with the 
center of moments as indicated therein. Note that Hoc and Voc may be 

Center of 


^momenU 



Figure 9-95 
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Center of 
^moments 



readily determined by statics after computing AJR] and Va in the manner 
previously explained. The values of AJR3 and AJR4 are computed 
similarly. 

As in all preceding problems the effects of the AJR’s must be cancelled. 
Once again each joint of application of an AJR is, in its turn, caused to 
translate without rotation, while the other joints of application are fixed 
in position. As before, after each joint is caused to translate, the resulting 
fixed-end moments are balanced and the CJF's are computed. Thus four 
sets of moments and CJF’s are obtained. These, together with the original 
balanced moments, will permit completion of the analysis. 

Example 9~20. Outline the analysis of the Vierendeel truss bent of 
Fig. 9-97 by moment distribution. 


AJR.| JaJR. 



Fiovre fr-97 
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Fixed-end moments resulting from any interpanel loads are first com¬ 
puted, and these are balanced. AJR’s (as indicated in the figure) are 
required to prevent joint translation. The magnitudes of these AJR's must 
be determined. The first step is to compute the end shears of all horizontal 
and vertical members, which can be done by statics, using the member end 
moments previously determined. The member AB is next treated as a 
free body, as shown in Fig. 9-98. Has niay now be evaluated from the 


Mma 


Hba 



Figure 9-98 


horizontal shear in AE (previously computed) and any horizontal load 
applied at A. Hba is then computed from ZH = 0 applied to the free 
body AB. The two moments M^b and Mba are known from the first 
balance. Finally, Vba is determined by taking moments about end A. 

It is now possible to determine the value of AJR 3 from the equation 
ZF — 0 for the member BF treated as a free body. The vertical forces 
applied to this free body by the chord members AB, BC, FE, and FG can 
be computed by the method previously explained. AJR 4 can be evaluated 
similarly. All horizontal forces (the shears in the vertical members framing 
to the top chords and any external applied loads) acting on the top chord 
are now known. The value of AJR 2 can therefore be determined from the 
fact that ZH must equal zero for the top chord. Similarly, the bottom 
chord may be treated as a free body in order to compute AJR|. 

It is now necessary to cancel the effects of these AJR’s, and this is accom¬ 
plished exactly as previously described. Each joint of application is, in 
its turn, caused to translate without rotation, while all other joints of 
application are fixed in pasition. Observe that a vertical movement of 
j int B will induce a horizontal displacement of joint A. The magnitude 
of this horizontal displacement may be easily determined with a displace¬ 
ment diagram. The resulting fixed-end moments are balanced and the 
CJF's evaluated, and thus four sets of CJF's are obtained. These, together 
with the AJR's, will permit the determination of four constants, W, X, Y, 
and Z, which are applied as demonstrated in previous problems, to com¬ 
plete the analysis. 
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Problems 


0-21.* Find all moments in Fig. 0-99 by moment distribution. Roof load is 
2 k/ft on the horisontal projection. lAnt.:MBA ■ —187 ft'k,Jlf cb ■ 4-76 ft*k, 
Mdc - -213 ft-k.] 



Figure 9-99 




30'-0 " 15'-0 15'-0 

Figure 9-100 


9-23. Assuming horizontal loads only of 2 k to the right at E and 8 k to the 
right at B on the frame of Problem 9-22, find ail moments by moment distribu¬ 
tion. [Ans. (inft'k): Mba " +32, Mdc “ +49, Mdb “ —31, Mdb “ —18, 
Mgr =* +32, Mgj = —27, Mgh = ~5.1 
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9-4 Secondary stresses by moment distribution. In analyzing articu¬ 
lated structures, it is customary to assume that the members are con¬ 
nected with frictionless pins at the joints. In other words, if the structure 
is loaded at; panel points, the members are assumed to be subjected to 
axial loads only. The stresses resulting from these axial loads are called 
primary stresses. Actually, of course, in most articulated structured the 
members are quite rigidly connected at the joints, either by riveting or 
welding. Consequently, as the structure deflects and the joints tend to 
rotate through different angles, the various members are caused to flex 
and bending stresses result. These are called secondary stresses. 

In the majority of articulated structures the members are not stiff 
enough to provide any significant flexural resistance to end rotation. In 
these cases the secondary stresses are small and are neglected. When 
loads arc heavy and members are stiff, however, the secondary stresses in 
some members may amount to as much as 75 or 80% (or more) of the 
primary stresses. This is most likely to occur in long-span railway truss 
bridges with secondary systems, or in heavy trusses in tall building frames 
used to support the columns of the floors over banquet halls or foyers. 

The first satisfactory solution of the secondary stress problem was 
presented by Heinrich Manderla in a series of papers published in 1879-80. 
In papers published in 1892-3, Otto Mohr presented his solution for the 
problem—the slope-dejlection method —which will be discussed in Chapter 
11 . A solution can also be obtained by a combination of the Williot or 
Williot-Mohr diagram and moment distribution. 



Figure 9-101 

The truss of Fig. 9-101 is loaded as shown in sketch (a). Assuming that 
joints are not permitted to rotate, the loaded truss will deflect as shown in 
sketch (b). If the values of A, as indicated in (b), are known, then the fited- 
end moments for the various members can be computed by 6£/A/L^. 
The values of A are easily determined by the Williot or Williot-Mohr 
diagram. Some of the joints in the loaded truss will, of course, rotate. 
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The corrections to the hxed-end moments made necessary by this lotation 
of joints are applied by balancing moments in the usual way, and the 
resulting moments are used to compute the secondary stresses in the 
extreme fibers at the member-ends by means of the ordinary flexure 
formula. The application of the method is illustrated by the example which 
follows. 

Example 9-24. Steel trusses supporting the columns over a hotel foyer 
are proportioned as shown in Fig. 9-102. All WF sections are oriented 
with their flanges in vertical planes. Story heights above and below the 
trusses are 12 ft. Total strains (in inches) are indicated on the \^arious 
members. Using the Williot diagram and moment distribution, determine 
secondary end moments and stresses in all truss members. E ~ 30,000 
k/in^. For the analysis, columns above and below the truss are assumed 
to be fixed at the far ends. 

The Williot diagram, for determining the values of A, is shown in 
Fig. 9-102. Table 9-1 is used to compute the fixed-end moments and 
relative stiffnesses of the various members. 


Table 9-1. 


! 

t 

Member 

I (in^) 

A (in.) 

1 

L (in.) 

1 

Fixed-end 

moment 

6 B/A 

L2 

(in-kj 

Fixed-end 

moment 

(ft-k) 

K = 

1-2 

1073 

+0.765 

192 

+4000 

+333 

5.59 

2-3 

1073 

+0.465 

192 

+2440 

+204 

5.%9 

A-B 

568 

+0.765 

192 

+2120 

+177 

2.95 

B-C 

568 

+0.480 

192 

+1330 

+111 

2.95 

\-A 

1029 

+0.310 

144 

+2760 

+230 

7.13 

1 -B 

838 

+0.735 

240 

+1930 

+161 

3.49 

2-B 

528 

+0.230 

144 

+1050 

+88 

3.67 

2-C 

107 

+0.385 

240 

+129 

+11 

0.45 

3-C 

350 

0 

144 

— 

— 

2.43 

1-e 

' 350 

-0.190 

144 

-576 

-48 

2.43 

2-B 

350 

—0.110 

144 

—334 

—28 

2.43 

3-S 

350 

0 

144 

— 

— 

2.43 

A-U 

1029 

-0.120 

144 

-1070 

-89 

7.13 


The balancing operation, section moduli, and secondary stresses are 
shown in Table 9-2. 
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Figure 9-102 



Tabls 0-2. 


Jmnt 


Member 


Sttffnem 


Diftribution 

factor 


Fixed-end 

moment 



M (ft-k) 


Sb (in®) 


Bt'cniidary 

■trees 

(k/in») 


M (ft*k) 


(in®) 


8econdar> 

•treta 

(k/in*) 




2.43 5.50 I 3.40 7.13 7.13 2.05 7.18 


0.414 1.414 



-43 +333 +131 +230 


—88 


—127 -253 



+21 443 +30 +61 




—114 +100 +8 


+62 +06 -160 


48 2 135 6 107 1 I 130 2 130.2 77 


130 2 



2-1 2>3 


5.60 2.43 5.60 



135.6 48 2 135.6 
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Problems 

9-25. Find the maximum secondary stress in members -IB and -ID of the 
welded truss of Fig. 9-103. Observe that the wide flange sections arc placed with 
the flanges in vertical planes. E - 30,000 k/in^. 


Section 

A (in^) 

ly (in") 

Sy (in«) 

10WF39 

11.48 

45 

11.2 

10WF66 

19.41 

129 

25.5 

10WF72 

21.18 

142 

27 9 


[.Ins.;-IB = 1.9k/in^, 
AD ^ 8.8k/in2] 



9-20. Find the maximum values of the secondary stresses in meiiil»ers AD, 
ABj 23, and 45 of the wekled bent of Fig. 9-104. The wide flange sections are 
oriented with their flanges in vertical planes Sizes of members and stresses in 
kilopounds are indicated, w'ith a positive sign denoting tension. E == 30,000 k/in^. 


Section 

A (in®) 

ly (in") 

Sy (in®) 

Section 

.1 (in®) 

ly (in") 

5, (in®) 

10\VF54 

15.88 

103.9 

20 7 

10WF37 

10.88 

42.2 

10.6 

10WF45 

13.24 

53.2 

13 3 

I0WF23 

0.77 

11.3 

3.9 

10\VF41 

12.00 

47 7 

11.0 

10WF21 

6.19 

9.7 

3.4 


[Am.: AD - 7.0 k/in^, B.l = 3.3 k/in^ 32 = 4.8 k/in^, 54 = 5.6 k/in^.) 


4 — 3 X i Bars 


1 10WF54 2 10\VF54 3 lOWFol 4 10WFo4 i5 



Figure 9-104 
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9*5 Fnunss witii restrained joints. All preceding discussions of con¬ 
tinuous frame analyses have been based on two assumptions that arc not 
entirely consistent with conditions often encountered in practice. Altliough 
the resulting errors are not usually considered to be significant, it is ad¬ 
visable for us to recognize that they do exist. 

First, the supports of all structures considered thus far have boon 
assumed to be either friotionless (pinned) or completely fixed. In practice, 
supports of these types are rare. Second, the connections of adjacent 
members have been assumed to give complete continuity. This can be 
obtained at the splices of adjacent spans of continuous girders by the use 
of groove welds. However, in the rase of beam or girder connections to 
columns (such as exist in most frames), it will often be impractical to try 
to obtain this complete continuity. 

The usual “moment i*csi8tunt“ beam to column connection may give 70, 
or 80, or 90% of complete continuity, but not 100%. This may or may not 
be economically advantageous. For example, if a beam supports a uniform 
load or concentrated loads at the third jToints, bending moments will be a 
minimum if the end connections and the frame arc so arranged that the 
end restraints will be the equivalent of 75% of complete fixity. If, how¬ 
ever, a (‘oncontratod load is applied at the center of the span, 100% of 
complete fixity is rec^uired at the beam ends for miiuniiiin moments in 
the beam. 

These facts become evident when the moment values shown in Fig. 9-105 
arc compared. The left-hand column in the figui-c shows the fixity in 


Total uniform 
load » \V 






^5? 


Fixity 

0 % 


L00% 


•fO 1251FL 


\-0 002oW L 

75% 

-()062olFL 


+ 0.042IF L 
-O-OSSIFL 



-0.083 wr* 


+ 0.056TF L 

^-o.inwL ^ 


-J 

1 \ 

1 

f 2 


W 

r 




4 




L/Z . 


m , 

r 1 

r 1 


r ^ n 

+0.250117., 

+0 1671FL^ 


V 

/i 



A 





+0.156UX 

4-o.o8;inx 

.-.zniiv.. 


K 


-0.094 WL 


4-0.125 WL 
^-0.125WL ^ 


Figure 9-105 
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percent. For example, a beam with 75% fixity (fixation factor / = 
0.75) will have end moments which are 0.75 times the end moments 
which would exist if the beam were completely fixed at the ends. The ends 
of this beam will rotate 0.25 times the end rotation of the same beam if it 
were simply supported. 

The practical value of a method for analyzing frames with restrained 
joints is questionable. Probably it is practically impossible, at the time of 
this writing, to fabricate a beam to column connection to have a pre¬ 
designated fixity factor. Obviously, unless fixation factors can be specified 
by the engineer with definite assurance that end connections can be fab¬ 
ricated to have the designated values, the analysis is of little practical 
importance. The following method is therefore presented with the assump¬ 
tion that at some future time it may be of value. 

Consider the beam of Fig. &-10G. The applied moment Ma is of suffi¬ 
cient magnitude to cause a rotation of 1 rad of the end of the beam at A. 



All the values shown in the sketch have been derived previously. Observe 
that the value of /, the fixation factor at B, is unity. 

If the propped cantilever of Fig. 9-106 is reduced to a simple beam, as 
shown in Fig. 9-107, the values indicated in this labt figure apply. Here 
the fixation factor at B is zero. Now assume that an external moment 
is applied at B, in Fig. 9-107, of sufficient magnitude to reduce the rotation 



Figure 9-107 

at 6 to 6 A /St the value of 6 a being held at unity by any change necessary 
in the magnitude of Mai> The deflected beam will then correspond to a 
fixation factor of 0.75 at B, since the rotation at B is now one-quarter of 
the rotation for a simple support at B. The final deflected beam and total 
indicated end moments are as shown in Fig. 9-108. The general case will 
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Fiodre 9-108 

be as shown in Fig. 9-109. It has already been demonstrated that the 
moment necessary to give a rotation 9 to the simply supported end of a 



Figure 9-109 


boaiu, with the opposite end being held against rotation, is M = ^El9/L, 
'rtiis formula may be used to evaluate because is varied to a value 
of Pill oi-der to maintain = 1) as is applied. Consequently, 



The value of determined above is the absolute stiffness. It is obvious 
that this stiffness i.s (3 + /)/4 times the stiffness of a prismatic member 
fixed at the far end. 
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In the preceding examples fixation factors between zero and unity existed 
only at tenninals of the frame. A more general condition would be the case 
where the beams are connected to the columns with joints which are not 
perfectly rigid^ the fixity factors ranging from low values up to perhaps 0.95. 
When this condition exists, it is necessary to alter the method of analysis 
as follows: 

1 . The method for finding the various initial end moments must be 
modified to account for the fact that the ends of members are restrained 
instead of fixed. 

2. The distribution factors must be computed on the basis of relative 
stiffnesses modified in accordance with the fixity factors at both ends of 
each member. 

In connection with item 1 above, we will first develop the method for 
determining the initial end moments. Consider the span AB in Fig. 9-112 



Fioure 9-112 

supporting certain loads (not shown) which result in the external fixed^end 
moments Fab and Fba- The beam ends are considered to be fixed when 
determining these moments. End B, however, is not fixed and actually it 
will rotate in a direction so as to decrease the value of Fba- The value of 
this decrease will be (1 — fB)FBA, snd this may be shown as an external 
moment at B (see Fig. 9-113). The application of this moment at B will 
induce a moment at A which will have a value of 2/4/(3 + /a) times the 
applied moment at B, in accordance with the carry-over factor previously 
derived. This corrective external moment is also shown in Fig. 9-113. 




0 - MFs. 


Figure 9-113 

Similarly, end A will rotate so as to decrease the end moment at A, and 
the corrective external moments which result are shown in Fig. 9-114. 

(I - /a)Fab 


c 




Figure 9-114 
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If we add the moments of Figs. 9-112,9-113, and 9-114 at each end of the 
beam, the final expressions for initial end moments will be as shown in 
Fig. 9-115. 


/a^ab + 



(1 ~ fA)FAB 


Figure 9-115 


As indicated in item 2, the relative stiffness I/L for each member 
must be modified in order to correct for the fixation factors at the two 
ends. It has been demonstrated that the relative stiffness for a prismatic 
member, to be used in determining the distribution factors for a joint at 
one end of the member, may be corrected for the fixation factor at the 
far end by multiplying the value of I/L by (3 +/f)/ 4, where fp is the 
fixation factor at the far end. If, now, the fixation factor at the near end is 
designated by/jvi then the completely modified relative stiffness will be 

y^(3_+/^.Z 


The analysis of this type of frame will be demonstrated in the example 
which^follows. For the purpose of comparing maximum moments in the 
various members, the frame of Example 9-28 will be modified by assuming 
that the beams are joined to the columns with welded connections which 
have fixation factors of 0.75. 

Example 9-29. Using moment distribution, find all moments at joints 
in the frame of Fig. 9-116. Values of fixation factors are as shown. All 
members are prismatic. 


Ik/ft 


A* 8 



Iab =* 0.75 — Iba 




II 

? 

Jam = 10 

Jar = 1 

4 

II 

8 


' 11 

o 

• 

1 _ 

Ira =* 0.5 


E 


15^-0 


% 

F 


25'-0 




fcD =*= 0.76 foe ™ 0.6 ^ 

fcG = 1 
K « 8 
fac — 0.6 


G 


20^-0 




Figure 9-116 
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The values of fixed-end moments are as determined in Example 0-28 
The initial end moments (abbreviated as lEM) are: 


IEM.ib = JaPab + [ 3 "^^] ~ fa)f^BA 

= 0.75 X 18.7 + [ 3 ^ (1 - 0.75)18.7 

= 0.75 X 18.7 + 0.1 X 18.7 = +15.9 ft-k, 


IEMba = -15.9 ft k, 


lEMflr = 0.75 X 52.0 + 0.1 X 52.0 = +44.2 ft k, 


IEMcb = -44.2 ft k, 

lEMro = fcFcD + [ 3 ^] (1 “ fD)FDC 

= 0.75 X 33.3 + [ 3 ^ 0 75 ] (1 - 0.50)33.3 = +31.7 ft k, 

lEMar = SdFdc = [ 3 "^^] ~ fcWco 

= 0.5 X 33.3 + [ 3 ^ 0 (1 - 0.75)33.3 = +19.1 ft k. 


At points A, B, and C of Fig. 9-116, the theoretical joints are located at 
the intersection of the axes of the various members; that is, these joints are 
located on the columns themselves. This accounts for the fact that at each 
joint the fixation factors of the beams are designated as 0.75, but the 
fixation factors for the columns are shown as 1.0. The computations for the 
various modified relative stiffnesses are as follows: 
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Mod Kab = fAS Kas = 1 4 = 3.5. 

Mod Kab = fAB Kab = 0.75 7 = 4.92, 

Mod Kba = 4.92, 

Mod Kbf = 1 8 = 7.0, 

Mod Kbc = 0.703 X 7 = 4.92, 

Mod Kcb = 4.92, 

Mod Kca = 1 ® 

I 

Mod Kcd = fcD Kcd = 0.75 8 = 5.25 


Modified carry-over factors are: 




Mod Cbf = Mod Cco = Mod Ccd = 0.286, 


2/a^ _ 2 X 0.75 _ ,,, 

Mod Cab - 3 ^ o.75 


Mod Cba ~ Mod Cbc — Mod Ccb — 0.4. 


The final moments arc shown in Table 9-5. 
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Fixation factors less than unity will result in a considerable reduction 
in* the maximum moments in the various beams of a frame for certain 
types of loads. This is clearly indicated in Table where the maximum 
positive moments are shown for the beams of Examples 9-28 and 9-29. 
The results of Example 9-28 are tabulated in the top horizontal column 
for the case of beam to column connections with fixation factors of unity. 
The second horizontal column shows corresponding values for Example 
9-29 with beam to column connections having fixation factors of 0.75| 
and the third column shows the percentage reduction in the maximum 
moments in each span. 

Table 9-G shows that the maximum negative moment in each span^ for 
the fixation factors of 0.75, is considerably in excess of the maximum 
positive moment. This indicates that still greater economy could be 
realized by a further reduction in fixation factors. The optimum values 
for these factors may be determined by several trials. 


Table 9-6. 


AB 

Maximum 

poiitive 

moment 

AB 

BA 

BC 

Maximum 

positive 

moment 

BC 

CB 

CD 

Maximum 

positive 

moment 

CD 

DC 

B9 

■SOI 

-33.6 

-44.1 

+29.9 

mi 

-46.8 

+20 2 

-16.2 

-5.3 

-fl3.2 

-28 8 

-380 

+37 0 

-430 

mm 

+218 




-20.2% 



-17.3% 

-21.8% 


■ 


Comments on the method of moment distribution. There are 
some who believe that moment distribution constitutes the greatest 
single contribution ever made to indeterminate structural theory. While 
this would be difficult to establish, the fact remains that most of the 
structure types discussed in this and in the preceding chapter are, in the 
opinion of many, most easily analyzed by this method. It is probable 
that moment distribution, when it is applicable in the analysis of indeter¬ 
minate structures, is used far more than any other available method. 

It should be pointed out here that although all the structures considered 
in this chapter have been composed of members which were straight, or 
could be considered to.be straight, moment distribution can be applied to 
frames containing members with curved axes. The difficulty is, however, 
that the evaluation of fixed-end moments, stiffness, and carry-over factors 
for curved members will in many oases require so much work that no 
over-all advantage is realized by using moment distribution. If, however, 
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tables of these properties are available^ moment diiftribution will be found 
to have very real advantages for this type of problem. 

It should also be pointed out that for certain types of structures an 
analysis by moment distribution will be much more laborious than an 
alternate solution by the general method using the conjugate structure. 
Two examples are shown in Fig. 9-117(a) and (b). The frame of sketch (a) 


AJK2 AJUa 



will require four AJR's, as indicated, while that of (b) will require six. 
Obviously considerable work would be involved in cancelling the effects 
of these AJR’s in order to obtain the final moments for the frame. A 
solution by the general method using the conjugate structure would be 
much easier. 

A point of particular importance here is that in the analysis of many 
structures by moment distribution, the moment corrections which result 
from cancelling the effects of the AJR’s will be much larger than the initial 
fixed-end moments. (A note of caution in this regard appears in Problem 
9-12.) Unless great care is used in evaluating the moment corrections in 
cases of this kind, the final results will be unreliable. Hence a computing 
machine should be used. 



CHAPTER 10 


ANALYSIS OF FRAMES WITH NONPRISMATTC 
MEMBERS BY MOMENT DISTRIBUTION 

10-1 GeneraL Basically, the application of moment distribution in 
the analysis of a continuous frame composed wholly or partly of non- 
prismatic members is exactly the same as if the frame were composed 
entirely of prismatic members. The detailed computations prerequisite 
to the actual distribution of moments are quite different, however. 

Fixed-end moments, stiffnesses, and carry-over factors for nonprismatic 
members are evaluated by methods and formulas quite unlike those which 
are applicable to prismatic members. Also, the change in the stiffness at 
one end of a nonprismatic member, when the far end is reduced from a 
fixed condition to a pinned support, is not the same as in the case of a 
prismatic member. Finally, when one end of a nonprismatic member is 
displaced laterally relative to the other end, the induced hxed-end mo¬ 
ments must be determined differently than for a prismatic member. 

Methods and formulas necessary for computing these data will be 
developed in the sections which follow. 

10-2 Stiffness and carry-over factors by the column analogy. In the 
opinion of the writer, one of the most useful applications of the column 
analogy is in the evaluation of the stiffnesses, carry-over factors, and 
hxed-end moments for nonprismatic members. It is this particular use of 
the column analogy which will first be explained. 

Assume that the stiffness Ka and the carry-over factor Ca are to be 
computed for the beam of Fig. 10-1 by use of the column analogy. If 



Figvrk 10-1 


end A is caused to rotate through 1 rad, the developed moment at A will 
by definition be the absolute stiffness Ka^ and.the induced moment at B 
will be CaKa^ The deformed beam will l)e as shown in Fig. 10-2. (The 
rotation at A is not drawn to scale.) 
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The analogous column should be loaded with the flexural strains of 
this distorted beam if the stiffness and carry-over factors arc to be evalu¬ 
ated. The difficulty is that Ka and Ca are unknown, and thus the intensity 
of load on the column cannot be determined. Fortunately, however, an 
equivalent load can be substituted. 

Since in Fig. 10-2 end B is fixed, the algebraic summation of all flexural 
strains must be 1 rad. In addition, because there is no vertical movement 
of end A, then by the moment-area method the first moment of all flexural 
strains about A must he zero. Conseijjuently, the equivalent load on the 
analogous column will be a concentration of 1 rad placed at end A . There¬ 
fore, regardless of the .shape of the beam, whenever stiffness and carry¬ 
over factors are required, a concentration of 1 rad is placed on the analogous 
column at the end corre.sponding to the rotated end of the beam. In this 
case it is not necessary to cut the real structure back to determinateness, 
since the equivalent loading on the analogous column can be completely 
determined, as explained above, without this cutback. 

If the analogous column is proportioned as shown in Fig. 10-3, that is, 

j_ 

El 



(*cMt(ruidal 

UM.S 


Ficori: 10-3 

if the width of every segment of the column is taken as 1/^/aee, where 
is the moment of inertia of the corrc-sponding segment of the beam, and 
if u unit loud of 1 rad is applied at Aj then 

Abs Kab --= + - (10-1) 

In the above expression; 

/a = the fiber stress in the column at A, 

A = the area of the analogous column. 
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I ^ 


e =s= 


the moment of inertia of the elastic area of the column with 
respect to the centroidal axis of that area. 

the eccentricity of the unit load. 


Equation (10-1) may be written as 

X L,e,) 


+ 


lx ex ca 




( 10 - 2 ) 


1 




+ 


IX eX Ca 


{eb df.,/12)' 


■aCB 


12 


4 


(10-3) 




In the above equation; 

/■eg — the moment of inertia of the cross section of the real beam about 
the centroidal axis of the beam cross section at the center of the 
real beam segment. 

Lacg = the length of the segment. 

B = the width of the beam at the center of the segment, 
the depth of the beam at the center of the segment. 

x' ~ the distance from the centroidal axis of the analogous column 
to the ccjiter of each segment. 

Substitution in Eq. (10-3) will give the value of the absolute stiffness. 

The use of tlie ^\idth of the analogous column as however, will 

result in very troublesome decimals, and thus the width is modified by the 
multiplier £,’Bdr\f/12, which is the equivalent of dividing E<i. (10-3) by 
EB dfet/12. The result is; 
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/a 

EB dJLf/12 


(10-4) 



In the above equation, dref signifies a particular depth (not necessarily 
an actual depth of the beam) used in the multiplier EB d?et/12 to obtam 
the modified width of the analogous column. The value of this multiplier 
is unimportant, since it is cancelled in the final step when the absolute 
stiffness is computed. Consequently, any depth may be used as dref. 
The modified or relative width of any segment of th^ analogous column 
will be 

It is apparent, then, that /a is merely a number which is proportional 
to the absolute stiffness. Obviously, 


Abs =Sa^S'a X(10-6) 

The value of the absolute stiff ness for a member is usually a large number 
and cumbersome to handle in computations. Accordingly, it is more 
convenient to use a relative stiffness which is proportional to the absolute 
stiffness in the ratio of 12/£, and the expression for this stiffness is 

Rel= A X B d?ef • (10-7) 


The effects of varying the units in which the different terms of Eq, 
(10-3) arc expressed may be easily determined by substituting dimensions 
in the first term of that equation. For example, if the unit of length is 
taken as feet, with E expressed in k/ft^, a substitution of these units 
will result in: 


Units of /a = ^ X ft^ X ^ = ft-k. 

If inches and k/in^ are used, the result is: 

Units of /a — X in^ X “ in k. 

in» m. 
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If, however, E is expressed in k/in*, I in m*, and all other dimensions in 
feet, then the result is: 

TT-i t e k^. 4 „l in®-k 
Umtsof/x = jpXin = 

In this last case, the answer obtained from the analogous column must be 
divided by 12 in order to have the units in in*k, and by 144 to obtain ft>k. 

The carry-over factor is easily computed by the analogous column. 
Equation (10-1) was expressed as 


By substituting cb for c^i, this becomes 


, 1 , 1 X e X cb 

Sb = -^ + - 1 -' 

♦ 

and the value of the carry-over factor Ca will obviously be 


( 10 - 8 ) 



In the above /a and/ii are absolute values. Actually^ of course, they may 
be relative values and the computed Ca will still be correct. 

The actual application of the column analogy in the computation of 
fixed-end moment, stiffness, and carry-over factors can best be explained 
by an illustrative problem. 

Example 10-1. Compute the fixed-end moments, the absolute and 
relative stiffnesses, and the carry-over factors for the beam of Fig. 10-4, 
which is of reinforced concrete and which has a uniform width of 1 ft. 
E is 288,000 k/ft^. 



Figure 10-4 

The beam will be cut back by removing the moments at each end. 
The Mt diagram is shown in Fig. 10-5 as the load intensity on the cross 
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section of the analogous column. Moments causing compression on the 
top side of the beam will be considered to be positive. The 2-ft depth will 
be used as the reference depth. 

The computations for locating the centroidal axis and for computing 
the moment of inertia of the elastic area about this axis are shown in Table 
10 - 1 . 


Table 10-1. 


Segment 



(ft) 


Relative 

width 

dii 



(ft) 






6 72 -1.33 144 21.2 


1.5 18 27 +10.67 18 170.4 


162 161.6 


xo = ^ = 7..33 ft, ly = 162 + 191.6 = 353.6. 


Tabic 10-2 is used to compute the total elastic load and the moment 
of this load about the y-axis. 
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Table 10-2. 


Segment 

A 

Average (ft-k) 

W 


My, 

AB 

12 

24 

288 

+0.67 

-f-193 

BC 

1.5 

24 

36 

+8.67 

+312 

2 

13.5 


324 


f505 


Using the information from the above table, 


Mr = 


Ma = 




+24.0 + 1.43 (-7.33) = +24.0 - 10.5 = 4 13.5 ft k, 
Me = +24.0 + 1,43 (+16.07) = +24.0 + 23.8 = 4 47.8 ft-k. 


Obviously, the stress on all fibers of the column will have a positive sign. 
The sign of the column fiber stress Mr at B must be negati\’(* so that when 
it is combined with il/'.(+48 ft-k) at the resulting value* for M will be 
less than It is apparent, then, that the signs must be reversed, and 
the correct values for moments are Ma = — 13.5ft*k and Me = 
—47.8 fi'k. These signs are consistent with the original assumption that 
a moment causing compression on the top side of the beam would be 
considered positive. 

With the correct signs, the expression for Mr is now 


Mr = -24.0 - 1.43x. 


Observe that the redundant reaction components represented in this 
expression will act as shown in Fig. 10-fi. Either end of the beam may be 
considered fixed, with the rigid bracket attached to the opposite end. If, 
however, end A had been considered as fixed, with the bracket connected 
at C, the sense of the 24.0 ft-k couple would have been clockwise and the 
1.43 k force would have acted up. 



FionaE 10-6 
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An interesting point ^erc is that if the original beam had been cut 
back by removing all support at the left end, the M, diagram would be 
as shown in Fig. 10-7(a) and the redundant reactions represented in the 
equation for Mr would have the values and could be considered to act 
either as shown in Fig. lQ-7(b) or as in Fig. lQ-7(c). If, however, the 
original beam had been cut back by removing all support at C, the Mb’ 
diagram would 1)6 as shown in Fig. 10-'8(a), and the redundant reactions 
acting at the ctMitroid of the elastic areas could be considered to act either 
as shown in Fig 10-8(b) or as shown in Fig. 10-8(c). 

In order to determine Ka and a concentration of 1 rad is con¬ 
sidered to act down at A on the analogous column. Relative values 
for the fiber stiesses in the column at A and C are computed as follows: 



1 (-7.33)(-7.33) 

13.5 353.6 


+0.226, 


1 (-7.33)(+lG.G7) 

13.5 353.G 


-0.272, 



-0.272 

) 0.220 


- 1 . 20 . 


The negativi' sign indicates that the sign of the stress in the top fiber 
of the beam «t C caused by the induced moment at C will be the opposite 
of the sign ()l the stress in the top fiber at A caused by the developed 
moment at A 


Rol Ka -- /.'i X li = 0 X 1 X 2® = 1.81 ft®, 


Abs Ka 



Rol K AC X 



= 1 SI V 


288,000 

12 


43,400 ft-k. 


To compute Kc an< 'V, the ciinccntration of 1 rad is moved toC on the 
column Tlie neces.'' ty computations arc: 



1 , ( f I(l(i7)(+1G.G7) 

13.5 G 


+0.858, 



1 (+l().t»7)( "»7.34) 

13 5 353 0 




-0.2 72 _ 
+0.858 


0 31G, 
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snd 


Rel Xe = /fc X 5 dht — 0.858 X 1 X 2* = 6.86 ft®, 

AbsXc = f'c X = Rel Xc X § 

= 6.86 X = 165,000 ft k. 

A valuable check on computations of this kind is provided by the fact 
that (as demonstrated in Example 3-2) 


CaKa = CciCc. 


In other words, the moment induced at C by a rotation of 1 rad at A {C 
being fixed) is equal to the moment induced at A by a rotation of 1 rad 
at C (A being fixed). That this is true will also be apparent from a com¬ 
parison of the computations for/^ for a load of 1 rad at A with the com¬ 
putations for/j^ for a load of 1 rad at C. In the above problem, 


from which 


J.20 X 1.81 = 0.316 X 6.86, 
2.17 = 2.17, 


and the computed values are satisfactory. 


10-^ Curves for stiffness and carry-over factors* When it is necessary 
to compute stiffness and carry-over factors for nonprismatic members, 
it is obvious that considerable labor is involved preliminary to an analysis 
by moment distribution. Fortunately for the structural analyst, certain 
information has been assembled and made available by the Portland 
Cement Association, information which, in many cases, will eliminate 
the need for long and detailed computations of the kind just presented. 
This information will now be considered. 

In this discussion the dimension of the column cross section correspond¬ 
ing to the span of the flexural member will be designated as the length of 
the analogous column. In Eq. (10-5), Lbcr and c will vary directly with 
the length of the column, since it is assumed that the number of segments 
will be held constant as, and if, the length of the analogous column is 
arbitrarily varied. Moreover, if the widths at proportional points along 
the length of the analogous column are held constant as the length is 
arbitrarily varied, then and e will also vary directly with the length 
of the column. Under these conditions, Eq. (10-5) indicates that will 
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be inversely proportional to the length of the analogous column. Con¬ 
sequently, if represents the stress in the analogous column with a 
unit length, then 


/ii = m or S^A = 


It should be apparent, therefore, that if values ofare computed on a 
basis of a length of the analogous column of unity, for the various pro¬ 
portional changes in shape of any desired standard type of nonprismatic 
member, the length L of any member may be eliminated as a variable in 
computing standard information. 

One additional simplification is possible. We already know that any 
depth may be taken as dr^f. In order to make any standard information 
valid, it is necessary, of course, to use a definite depth as the reference 
depth. This is arbitrarily taken as the minimum depth of the member 
(designated as dmin)- The original expression for (Eip 10-4), 


A = 


A 


3 


^Bd;of/i2 


now becomes 


Tf _ Sax _ 

- X - 


Ja 


EB 


nun 


/12 


Therefore, 


Abs K^ = fA=-- X 


EBdL„ 


12 


Inspection of this last expression shows that the value of the absolute 
stiffness is directly proportional to and to B. Thus it is apparent that 


if a modified value of Aj were to be determined for a value of = 1 


3 
min 


and B = 1 (that is, assuming a d,„^„ of the beam as 1 in. or 1 ft and width 
of 1 in. or 1 ft), this value of A, could be easily modified to suit any beam 
having a minimum depth other than 1 and width other than 1 simply by 
multiplying by the actual d^j„ and B, This modihed value of A i desig¬ 
nated by k. Therefore the expression for stiffness is 

Abs Ka = kA 
or 


Rel Ka = 


Bdf 


IDlll 
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This factor k may be considered to be a dimensionless number which is 
related to the absolute and relative stiffnesses of a member in the manner 
indicated by the above two equations. Actually, it is the fiber stress in 
the analogous column, directly under the load of 1 rad, when the analogous 
column corresponds to a very particular beam. This particular beam will 
be called the reference beam. As an alternate to the dimensionless number 
concept suggested above, the factor k might be considered to be the relative 
stiffness of this reference beam. In this case the units of k will be either ft^ 
or in'^, and B, and L must be considered to be dimensionless when 
substituted in the above equations for absolute or relative stiffness. This 
reference beam has a length, width, and minimum depth of 1 in. or 1 ft, 
depending upon whether the stiffness is desired in in-k or ft*k. If the stiff* 
ness is desired in in*k, then E must be in k/in^; if it is desired in ft-k, then, 
of course, E must be in k/ft^. In addition to the unit dimensions, the 
reference beam must have a proportional change in I along its length 
which is identical with the group of beams for which it is the reference. 
A discussion of this requirement follows. 

Most haunched beams used in practice are of a few general types. 
Within each type, however, there can be many different combinations 
of dimensions. Consider the beam of Fig. 10-9. In this beam the coeffi* 


min d 


max 



aL 


oL 




Figure 10-9 

cient a (defining the length of the haunch) can have any value from 0 to 
0.5. Minimum d and maximum d may be any practical dimension, and 
the ratio of minimum d to maximum d will usually vary from 0.35 to 1.00. 
Obviously, a large number of different beams will result from the combina¬ 
tion of different values within the above limits. Consider one particular 
combination, as shown in Fig. 10-10. Here, a = 0.2 and the ratio of 



Figure 10-10 
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minimum d to maximum d is 0.5. But these two values may be held con¬ 
stant and we may still obtain many different beams by varying the values 
of the beam width By the span Ly and the value of the minimum d. The 
expression for absolute stiffness was 


AbsiC^ = fc .4 


EB^ 
12L 


in 


and that for relative stiffness, 


Rel Ka = kA 

It is clear, therefore, that if the value of fc is known for the group of 
beams as represented by Fig. 10-10, with a = 0.2 and the ratio of minimum 
d to maximum d of 0.5, it is very easy to find either Abs Kji or Rel Kji 
for any combination of values for By L, and minimum d. In this case, 
then, the reference beam is completely defined as having values of unity 
for By Ly and the minimum d, a value of 0.2 for a, and a ratio of minimum 
d to maximum d of 0.5. 

Carry-over factors, fixed-end moment coefficients and the values of k 
for many different groups of beams may be obtained from curves pre¬ 
pared by the Portland Cement Association. [These curves are reproduced 
in the App>endix, through the courtesy of the Association. Similar in¬ 
formation, but more complete, and in some respects superior to that which 
may be obtained from the curves, has been prepared in tabular form by 
the Association under the title Handbook of Frame Constanta, These 
tables are not reproduced in this book.) 

Two examples to illustrate tfic application of the analogous column in 
the computation of fixed-end moments, stiffness, and carry-over factors 
now follow. 

Example 10-2. The haunched beam of Fig. 10-11 is 12 in. wide. E is 
2000 l?/in^. Using the analogous column, and checking by the curves, find: 

(a) Fixed-end moments at A and B 

(b) Carry-over factor 

(c) Relative stiffness 

(d) Absolute stiffness 


Use a reference depth of 20 in. and reduce the beam to a simple beam. 




Table 10-3. 


Segment I length 
number I (ft) 








M, 

(ft-k) 






2 

2 

2 

2 

2 

2 

2 

1.5 

0.9) 


18 82 


-10 

-8 

-6 

-4 

-2 

0 

+2 

+4 

+6 

- 1-8 

-hlO 


0.67 

72 

0.67 

32 

0.67 

8 

0.67 

0 

0.67 

8 

0.67 

32 

0.67 

72 

ran 

96 

0.3 

01 

B 

598 



101.9 


232 4 

210.7 
179.9 

139.8 



464.8 
421.4 

356.8 
279 6 
136.0 




-312 

-1150 

—1782 

-1537 

-905 

0 

4-843 

4-1439 

+1678 

4-1089 

+296 


-341 






































10-31 


CURVES FOR STIFFNESS AND CARRY-OVER FACTORS 


459 



2999.2 (-341)(-11) 

18.82 604.3 


159.1 + 6.2 = 165.3 ft k, 


Mb = 159.1 - 6.2 = 152.9 ft-k. 


Checking values of fixed-end moments by curves [see Appendix], we find 





= 0.364, 



0.454. 


Uniform load: 

fixed-end moment coefficient = 0.092, 

fixed-end moment = fWL = 0.092 X 50 X 22 = 101.2 ft-k. 

Concentrated load: 
left end— 


for 6 = 0.30, 

/ = 0.155, 

for b = O.GO, 

/ = 0.145, 

for b = 0.36, 

use / = 0.1.53; 

fixed-end moment = 0.153 X 19 X 22 = G4.0ft-k; 

right end— 

for b = 0..30, 

/ = 0.12, 

for b = 0.60, 

/=0.12; 

fixed-end moment = 0.12 X 19 X 22 = 50.2 ft-k. 


Total fixed-end moment: 

left end = 101.2 + 64.0 = 165.2, 
right end = 101.2 + 50.2 = 151 4 ft-k. 
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Cany-over factors: 


place unit load at left end of the analogous column— 


= liS + “ »•»“ + » 

f'a = 0.053 - 0.201 = -0.148 


Therefore, 


^ 0.148 
^ 0.254 


0.58. 


Check by curves: 



0.58 


Relative stiffness: 


RelA'^ - f'ABdhi 

= 0.254 X 1 X 1.G67® = 1.17 ft’ 


Check by curves. 

k = 5.6, 

RelA^ = r X X 1 X 1.667® =1.17 ft®. 

Absolute stiffness: 

Abs Ka = Rel X ^ = 1.17 X = 28,100 ft-k. 

In the above problem no solution is necessary for the location of the 
centroid of the analogous column, since the beam is symmetrical. In the 
case of an unsymmotrical beam the centroid would, of course, have to be 
located. The reference depth is taken as 20 in. in order to give an easier 
solution, but any depth could be so used, even though the depth chosen 
for reference does not actually exist in the beam. * 

Example 10-3. Using the analogous column, find the carry-over 
factors, the relative stiffnesses, and the absolute stiffnesses for the steel 
member of Fig. 10-12. Express stiffnesses in inch kilopounds and, using 
the curves, check the values of the stiffnesses. 
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In Table 1&-4, the fifth column shows values of the total I at the center 
of each segment. This is noted as also being the value of the equivalent 
The explanation is that the expression substituted for in Eq. 
(10-2) to obtain Eq. (10-3) is for the moment of inertia of a rectangular 
cross section only. Consequently, whenever a member is nonrectangular 
in cross section, it is necessary to determine an equivalent member with a 
rectangular cross section and with the same variation in I as the given 
member, before the derived formulas will apply. That is, this equivalent 
member will have the same length and its I will vary along the span m 
the same manner as the given member. If the width of this cciuivalent 
member is arbitrarily made 12 in., then the value of I at any section of 
the given member is equal to for the corresponding section of the 
equivalent member. That is, 

, _ 12 X d® 

12 12 

This arrangement obviously saves considerable work. 


Table 10-4. 


Segment 

number 

Web 

plate 

depth 

(in.) 

/ 

Web 

plate 

(in^) 

7 

Flange 

plates 

fin^) 

Total 2 = 
equivalent 
segment 

lll^ESSIIIIlll 

Segment 

length 

(ft) 

1 

21 

386 

2420 

2806 

1 

2 

2 

23 

507 


3387 



3 

25 

651 

3380 

4031 

0.696 


4 

27 

820 

3920 

4740 

0.592 


5 

29 

1016 

4500 

5516 



6 

31 

1241 

5120 

6361 

0.441 


7 

33 

1497 

5780 

7277 

0.385 


8 

35 

1787 


8267 

0.339 
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Table 10-5. 


Segment 

number 

Relative 
elastic 
area A 

X 

(ft) 

Ax 

X* 

(ft) 



Ax'^ 

1 

2.000 

I 

2.000 

-5.305 

29.106 

ia 

58.2 

2 

1.656 

3 

4.968 

-3.395 

11.526 

mm 

19.1 

3 

1.392 

5 

6.960 

— 1.395 

1.946 


2.7 

4 

1.184 

7 

8.288 

0.605 

0.366 

0.4 

0.4 

5 

1.018 

9 

a 

9.162 

2.605 

6.786 

0.3 

6.9 

6 

0.882 

1 

11 

9.702 

4.605 

21.206 

0.3 

18.7 

7 

0.770 

13 

10.010 

6.605 

43.626 

0.3 

33.6 

8 

0.678 

15 

10.170 

8.605 

74.046 

0.3 

50.2 


9.580 


61.260 



3.3 

189.8 








3.3 








193.1 


61.260 

y.580 


6.39 ft. 


Place a unit load of 1 rad at A: 



1 (-6.39)(-6.39) 

9.58 193.1 


0.316, 



0.104 


(-6.39) (+9.61) 
193.1 


-0.214, 


r 

^ 0.316 


0.676. 


Place a unit load of 1 rad* at B : 


f'B = 0.104 + = 0-583, 

f'A = 0.104 + - - ^'^937^ — = -0.214, 


r - _ n 1R7 

~ 0.583 ~ ® 
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Relative stiffness: 

Rel Ka = /’aX = 0.316 X II X 2806 = 886 in®, 

RelXa = X = 0.583 X || X 2806 = 1635in®. 


Absolute stiffness: 

h' nnn 

Abs Ka= Rel X = 886 X = 2,216,000 in k, 

Abs Kb = Rel A'n X ^ = 1635 X = 4,088,000 in k. 

Check by curves: 

Equivalent at ends— 

= 333 -1- 2210 = 2540 = Equiv 

Ib = 1914 + 6850 = 8794 = Equiv dj,.,. 


2540 

8794 


0.289, 


a = 1 Oil. 


If the curves for straight haunches are used, the results are 


Ca = 0.69, C/i = 0.37, 

1 . p' w * i._. rr tc% 2540 30|000 ^ tnrk /w\ i- 

Ica “ 5.5, Abs Ka ^0 ^ ^ ' J2 ^ 12 2,190,000 iii*k, 

10 4 

kB = 10.4, Aha Kb = ^ X 2,190,000 = 4,135,000 in k. 

o.O 

Although the values of C and A;, as just obtained from the curves, are 
only approximate, they are usually close enough for purposes of design 
because the variation in depth of the equivalent rectangular member is 
neither linear nor parabolic, and hence the curves do not exactly apply 



464 ANALYSIS OF KlUMES MTTH NONPRISIIATIC MEMBERS (CHAF. 10 ' 


10-4 Fixed-end moments^ sti^essi and cany-OYer factors by the 
conjugate beam. The conjugate beam provides an effective method for 
computing fixed-end moments, stiffness and carry-over factors for non- 
prismatic members. To demonstrate the method, Example 10-1 will be 
re-solvcd in Example 10-4. 


Example 10-4. Compute the fixed-end moments, the absolute and 
relative stiffnesses, and the carry-over factors for the beam of Fig. 10-13, 
which is of reinforced concrete and which has a uniform width of 1 ft. 
E is 288,000 k/ft®. 



i2'-0 I l2'-0 

Figure 10-13 

The conjugate beam for computing the fixed-end moments will have no 
real supports and will be held in equiUbrium by the elastic loads. The 
width of the conjugate beam corresponding to the segment AB of the real 
beam will be taken as unity, and the width corresponding to the segment 
BC will be taken as one-eighth. The fixed-end moments Ma and Me will 
be assumed to be positive, that is, to cause compression on the top side of 
the real beam. 

The total intensity of the elastic load on the conjugate beam will be the 
summation of three separate diagrams, as shown in Fig. 10-14(a), (b), 
and (c). The total elastic load for each segment AB and BC resulting from 
the intensity of load represented by each diagram is shown, both in mag¬ 
nitude and line of action, on diagrams (a), (b), and (c). The total elastic 
load op each segment will act through the centroid of the corresponding 
part of the intensity diagram. 

Two unknowns, Ma and ilf ^ exist and two condition equations must 
be written for their evaluation. The first of these is provided by the fact 
that XV = 0 for the conjugate beam. Physically this means that the 
algebraic sum of all flexural strains in the loaded real beam must be zero. 
If all loads are added in the above diagrams, the result is: 

9Ma + 0.375Ma + 3Mc + 1.125ilfc + 288 -|- 36 = 0, 
which reduces to 


9.375M.4 + 4.125il/c + 324 = 0. 


(10-fl) 
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Figure 10-14 


The second condition equation is provided by the requirement that 
Zilf = 0 for the loaded conjugate beam with respect to any desired point 
in the vertical plane which includes the longitudinal axis of the beam. The 
physical significance of this condition is somewhat more difficult to under¬ 
stand. It means that if the center of moments is to the right of the right 
en(| of the beam or to the left of the left end, and is connected to the 
near end of the unflexed beam with a horizontal straight line, and if the 
end ol the beam most distant from the center of moments is fixed, then, 
the net vertical deflection of the center of moments must be zero after 
the beam is flexed by the applied load. If the center of moments is between 
the two beam ends, the condition means simply that the vertical deflection 
of the section of the beam on a vertical line with the center of moments, 
as caused by (or consistent with) the flexural strains to the right of the 
center of moments, will be equal to the vertical deflection cau^ by (or 
consistent \\ ith) the flexural strains to the loft of the center of moments. 



466 ANALYSIS OF FRAMES WITH NONPR18MATIC MEMBERS [CHAP. 10 


If the beam center line is taken as the center of moments, the second 
condition equation is 

-288 X 4 + 36 X 4 - 9Ma X 6.C7 + 0.375il/^ X 4 - 3Mc X 4 
+ 1.1253/c X 6.67 = 0, 
which reduces to 


-F58.5A/4 + 4.53/r + 1008 = 0. (10-10) 

A simultaneous solution of Eqs. (10-9) and (10-10) will result in 
AfA = -13.6 ft k and Me = -47.5 ft k. 

Stiffness and carry-over factors are computed by considering that the 
left support of the real beam is simple, with the right end fixed, and that 
a moment equal to Ka is a])plicd at A. The moment induced at the fixed 
end C will be CaKa- The real beam is shown in Fig. 10-15 and the loaded 



Figure 10-15 



conjugate beam in Fig. 10-16. 


^ O :i:y , 


cor 

. 4'-0 


G.C7' 6.33' 



Since no vertical deflection of A in Fig. 10-15 has been permitted, the 
moment of all elastic loads on the conjugate beam must be zero about A. 
Writing 23/ = 0 about A, we obtain 
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+dKA X 5.33 + Q.375Ka X 16 - 1.125C^K:^ 
X 18.67 - SCaKa X 8 = 0. 


This reduces to 


^,0Ka - 45.0CxJfA = 0, 


from which 

Ca = 1 - 20 . 

It is also apparent from Fig. 10-15 that the algebraic summation of all 
flexural strains from il to C must be 1 rad; in other words, the shear at A 
in the conjugate beam must be 1 rad. It will be recalled that in computing 
the loads in Fig. 10-16 the relative width of the conjugate beam for the 
segment AB was taken as unity, while that for BC was one-eighth. Both 
widths, and therefore all loads, should be divided by EIab to obtain 
absolute values: 


+9.0Ka + 0.375K:a - l.\2 ^aKa - ^aKa 

288,000 X 0.667 


from which 


9.375A^a “ 4.125(7a«'a = 192,000. 

If the previously determined value of 1.20 is substituted for Cai a solu¬ 
tion will give Ka = 43,400 ft-k. 


Problems 

10-5. The beam of Fig. 10-17 is of reinforced concrete and is 10 in. wide. 
E = 4000 k/in^. Using the curves in the Appendix, find (a) fixed-end moments, 
(b) carry-over factors, (c) relative stiffness, and (d) absolute stiffness. [Ana.; 
Ma “ 181 ft-k, Mb “ 157 ft-k, Ca « Cs = 0.595, Rel Ka « Rel Kb “ 
0.258 ft^, Abs Ka - Abs Kb « 12,400 ft-k.j 



Figure 10-17 
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10-6. The reinforced concrete beam shown in Fig, 10-18 is 1 ft wide. E = 
4000 k/in*. Using the curves in the Appendix, determine values for (a) fixed-end 
moments, (b) carry-over factors, (c) relative stiffness, and (d) absolute Btiffness. 
[Ana.: Ma * 147 ft-k, Mb = 64 ft^k, Ca - 0.46, Cb * 0.74, Rel- Ka - 
3.0 ft®, Rel Kb * 1.84 ft®, Abs Ka * 144,000 ft-k, Abs Kb = 88,300 ft-k.] 



10 k 

2k/ft 







10-7. In Fig. 10-19, use the column analogy to compute (a) fixed-end 
moments, (b) carry-over factors, (c) relative stiffness, (d) absolute stiffness. 
The beam is 1 ft wide, with an E of 2000 k/in^. Use segments as indicated and 
cut beam free at right end for fixcd-cnd moment computations. Check values by 
curves. [Ans.: Ma — 46.6 ft-k, Mu — 16.2 ft'k, Ca = 0.416, Cb — 0.874, 
Rel Ka = 4.08 ft®, Rel Kb = 1.95 ft®, Abs Ka = 98,000 ft*k, Abs A'j, = 
46,900 ft-k.l 



Figure 10-19 


10-8. The beam of P'ig. 10-20 is 1 ft wide, and E = 3000 k/in^. Using seg¬ 
ments as indicated, compute carry-over factors, relative stiffness, and absolute 
stiffness. Check values by curves. [.Ins.: C,i - 0.343, Cb = 0.729, Rel Ax = 
6.36 ft®, Rel Kb = 3.00 ft®, Abs K i = 153,000 ft-k, Abs Kb ^ 72,000 ft-k.) 
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Figure 10-20 


10-9. The beam of Fig. 10-21 is 1.5 ft wide. E « 3000 k/in®. Using segments 
2 ft long, compute fixed-end moments, carry-over factors, relative stiffness, and 
absolute stiffness. Cut the beam free at the right end in order to obtain the Mg 
diagram. Bottom curves are parabolic. = 27.7 ft-k, ilf b ^ 36.4 ft*k, 

Ca “ 0.953, Cb - 0.526, Rel Ka = 0.60 ft3, Rel Kb “ 1.09 ft^, Abs Ka » 
21,700 ft*k, Abs /Tp » 39,400 ft k ] 


10 k 



Figure 10-21 


10-10. Using the analogous column, compute the cairy-ovcr factors, relative 
stiffness, and absolut*' stiffness of the steel member shown in Fig. 10-22. Use 
segments as indicat<Hl. E — 30,000 k/in^. Check values by curves. [Ana,: 
Ca = 0.G94, Cn = 0.462, Rel Ka = 0.76 ft^, Rel Kb = l.H ft^, Abs Ka * 
272,000 ft k, Abs A// - 408,000 ft-k.J 


Flange plate 10x1 



Figure 10-22 








470 ANALYSIS OF FRAMSS WITH NONPRIBMATIC MEMBERS [CHAP. 10 

10-5 StifiFness of a nonprismatic member with far end pinned. The 

absolute stiffness of a prismatic member with the far end fixed has been 
shown to be 4£//L. It has also been shown that if the far end of the 
member is simply supported, the absolute stiffness is reduced to ZEI/L. 
In other words, the stiffness at one end of a prismatic member is reduced 
to three-fourths of its former value when a simple support is substituted 
for a fixed support at the far end. The use of this reduced stiffness for 
members having terminal ends simply supported has been shown to de¬ 
crease materially the labor necessary to analyze a structure by moment 
distribution. A similar advantage may be realized in the case of simply 
supported terminal reactions for nonprismatic members. The reduction 
factor, however, is a variable quantity. An expression for this reduction 
factor will now be derived. 

Consider the nonprismatic member of Fig. 10-23. Assume temporarily 



Figurb 10-23 


that the member has a fixed support at as shown in Fig. 10-24. A mo¬ 
ment is applied at end A of a magnitude sufficient to cause the left end 



of the beam to rotate through 1 rad. This moment is designated by, and 
will be e(iual to Ka, the absolute stiffness at A. Since the carry-over 
factor from A to is C^, the induced moment at B is CaKa- These 
moments are shown as external to the beam in Fig. i0-24. Actually, hoAV- 
evei, the support at B is not fi.xcd, and thus the induced moment CaKa at 
end B must be cancelled. This is accomplished by rearranging the supports 


CaKx 



Figuri: 10-25 
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of the member as shown in Fig. 10-25, where end B is reduced to a simple 
support and end A is fixed in its previously rotated position of 1 rad. 

The applied moment at B in Fig. 10-25 is CaKa, acting in a direction 
opposite to the induced CaKa in Fig. 10-24. The induced moment at A 
is now CbCaKa^ Cb being the carry-over factor from B to,A* If we add 
the moments of Figs. 10-24 and 10-25, the result is as shown in Fig. 10-26, 


N,(l - TiC/,) 



Fiouuk 10-26 


and the absolute stifTness at A for the member AB with a simple support 
at B is Ka(1 — CaCb)- Obviously the corresponding value for end B 
with a simple support at A would be A'fl(l — CaCb)- 

A point to be noted is that although Ka has been considered to represent 
absolute stiffness in the above discussion, the correction factor (1 — CaCb) 
may, if desired, be applied to relative stiffnesses. 

10-6 Fixed-end moments induced in a nonprismatic member by rela¬ 
tive displacement of the member ends. Wc have previously shown that 
when one end of a prismatic member is laterally displaced a distance A 
with respect to the other end, with rotation of the member ends being 
prevented, the fixed-end moments I'csuliing from this displacement will 
be given Hy GEIA/L^, It is necessary to develop a corresponding expres¬ 
sion for nonprismatic members. 



Fiquri: 10-27 


The distorted member of Fig. 10-27 results from superimposing the 
effects of three successive actions. In its original position the two ends of 
the member are at the same level. The first action is to drop end A through 
the distance A with respect to B, without any restraint at the ends. Figure 
10-28 results. An external moment of a magnitude sufficient to bring end 
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A back to zero slope is now applied at A. The angle through which end A 
must be rotated to accomplish this will be A/L radians, and the moment 
necessary to effect the rotation will be Ka A/L, wh«« Ka .is the absolute 
stiffness of the member AB. While this moment is being applied at Aj 
end B is held in the same rotated position it had in Fig. 10-28. This 
results in a moment being induced at B equal to CaKa A/L, where Ca 
is the carry-over factor from A to B. (See Fig. 10-29.) 



Now consider that the member of Fig. 10-29 is subjected to an addi¬ 
tional external monieiii at end ^ of a magnitude sufficient to rotate this 
end through the angle A/L radians in order to bring it to the horizontal. 
End A is fixed in the horizontal position it attained in Fig. 10-29. The 
external moments developed and induced by this rotation of end B are 



shown in Fig. 10-30. These moments, it should be noted, are in addition 
to those shown in Fig. 10-29. 

If the moments of Figs, 10-29 and 10-30 are added, the sums will be 
the desired expressions for the fixed-end moments resulting from the 
displacement A, The final results are shown in Fig. 10-31. These expres- 
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Figure 10-31 

sions, however, may be simplified. By the Maxwcll-Betti reciprocal 
theorem (see Example 3-2), the moment induced at A by a unit rotation 
of B is equal to the moment induced at B by a unit rotation of A. This is 
expressed as 

CaKa = CbKb^ 


Consequently, the expression for the fixed-end moment at A reduces to 

Fa = {Ka + CbKb) ^={Ka + CaKa) | | ■ 

Similarly, the expression for the fixed-end moment at B reduces to 

Fb = {Kb + CaKa) ^ - {Kb + CbKb) | = Kb{1 + Cb) | • 

Example 10-11. The first assumptions for the proportions of a con¬ 
tinuous reinforced concrete bridge are indicated in Fig. 10-32. Find all 
moments resulting from the 2 k load shown. Consider a slice 1-ft wide, 
that is, 1-ft normal to the plane of the paper. 



Figure 10-32 
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Fixed-end moments, stifTnesses, and carry-over factors are readily de¬ 
termined by using the curves in the Appendix. 

Fixed-end moments: 

j; = = 0.333, o = ^ = 0.266, = 0.5, 

30 30 ' max d ' 

Fbc = 0.19 X 2 X 30 = 11.40 ft-k, 

Fcb = 0.07 X 2 X 30 = 4.20 ft k. 


Stiffness and carry-over factors; 
Members AB and CD: 


a 


8 ^ mind 1.5 

20 “ m^ “ 4^0 


0.375. 


I launched end— 

Cba = CcD = 0.43, k = 9.7, 

JcR 1 

Rel Kba = Rel Kcd = = 9.7 X 1 X ^ = 1.64. 

L 3U 

Small end— 

Cab — Cue ~ 0.87, k = 4.8, 

Rel Kab = Rel Kdv = 4.8 X 1 X ^ = 0.81. 
C'herk— 

CabKab = CbaKba, 


0.43 X 1.64 = 0.87 X 0,81, 


or 

0.705 = 0.705. 


Member BC : 


_8 ^ min d 2.0 

a = — 0.266, - j = — = 0.5, 

oO max d 4.0 

Cbc = CcB = 0.645, k = 7.5, 


Rel Kbc = Rel Kcb = 7.5 X 1 X ^ = 2.00. 
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Members BE and CF: 

Cbe = CcF — 0.50, k = 4.0, 

2 ® 

Rel Kbe ~ Kcf = 4 X ^ ^ ^ “ 1.60. 

As previously demonstrated for frames with prismatic members, the 
balancing process will be considerably shortened if the relative stiffnesses 
Kba snd Kcd are reduced in order to correct for the simple supports at 
A and D. The correction is easily made by means of the formula just de¬ 
rived, and the revised relative Kba is given by 

Revised Rel Kba = Rel Kba (1 — CbaCab) 

= 1.64 (1 - 0.43 X 0.87) = 1.03. 

The distribution of moments is shown in Table 10-6. 


Table 10-6. 


Joint 

1 

A 

B 

E 

C 

F 

O 

Member 

AB 

BA 

BE 

BC 

EB 

CB 

CF 

CD 

FC 

DC 

K 

0.81 

MM 


2.00 



BS 

1.03 

1 60 

0.81 

Distribution 

fnctor 


0222 

m 

0432 



0346 

0222 



CarryMiver 

fnctor 



060 

0 045 

B 


050 






-2 63 

—3 94 

+11 40 
-4 93 

-1.97 

-4 20 
-3 18 









+2.06 


+3 10 

+2 56 

+1.63 

+128 





_071 

—0 80 

—035 

—0 57 







Kail 




V*VI 









+0.15 


+0 24 

+0.20 

+0 13 

+0.10 




-0.03 
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476 ANALYSIS OF FRAMES WITH NONPRISMATIC MEMBERS [CHAP. 10 


Problem 

10-12. The dimensions first assumed for a reinforced concrete bridge are shown 
in Fig. 10-33. It is required to find the maximum value of the moment Mac for 
a strip of bridge 1-ft wide (normal to the plane of the paper), as caused by a 
uniform load of 0.1 k/ft and two concentrations of 2 k each, all loads being placed 
so as to give the required maximum moment. A previously constructed influence 
line for Mac indicates that spans AB^ £C, and DE should be completely covered 
with the uniform load for a maximum. In addition, it is indicated (approximately) 
that one concentration should be placed 15 ft from B in the span AB and 15 ft 
from B in the span BC, Find the maximum value of Mac^ Include correction 
for side lurch. [Ana.: Mac ~ +38.1 ft-k.J 



Figuri: 10-33 



CHAPTER 11 


THE SLOPE-DEFLECTION METHOD 

11-1 General. The first satisfactory solution of the secondary stress 
problem in articulate structures was presented by Heinrich Manderla in a 
paper (2) published in 1879-80. Hb method was somewhat similar to 
the slope-deflection method, and quite possibly suggested its development. 
In a paper (4) published in 1892, Otto Mohr presented his improved 
method for handling the secondary stress problem, a method which was 
essentially what is now called the slope-defle(‘tion method. Axel Bendixen, 
in a book (1) published in Berlin in 1914, presented the method in greater 
detail, and a year later, in 1915, Professor G. A. Maney of the University 
of Minnesota published (3) his development of the method. 

During the decade just prior to the introduction of moment distribution, 
nearly all continuous frames, for which rigorous analyses were required, 
were analyzed by the slope-deflection method. Many engineers still con¬ 
sider that slope-deflection is the better of the two methods and very seldom 
use moment distribution. 

11-2 Development of the method. Two arbitrarily defined properties 
of flexural members previously discussed—the absolute stiffness and the 
carry-over factor—are now used again to develop the slope-deflection 
method. Since the reader already understands the signiflcance of these 
terms, the method is readily developed. 

Consider the nonprismatic member AB of Fig. 11-1. This is assumed 


Figure 11-1 

to be one of a number of members, both columns and beams, in a contin¬ 
uous frame. As the result of loads applied to this frame, one of which is 
shown acting directly on the member AB, the member is distorted as 
shown in Fig. 11-2. It is apparent that ends A and B have been caused 
to rotate through the angles Ba and Bn- In addition, because the support 
at B'has settled a distance A relative to the support at A, the axis of the 
member has rotated through the angle p = A/L (with all rotations ex 
pressed in radians). Any clockwise rotation of a joint, represented by B, 

ATI 
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9a 




and any clockwise rotation of a member axis, represented by p, will be 
considered to be positive. 

It is required to find expressions for the final member end moments 
MjiB and Mba^ As in moment distribution, these moments will always 
indicate the action of the member on the joint. A member end moment 
tending to rotate a joint in a clockwise direction will be considered to be 
positive. Each final member end moment will be the initial fixed-end mo¬ 
ment (to be designated as Fab or Fba) plus corrections for end and 
axial rotations of the member. The configuration of the distorted member 
as shown, in Fig. 11-2 may be considered to be the result of the super¬ 
position of several individual joint rotations. 

Consider the member initially in an unflexed condition with end B a 
distance A below end A. (See Fig. 11-3.) End A is now caused to rotate 


a 



Figure 11-3 


through p radians, in a counterclockwise direction, to bring it to the 
horizontal, with end B fixed in position during the rotation of end A, 
The distorted beam and resulting end moments arc shown in Fig. 11-4. 


A mP 


I 


I 

I 

I 



I 




CabKab^ 


Figure 11-4 
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With end A fixed in the position shown in this figure, end B is now caused 
to rotate p radians in a counterclockwise direction. The resulting con¬ 
figuration of the beam and the additional end moments arc shown in Fig. 
11-5. 


Cft.tKBAP 



Figure 11-5 



With end B held in position, a clockwise rotation of Oa radians is im¬ 
pressed on end A of the distorted beam of Fig. 11-5. Additional end 
moments, as shown in Fig. 11-6, will result. Finally, with end A fixed, 



end B is caused to rotate 6fi radians in a clockwise direction, and the beam 
is now in the distorted position shown in Fig. 11-2. The additional end 
moments resulting from this last rotation of end B arc shown in Fig. 11-7. 



If, for each end of the beam, all the end moments of Figs. 11-4 through 
11-7 are added to the initial fixed-end moments for the respective ends, 
the result will be the expressions for the final end moments of the member 
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AB in the loaded frame: 


— Fab — Kab^a “ Cba^ba^b + Kabp + CbaKbaPi 

( 11 - 1 ) 

^Iba = Fba Kba^b — CabKabOa + Kbap + CabKabp> 

( 11 - 2 ) 

If the subscript N is taken to indicate the near end of a flexural member 
and F to represent the far end, a single equation will suffice: 


Mjv = Fj^ — — CfKf^f + (Ky + CfKf)p* (11-3) 


This is the basic equation for the slope deflection method, and it applies 
to either prismatic or nonprismatic members. In the above equation, 
represents the final moment at the near end (the end being considered) of 
the member. is the action of the member on the joint, and if its sign 
is positive, it indicates that the member tends to rotate the joint in a 
clockwise direction. Fjv is the initial fixed-end moment and is positive if 
the member tends to rotate the joint in a clockwise direction. 6\ and Of 
represent the rotations in radians of the ends of the member, as indicated 
by the subscripts, and are positive if clockwise. The rotation in radians 
of the member axis is designated by p, and it too is positive if clockwise. 
Kx and Kf represent the absolute stiffness of the member at the end 
indicated by the subscript. Cp is the carry-over factor for the far end. 

If all the members in the frame being analyzed are prismatic and if 
both ends of the member are fixed to the frame (not pinned or restrained), 
then, since and Kf are equal to AEI/L and Cf is equal to Eq. 
(11-3) becomes 



4EI 6x 

~~L~ 


2EI6f I C)EIfi 

~Lr ~L" 


(11-4) 


If, however, the far end of the prismatic member is pinned, the opera¬ 
tions in the derivation indicated in Figs. 11-5 and 11-7 are unnecessary 
and are omitted. In addition, the value of Kx is reduced to 3EI/L. 
Consequently, for a prismatic member pinned at the far end, Eq. (11-3) 
will reduce to 


Mx F^ 


3Elex , 3EIp 


(11-5) 


If one or more of the members in the frame are nonprismatic, then Eq. 
(11“3) should \ye written as 
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kxEB rfinin^iV CrkpEB dfumBF 
12L ^ 12L 



Cf^f EB rfnim\ 

12L / 


(IMi) 


In the above equation the symbols B, dnun, L, and k have the same signiii- 
ca\ce as in the discussion of stiffness and carry-over factors as computed 
\ y the column analogy in Chapter 10 B nspresents the width of the mem¬ 
ber, dmin the minimum depth, L the span, and k the stiffness factor for 
the “reference beam.” If the nonprismatic member is of a standard type 
for which information has been computed, the values of Cf^ fr/*. and 
Fx are most conveniently found from the curves in the Appendix or from 
the Handbook of Frame Constants [the l^ortland Cement Association]. 

11-3 Analysis of continuous beams. It is probable that most analysts 
who are familiar with both moment distribution and slopc-dcfiection prefer 
the former method for the analysis of continuous beams. Nevertheless, 
the slopc-defleciion method is valuable for purposes of checking and every 
structural engineer should be thoroughly familiar with it. A single illustra¬ 
tive example should be sufficient to demonstrate its application 

Example 11*1. In Fig. 11-8 find all moments by slope-deflection. The 
support.at C settles 0.1 in E is 30,000 k/in^ 


I =- llTOm** 


_ 

5 k/ft 

K ^ 120 

A' -z 1 

|l0k 




1 - 24(X) 


I - 7200 111" 


A 

A' 120 

b c 

o 

-r 

1) 

, D 


K' - I 


A" - 2 

15'-0 

1— 

20'-0 

1 1 

:«r-o 

i 



*1* 1 


1 


Fkjoue 11-8 


Fixed-end moments are lirst computed: 

„ 5X20^ . P ,10X30 , 

Fab = —12— “ +1()6.5 ft-k, Fcd — -\ -g-= +37.5 ft-k, 


F;,., =. -100.5 ft k, 


For = -37.5 ff k. 
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m 

If we consider span CD as a propped cantilever with a simple support at 
D, the fixed-end moment is easily computed by moment distribution 
from the above computed values for Fcd and Fdc* 

F'cd = +37.5 + i(37.5) = +56.25 ft-k. 

The values of p for spans BC and CD are computed as 

PBc = + 10 ^^ = 0.000833 rad, 

PCD = - 30 ^^ = -0.000278 rad. 

The expressions for the final moments at the ends of each span are written 
by means of Eqs. (11-4) and (11-5). Of special note here is the fact that 
although absolute stiffnesses have been used in deriving these equations, it 
is possible to simplify the computations by using relative values of I/L. 

The values of final en^ moments obtained by using these relative values 

_ \ 

are not affected and are correct. If, however, we wish to find the absolute 
value of any unknown $ or p, an adjustment must be made to correct for 
the use of relative values of I/L in writing the initial equations. (This 
will be demonstrated in subsequent examples.) The relative values of 
I/L to be used in the initial equations are shown es K' in Fig. 11-8. 

By Eq. (11-4), and remembering that Oa = 0, 

Mab = Fab - 2EK'eB = +166,5 - (11-7) 
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ByEq (11-6) 


Mco = F'cd — ZEK*8c + 


SEIp 


= +56.25 - 6E8c + 


3 X 30,000 X 7200 (-0.000278) 
30 X 12 X 12 


= — QE9c + 14.5. 


( 11 - 11 ) 


It is apparent that two independent unknowns, 9b and 9c, appear in the 
above expressions for the various end moments. These must be evaluated 
before the end moments can be determined, and two condition equations 
are required to effect a solution. These equations are obtained by writing 
expressions for the equilibrium of all or parts of the structure. In the 
given example it is most convenient to use expressions indicating that the 
sum of the internal moments at joints B and C must be zero. The following 
equations result: 


Mba + Mbc = 0 , ( 11 - 12 ) 

Mcb + Mcd — 0. (11—13) 


By substituting in these equations the previously written values for the 
final end moments of the various spans, in terms of fixed-end moments 
and joint rotations, we obtain 


-S.OOEff^ - 2MEfic - 41.6 = 0, (ll-12a) 

-2.00E9b - 10.0E9C + 139.4 = 0. (ll-13a) 


A simultaneous solution will result in E9b = —9.14 and E9c — +16.8. 

The foregoing values for E9b and E9c are relative valves. In spite 
of this, however, they may be substituted back into the expressions for 
the various end moments to give the correct values for these moments. 
For example, 


Mab = +166.5 - 2(-9.14) = +184.8 ft k, 
Mba = -166.6 - 4(-9.14) = -129.9 ft k. 


Similarly, the remaining moments are found to be 


Mbc = +129.9 ft-k, Mcb = -80.1 ftk, Mcd = -80.1 ftk. 
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As previously noted, a positive sign indicates that the member tends to 
rotate the joint in a clockwise direction. 

A point of importance here is the fact that if absolute values of Ob and 
Oc (or p, where this is unknown) are desired, certain factors must be 
introduced to compensate for using relative values for stiffness and to 
adjust units. An explanation of these factors follows. 

When Eqs. (11-7) through (11-11) were written, all fixed-end moments 
were expressed in foot-kilopounds. Therefore, to be consistent the units 
of all other terms in these equations must be foot-kilopounds. These other 
terms are all in the form QEIfi/L, where Q is a numerical coefiicient and 
0 is an angle of rotation (actually, either 0 or p) expressed in radians. 
In this expression, if E is in k/in^, I in in^, and L in inches, the units will 
be inch-kilopounds. Consequently, an additional 12 should appear in 
the denominator to convert the units to foot-kilopounds. Actually, how¬ 
ever, in writing Eqs. (11-7) through (11-11) the 12 was omitted from 
the denominator and L was expressed in feet. This will make the co¬ 
efficient of each EO term (and Ep term, if p is unknown) too large by the 
multiplier 144. Moreover, values of K' = K/120 were used in writing 
Eqs. (11-7) through (11-11) in order to permit the use of smaller num¬ 
bers. This procedure will make the coefficient of each E$ term (and Ep 
term, if p is unknown) too small by the divisor 120. The net result, there¬ 
fore, is that the coefficients of the E$ terms are 144/120 of their true values, 
and consequently, the values of ESb and E$c are 120/144 of their correct 
values. As a result, the absolute values of Ob and $a are computed as 
follows; 


-9.14 X 144 
^ 120 X 30,000 


-110 X 10“*rad, 


+15.8 X 144 
120 X 30,000 


+189 X 10“* rad. 


Problems 


11-2. In Fig. 11-t ind all moments by slope-deficction. [Ans.: Mba 
36.9 ft-k, Mcb = ' 12.4 ft-k.] 




|25k 


/ = 300 in* 




2k/ft 
/ = 300 in^ 




11 ! 


/ := 240 in* 



A 

L 

5'-0 

a 


V 

1 6'-0 

- 

15'-0 ^ 



12'-0 

_4,_ 

12'-0 




Figure 11-9 
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11-3. In Fig. 11-10 find all momenta by slope-deflection. The support at A 
rotates clockwise 0.001 rad and the support at B settles 0.1 in. Find the rotation 
of the beam at S. F « 80,000 k/in^. [Am.: Mab ~ —12.0 ft-k,, Mba ■■ 
-12.9 ft k, 9b - +11.0 X 10-* rad.J 


I s aooin* 


16'-0 


|8k 
300 in^ 




lO'-O 


20*-0 


Figube 11-10 


11-A. In Fig. 11-11 find all moments by slope-deflection. [Ana.: Mab 
-6.7 ft-k, Mba - -11.4 ft-k, Mcb - -60.2 ft k.] 


I = WOin* 


10*^ 


B 7.5' 


110 k 
/ = 300 in« 

f 

15'-0 


4k/ft 

/ = 576 in^ 
12'^ 


Fioctre 11-11 


11-5. In Fig. 11-12 find all moments by slope-deflection. Also, find the rota¬ 
tion of joint Cj draw the moment diagram, and sketch the deflected structure. 
E - 30,000 k/in®. [Ana.; Mab = —7.1 ft k, Mba » —14.2 ft-k, Mcb “ 
-36.0 ft-k, Mcb - +22.X) ft-k, Mcd = +14.0 ft-k, Be = 2.24 X lO-^ rad.) 

2k/ft 1^*^ 




B 

, 7 = 240 111^ 

C 



II 



••w 

1 


Z) 

m 

IC'-O 

.^1 


V/////A 


lO'-O 


Fiouas 11-12 
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11-4 Frames wifli one d^ee of freedom. Frames having one degree 
of freedom to lurch are readily analyzed by the slopeKleflection method. 
The independent unknowns consist of one 9 for each joint which rotates 
as the loads are applied (unless a simple support at a terminal end permits 
an end span to be treated as a propped cantilever, as in Example 11-1) 
plus one or more unknown values for p due to the lurch of the frame. 

Example 11-6. In Fig. 11-13 find all moments by slope-deflection. 
Determine the rotation of joints B and C and the direction and magnitude 
of side lurch. E = 30,000 k/in^. (This is the same structure previously 
analyzed in Example 8-17.) 



Fixed-end moments are computed as follows: 


„ 18 X 12 X 6® , , c 18 X 6 X 12* 

Pbc = - - = +24 ft k, Fca = - 71 :=-- —48 ft-k. 


182 


182 


Equation (11-4) is used to write the expressions for the several final 
end moments. Values of K' are shown on Fig. 11-13. 

Mam = -2EK'Bb + QEK’p = -^9b + 12Ep, (11-14) 

Mba = -iEK'0B + QEK'p = -SEBb + 12Ep, (11-15) 

Afac = Fac - 4EX'ffp - 2EK'ec = +24 - IQEOb - SE9c, (11-16) 


Mca = Fca - 2EK'eB - iEK'Oc = -48 - SEflp - IQEBc, (11-17) 
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Mcd - -*EK‘9c + = -l2Eec + 18Sp, 
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(11-18) 

Mac = -2EK*Bc + OjE/C'p = -6J5^c + l%Ep. (11-19) 

Three independent unknowns {Bst Bcf and p) appear in the above 
equations. These must be evaluated by writing three condition equations 
expressing equilibrium of all or parts of the frame, and these equations 
are then solved simultaneously for the three unknowns. The first two 
of these equations are 

ZMb = Mba + Mbc = 0, 

from which 

-GEOb - 2Eec + 3£?p + G = 0; (11-20) 

Zil/c = Mcb Mcd = 0, 

which reduces to 

-AEOb - HEBc + QEp - 24 = 0. (11-21) 

The third condition ^^'^uation is obtained by expressing ZH = 0 for the 
entire frame. Since no horizontal loads are acting, this means that the 
sum of the column shears must be zero. The column shears in this case 
are found by adding the two moments at the ends of each column and 
dividing by the column length. Since both columns are the same length, 
the division by the length of each column may be omitted, and the con¬ 
dition equation is 


Mab + Mba + Mcd + Mac = 0 , 

from which 

-2EeB - SEBc + lO^^p = 0. (11-22) 

A simultaneous solution of these three condition equations will result in 

EBb = +1.61, EBc = -2.44, Ep = -0.409, 

and substitution of these values in Eqs. (11-14) through (11-19) will give 
the following values for the final end moments: 

Mab = -11.4 ft k, Mba = -17.8 ft-k, 


Mcd — +21.9 ft*k, 


MDC = +7.3 ft*k. 
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Joint rotations are computed as follows: 


A- 



+1.61 X 1^ 
5 X 30,000 


+1.55 X 10~* rad, 


-2.44 X 144 
5 X 30,000 


== -2.34 X 10“® rad. 


The angle of side lurch is given by 


-0.409 X 144 
5 X 30,000 


—3.9 X 10 * rad. 


and the lurch is 


3.9 X 10“* X 26 X 12 = 0.12 in. to the left. 


Example 11-7. In Fig. 11-14 find all moments by slope-deflection. 
(This frame was previously analyzed in Example 8-28.) 



Fixed-end moments are: 


Fbc = = +56.25 ft k, 


Fcb = — 


20 X 5* X 15 
202 


= -18.75 ft-k. 


17.32' 17.32' 
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In order to obtain the relationship between the values of p for the three 
members, a joint displacement diagram is drawn (see Fig. 11-15) with 



Figure 11-15 


the assumption that joints B and C are so displaced that the horizontal 
projection of their displacements is 1 in. to the right. From this diagram 
it^is apparent that if pab — pcd — +Pi then pbc = —P- * 

The expressions for the various final end moments are now written by 
Eq. (11-4): 

Mab = -2EK'eB + GEK'p = -BEOb + 24Ep, (11-23) 

Mba = -^EK'Ob + (jEK'p = -IGEOb + 24Ep, (11-24) 

Mbc = Fbc “ ^EK'Ob - 2EK'ec - GEK'p 

= +56.25 - 20A’^// - lOEBc ~ oOEp, (11-25) 

Mcb ■-= Fob - 2EK'eB - 4EK'ec - CEX'p 

= -18.75 - lOEds — 20Eec - 30Ap, (11-26) 

Mcd = -AEK'Sc + (^EK'p = -l2Eec + 18£p, (11-27) 

Mdc = -2PJK'6c -4- GEK'p = -GEBc + 18Ep. (11-28) 

Two of the three condition ec|uations necessary to evaluate the three 
independent unknowns (0^, Be, and p) express the fact that Silf = 0 
at joints B and C: 


Sil/a = AIba + 
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from which 

SQEBb - lOESc “ QEp + 56.25 = 0; (11-29) 


which results in 


ZMc = Mcb + Mcd = 0, 


-IOESb - 32£:^c “ l2Ep - 18.75 = 0. 


(11-30) 


The third condition equation is most easily obtained by expressing the 
fact that 2Af ~ 0 for the entire frame, with the center of moments as 
indicated in Fig. 11-14. Since the center of moments is located at the 
intersection of the two sloping legs, the axial stresses in these legs do not 
appear in the equation. Note that forces and moments external to the 
frame must be used in writing the equation, and that strict attention 
must be given to the signs of the various terms. A clockwise moment 
about the center of moments is considered to be positive. The third 
condition equation is 


SAf^c.m: = —Mas + 


{Mab + MbaHO 


90 


— Mbc + 


(Mcd + Jfi)c)40 


an 


+ 10 X 17.32 - 20 X 5 = 0. 


(11-31) 


The negative signs before the hrst and third terms are necessary because 
Mab and Mjyc are internal moments, and a positive (clockwise) internal 
moment will be opposed by a negative (counterclockwise) external mo¬ 
ment. The second and fourth terms are the moments of the external shears 
acting at A and D, respectively. These are preceded by positive signs 
because positive internal end moments will induce external end shears at 
the reactions, which will tend to cause clockwise, or positive, rotation 
about the center of moments. Equation (11-31) reduces to 

~40EdB - 3OF0C + 126Ep + 73.2 = 0. (11-32) 


A simultaneous solution of Eqs. (11-29), (11-30), and (11-32) results in 

E$b — "|“1.91, ESc — —1.09, Ep = —0.236. 

Substitution of these values in Eqs. (11-23), (11-24), (11-27), and (11-28) 
will result in the following; 

Mab = -20.9 ftk, Mba = “36.2 ft-k, 

Mco = +8.9 ft-k, Mdc = +2.3 ft-k. 



iy-0 . y-o . lo'-o 
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Example 11-8. In Fig. 11-16 find all moments by slope-deflection. 
(This frame was previously analyzed in Example 8-29.) 


c.m 



Figure 11-16 


The fixed-end moments are: 

FBc “ 4*10 ft-k, Fcb ~ —10 ft-k, Fcd — +20 ft'kj 

Fj}C — —20 ft*k, Fcd — +30 ft-k. 

To compute the relative values of p for the three members, it is assumed 
that joint B is displaced so that the horizontal component of this dis¬ 
placement is 1 in. to the right. (The joint displacement diagram is shown 
in Fig. 11-17.) 



Figure 11-17 
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Tbe relative values of p are computed as follows: 


R*1 PAB = 


-fl.414 

21.21 


-K).0667, 


Rel PBC = -gJIp-0.0667, 


Rel PCD = 


+0.734 

22.36 


+0.0328. 


From these relative values it is apparent that if pad = +p, then 
PBC = ~P, and 

, 0.0328 
0.0667 ^ ~ 

By Eq. (11-4), 


Mab = 

-2EK' 

Bb + QEK^pab = 

— iEBB + 12^p, 

(11-33) 

Mba = 

-4EK' 

Bb + GEK^ pba = 

-8EBb + 12J?p, 

(11-34) 

Mbc = 

Fbc — 

^EK'9b 

— 2EK'Bc + GEK* PBC 


— 

+10 - 

V2.E9b - 

- 6EBc — 

18Epf 

(11-35) 

Mcb = 

Fcb — 

2EK'0b 

- 4EK'0(; + 6EK'pcb 


— 

-10 - 

GEBb — 

12Eec - 

ISEp. 

(11-36) 


■ By Eq. (11-5), 

Mcd — P'cD — 3EK^$c "h SEK'pcd 

= +30 - QESc + 4.43£p. (11-37) 

The necessary condition equations are written as follows: 

ZMa = Mba + Mbc == 0, 

which reduces to 

-20EeB - 6Eec - 6Ep + 10 = 0; (11-38) 

2A/o = Mcb + Mcb + Mce = 0, 

which results in 

-GEdi, - 2lEec - 13.57£p + 80 = 0. (11-39) 
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For the entire structure ZM about the center of moments equals zero. 
Clockwise moments are positive. 

-+ 42.42 

+ - (^) »> 

-4 X 5 + 8 X 20 + 4 X 20 = 0, 

which reduces to 

-TOESb - li.BEOc + 42.64£;pxB + 145 = 0. (11-40) 

A simultaneous solution of Eqs. (11-38) through (11-40) wUl give 

ESb = -0,473, Edc = +5.22, Ep = —1.97, 

and if these values are substituted in Eqs. (11-33), (11-34), and (11-37), 
the following moments result: 

Mab = -21.8 ft k, Mba = -19.9 ft k. Men = -25.7 ft-k. 


Problems 


11-9. In Fig. 11-18 find all moments by slope-deflection* 


lAns,: Mba = —42.9 ft-k, 
M Bc — —57.1 ft'k, 
Mcb ~ —28.5 ft-k-l 



Figure 11-18 


10 '^ 
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11-10. In Fig. 11-19 find all moments by slope-defleciion. Determine the 
rotation of and compute the direction and magnitude of lurch at level of BDE. 
E » 30,000 k/in*. lAns.: Mas « +48.6 ft k, Mac - “30.3 ft-k, Mba ^ 
+55.8 ft-k, Mbs - +54.9 ft-k, lurch - 0.60 in. to right, Ob » -0.17 X 
10“® rad.l 



Figure 11-19 


11-11. In Fig. 11-20 find all moments by slope-deflection. 
8.1 ft-k, ^fc ^ 10.7 ftk.] 



[Ana.: Mr 


Figure 11-20 
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11-12. In F^. 11-21 find all moments by sloDe-deflection. Determine rotation 
of joints B and C, as well aa the direction and magnitude of ude lurch. E » 
30,000 k/in*, [Ana.: Mab * +33.4 ft-k, Mba = -2.5 ft-k, Mcb * -106.9 
ft-k, Mcd - +66.9 ft-k, Bd « +4.31 X 10”® rad, Be - +1.79 X 10”* rad, 
Pab ^ +2.8 X 10”® rad, lurch =* 0.67 in. to right.] 


Figure 11-21 



11-5 Anal]rsi5 of gabled frames. The analysis of gabled frames will be 
simplified considerably if certain relationships which exist between the 
values of p for the various members are known. These relationships will 
now be derived. 

Consider the frame of Fig. 11-22. Assume that D is held in position 

C' 
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and that B is displaced a distance As to the right. In the joint displace¬ 
ment diagram shown in Fig. 11-23, it is obvious that 

Aca cos a = Aq?£>cos./3. (11-41) 



Figure 11-23 

But, from Fig. 11-23, 

Ach = Lcbpcb and Aro = Lcdpcd- (11-42) 
Substituting in Eq, (11-41) yields 

O'PCB = ^PCD- (11-43) 

From Fig. 11-23, 

Acz> sin fi + Acb sin a = A^, 
and substituting from E(j. (11-42), 

Lcdpcd sin p + Lcbpcb sin a = A^. 

From Fig. 11-22, the above reduces to 

^2PCD + TiPCB = hiPABf (11-44) 

but, from Eq. (11-43), 

PCD = ^ PCB- 

Substitution in E<i. (11-44) yields 

r2apcB * _ 

—r-h ripcB = niPABf 
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from which 


bhi 


PCB =-rT— PAB (negative by inspection). (11-45) 

OT 2 “T w 1 


Similarly, from Eqs. (11-43) and (11-44), 


PCD = 


(ih\ 


-rS— PAB (positive by inspection). (11-46) 

Of2 “T OTi 


Now if B is held fixed and D is moved to the right a distance A/), then, 
proceeding as before, it can be shown that 


PCB =- ri— PDE (positive by inspection) 

Or2 “T Ofi 


(11-47) 


and 


PCD =- rir~ PDE (negative by inspection). (11-48) 

< it 2 ”r Ofi 


If both B and D are displaced, the addition of Eqs. (11-45) and (11-47) 
will result in 

(^2Pde — hiPAs), (11-49) 

and the addition of Eqs. (11-4G) and (11-48) will give 


PCD = --—“ ^2Pde)* 
ar2 ‘r orj 


li hi = h 2 ^ h and ri = r 2 = r, then 


(11-50) 


vn , V 

PBC — [PDE ^ PAB},'' 


(11-51) 


PCD = ^ {pAB — PDe) 


(11-52) 


If, in addition, a = b L/2, as in a symmetrical bent, then 


PBC = {pDE — pab), 


(11-53) 


PCD = (paB — PDe)- 


(11-54) 
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If the symmetrical bent is loaded ^mmetrically, then pdb = —pab and 


PBC = 


— -PAB 


+ - PDB, 


(11-55) 


PCD = + ^ P^D = 


— - PDB- 


(11-56) 


EIxampu 11-13. In Fig. 11-24 determine all moments by slope-deflec¬ 
tion. The moment of inertia is constant. 




Fixed-end moments are first computed: 


Fsc = + = +5.0 ftk, Fcb = -5.0 ftk, 



(JV* l)PL (6* - 1)4 X 30 
UN ~ 12 X 6 


+58.33 ft-k, 


F2>c = -58.33 ft-k. 
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Using Eqs. (11^1) and (11-52), 


bh 


30 X 15 


9 


PBC = ^ KPDB — PAB) = (PI>E ~~ PAB) “ g {PDE *“ P-ifl) 


PCi> = ^ (P^B — PJJb) = I (p.4B — PDe)- 


By Eq, (11-5), 

Mba = -3EK'Pb + = -C33EPfl + G.33Ep^B, (11-57) 

Mbs “ — 3EK*Bb “h SEK^pbe “ —"6.33EP/) + 6.33Epz>£. (11—58) 

By Eq. (11-4) and the relatioiiijhips betw’cen the several values of p as 
computed above, 

M BC = Ebc — ^K'Bb — 2EK*Bc + G,75EK*{pde — p*4b) 

= +5.0 - 8.92EPb “ 4.46EPc + I^MEpde - 15.08£'p^fl, 

(11-59) 

Mcb ~ Ecb — — ^EK^Bc + 0-iSEK'{pj}E — p.4b) 

= —5.0 — 4.46EP^ — 8.92BPc + IS.OSEpx)^ — IG.OSEpji^, 

> (11-60) 

Mcd = Ecd — iEK'Bc — 2EK'Bb + 2,25EK*{pab — pde) 

=■ +58.33 — ^EBc — 2EBd + 2.25Ep,4a — 2,2dEpBEt 

(11-«1) 

Mbc == Fdc — 2EK^Bc — ^EK*Bo + 2.25E/iC\pj4B — pde) 

= —58.33 — 2EPc — 4Ep0 + 2.25 Ep^b — 2.25Ep^^. 

(11-62) 

The necessary condition equations for evaluating the unknowns {Bb, 
Bcf Bo, pab, and pde) are written as follows: 

XMb = ^-fB.4 + ^7bc = 0, 

from which 

-15,25^Pa - 4.46EPC - 8J5Epab + 15,08A>o£ + 5.0 = 0; (11-63) 


XMc = -flfcB -JfcD — 0, 
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which reduces to 


-iAQEdB - l2.92Eec - 2EeD — 12.SSEpab 

+ 12.83^pr j - 5.0 = 0; (11-64) 

XMj) = Mj}c + MpE “ 0, 

which becomes 

— 2E0c — 10.33£tf/) H" 2.25JEfpxH 4.08£p2)E — 58.33 = 0. (11-^5) 

ft 

In Fig. 11-24, 2M for ABCD about the center of moments equals zero. 
Clockwise moments about the center of moments are considered to be 
positive. 

^,33+ 42.17 

+ 28 X 20 “ 10 X 40 = 0, 

which reduces to 

— \1.92E6b — QEBc — + 15.67Epab — 3.75£pdj 

+ 218.2 = 0. (11-66) 

Finally, 

^ rF BA “f“ OB _ rt 

2H -jg-= 0, 

from which 

EBb + EBo — EpAB — Epos “ 0, (11—67) 

A simultaneous olution of Eqs. (11-63) through (11-67) will result in, 
the following: 

EBb — “l“2.13, EBc — “hlS.O, EBo “ —10.1, 

EpAB = —8.98, EpoB — +1*02. 

Substitution of the above values in the original expressions for end mo¬ 
ments will result in 


Mba = -70.3 ftk, Mca = +3.0 ft-k, Mob = +70.3 ft k. 
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11-4 Fnmes wifli sevend degrees of freedom. The slope-deflection 
method can be applied to frames with more than two degrees of freedomi 
but the sdution of the necessary simultaneous equations usually involves 
so much labor that other methods are often preferred. For example, in 
the case of the three-story, two-bay building bent shown in Fig. 11-25 



Figure 11-25 


there would be twelve independent unknowns, nine joint rotations and 
three values of p, which would rcciuirc the solution of twelve simultaneous 
c(]uations for an analysis by slope-deflection. Although it would require 
four 'balancing operations, an analysis by moment distribution would 
]iccessitate the solution of only three simultaneous equations. 

As another illustration consider the rigid frame of Fig. 11-26. An analysis 



by slope-deflection would require the solution of eleven simultaneous 
equations. These equations would express that ZM = 0 at joints JS, C, D, 
Ef and F; that ZH = 0 for the entire structure; and that ZM = 0 about 
the five moment centers shown in the sketch, for the parts of the struc- 
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ture indicated for each moment center. An analysis by moment distribu¬ 
tion would require four AJR's, three balancing operations (if the frame 
is symmetrical), and the solution of four simultaneous equations. In this 
case the general method, using the conjugate structure to compute de¬ 
flections, would be the easiest method to apply. 

11-7 Secondary stresses* As previously stated, the slope-deflection 
method was developed by Otto Mohr as a solution for the secondary 
stress problem, and hence it is not surprising that it is particularly applica¬ 
ble here. The method is most easily explained with an illustrative example. 

Example 11-14. Determine the secondary moments for the truss of 
Fig. 11-27. All WF sections are oriented with their flanges in vertical 
planes. For the analysis, columns above and below the truss are assumed 
to be fixed at the far ends. E = 30,000 k/in^. 



Figure 11-27 


This structure was previously analyzed in Example 9-24; conse(|uently, 
the axial strains, and the values of A resulting therefrom, are as determined 
in that example. The properties of the various members, the values of A 
as determined by tHe Williot diagram, and the fixed-end moments as 
«n-«T)uted for Example 9-24 are retabulated for convenience in Table 11-1. 
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Table 11-1. 


Member 

I (in*) 

A (in.) 

L (in.) 

Fixed-end 
moment = 

^ (ft-k) 

1 ^ 

H 

1-2 

1073 

+0.765 

192 

+333 

5.59 

2-3 

1073 

+0.465 

192 

+204 

5.59 

A-B 

568 

+0.765 

192 

+177 

2.95 

B-C 

568 

+0.480 

192 

+111 

2.95 

1~A 

1029 

+0.310 

144 

+230 

7.13 

\-B 

838 

+0.735 

240 

+ 161 

3.49 

2-B 

528 

+0.230 

144 

+88 

3.67 

2-C 

107 

+0.385 

240 

+11 

0.45 

3-C 

350 

0 

144 

0 

2.43 

1-0 

350 

—0.190 

144 

—48 

2.43 

2-R 

350 

-0.110 

144 

-28 

2.43 

3-S 

350 

0 

144 

0 

2.43 

A-U 

1029 

-0.120 

144 

-89 

7.13 


Since all members are prismatic and no loads are applied between 
joints, Eq. (11-4) becomes 



-AElBx 2 EIBf GEI^ 

L ^ 

-AEKBx - 2EKBf + ■ 


The above equation is used to write the expressions for the various final 
moments (secondary moments) which follow. (Note that, because of 
symmetry, joints 3 and C do not rotate.) 

Mi-q = -4 X 2.43Eff, - 48 = -9.72Efl, - 48, (11-68) 

il/,-2 = -4 X 5.59EBi - 2 X 5.59EB2 + 333 

= -22.36E«i - 11.18JS«2 + 333, (11-69) 

Mi-b = -4 X 3.49E«i - 2 X 3A9EBb + 161 

= -13.96£ff, - G.98EBb + 161, (11-70) 

Mi-a = -4 X 7.l3EBi - 2 X 7A3EBa + 230 

= -28.52i;tfi - \A.2QEBa + 230. (11-71) 
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Since the siun of the final moments at joint 1 must l^c zero, then 

M 1 Q -| Mi-2 ! I li }" Ml A — 0. 

If Eqs. (11-G8) through (11-71) ai'o suhstitutod, the resulting expression is 

-liMESi - 11.18/!;fl2 - 14.2()i’0, - CiMKOii -f 67G = 0. (11-72) 

Similar equations arc ol)tained by repeating the above process for 
joints 2, /I, and B. 1'he resulting four condition equations, which must 
be solved simultaneously for the four values of EO, follow; 

-74.5r)/i’^i - 11 \HEO 2 - lV2C>EdA - 6.98/i^f, + 070 = 0, (11-73) 

-11.18/i’0, - lOmEO* - 7.34£'0fi + G08 = 0, (11-74) 

"14.2GA’^i - GSMEBa - G.OOA'ffi, + 318 = 0, (11-75) 

-G.98A^i - 7 34^^2 - 5.90^0^ - 52.24A0i, + 537 = 0. (il-7G) 

The al)ovc e(]uations can be solved, of course, by the tabular method 
explained immediately following Example 5-14. Observe, however, that 
in each C(|uation the coefficient of one of the unknowns is much larger 
than the coefficients of the other unknowns. Furthermore, the large 
coefficient applies to a different unknown in each equation. Consequently, 
these ciiuaiions can be convenient!}' solved by iteration. 

The procedure is to first obtain from each of the condition equations 
an appro\imat<; value for the unknown with the large coefficient. This is 
accomplished by neglecting the unknown terms with the small coefficients. 
The above four condition e(iuations [(11-73) through (11-76)] then become 


-74.5G/i’^i -f G7G = 0, (ll-73a) 

-70.92A^2 -f- 608 = 0, (ll-74a) 

-G8.84A^^ + 318 = 0, (ll-75a) 

-52.24i'0« + 537 = 0. (ll-76a) 


From the above e<|uutions the first approximate values for the unknowns 
are 


EOi = t 9.0G, 


ESi -h8j9, EBa = +4.G3, Eds = +10.3. 
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The next stop is to substitute those first approximate values with the small 
coefficients into the original condition equations, and to solve again in 
each resulting c(iuatioii for the revised and more exact value of the un¬ 
known with the large coefficient. When this is done in Eq. (11-73), the 
result is 


- 11.18(+8.5{» - 14.2G(+4.C3) - 6.98(+10.3) + G7G = 0, 

from which 

EBx = +0.92. 

Similarly, from the other three condition 0 (iuations, 

Ee2 = +5.53, EBa = 4 1.87, EBn = +7.88. 

Th(‘ above values are moiT nearly <‘orrcct than the first aoproximate 
value's. The process is rop(»ated to obtain successive sets of values in which 
each set is more nearly cori-ect than the last, until the increment between 
two consecutive sets is small enough to be neglected. In the present case, 
seven cycles were I’cquired to give the final values of 

EBi = +G.82, EB2 = +0.G8, EBa = +2.51, EBb = +8.15. 

These vahu's aio substituted in the expressions [as typified by Eqs. (11-68) 
through (11-71 )1 for the final (secondary) moments. For example, 

.1/i-Q = -9 72(+0.82) - 48 = -114 ft k, 

-22.86(+0.82) - 11.18(+G.68) 4 = 4-106 ft-k, 

,l/i B = -13.96(4-6.82) - 6.98(4-8.15) 4- 161 = [-9 ft-k, 

,1/,.., = -28.52(4-6.82) - 14.26(4-2.51) 4- 2-30 = 0. 

Comparison of these moments with the results of Example 9-24 will 
show that they agree almo.st exactly. 
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CHAPTER 12 


INFLUENCE LINES 

12-1 General. In 1867 the influence line was introduced by the Germani 
E. Winkler. About twenty years later the important principle whereby 
influence lines for both determinate and indeterminate structures are 
quite easily determined was discovered by Professor Miiller-Breslau. 

It will be recalled that in 1886 IVIuller-Brcslau published his improved 
version of the general method of Maxwell and Mohr. While developing 
this method, he became aware of the great value of Maxwell’s theorem 
of reciprocal displacements, and also he discovered the principle now bear¬ 
ing his name. This principle is the basis for determining most influence 
lines for indeterminate structures, regardless of whether the method 
selected is mathematical or experimental. 

12-2 The Miiller-Breslau principle. This important principle may be 
stated as follows: If an internal stress component, or a reaction component, 
is considered to act through some small distance and thereby to deflect or dis¬ 
place a structure, the curve of the deflected or displaced structure will be, to 
some scale, the influence line for the stress or reaction component. This 
principle applies to beams, continuous frames, articulated structures, and 
to determinate as well as indeterminate structures. For indeterminate 
structures, however, it is limited to those for which the principle of super¬ 
position is valid. The significance of this statement will be made clear by 
several demonstrations of its validity. 

Consider, as a beginning, that it is desired to conipute the influence line 
for the horizontal i:paction component at A for the frame shown in Fig. 
12-1. Vertical loads may be applied to 7?C and horizontal loads to AB, 



c 


Fioure 12-1 
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A&sumc that tho influciice line ordinate is to be computed for a 1 k load 
acting down at point 0, where 0 may be any point in the span BC, If 
the value of the influence line ordinate (the horizontal reaction com¬ 
ponent at A) is to be computed by the general method, the procedure is 
to place rollers at A. The deflected structure will be as shown in Fig, 
12-2, and the horizontal deflection of A is computed by any method desired. 



Figure 12-2 


A unit horizontal force of 1 k is next applied at A, and the structure 
deflects as shown in Fig. 12-ti The resulting deflection of A is then 
computed. 



^ j lA u 


Figurl 12-3 

By the general method, 

^.UAh 


= 
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But, by Maxwell's rcriproral deflect i \ theorem, 

^AhOv — 

Therefore, 

= ( 12 - 1 ) 
OAhAh 

From Eq. (12-1) it is apparent that the deflection curve of the member 
BC is, to the scale that SAhAh represents 1 k, the influence line for Ha 
for a vertical load on BC, 

By a similar procedure, usijig a 1 k horizontal load acting at any point 
0 on .IB instead of the 1 k vertical load on BC, we can show that the 
deflected member AB in Fig. 12-3 is, to the same scale as above, the in¬ 
fluence line for Ha for a horizontal load acting on AB. 

As an additional demonstration, consider that an influence line for 
moment is desired for any point li l)etwecn the supports of the continuous 
beam of Fig. 12-4. In accordance with the Miiller-Breslau principle, the 


.1 A/i To 

Fiuuuii: 12-4 

internal stress component for whi(*h the influence line is desired is re¬ 
moved from the beam In other ortls, the capability of the beam to resist 
moment at Kc*rtioji B is removr'd This is assumed to be accomplished 
by inserting a pin at E Thus the shearing stress component and the 
thrust component (although this does not c.\ist in the present case) are 
not removed A unit loud is applied at any point D along the l>cam, with 
the beam deflecting as shown in Fig. 12-5. The 1 k load is then removed 





and a pair of unit couples arc applied to the' bcam, one couple acting on 
each side of the pin. From this action the deilectcd beam of Fig. 12-0 will 
result. 
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1 fi-k 

r 1 ftk 


A 



A J, 


- Ar 


Figure 12-6 


Then, as before: 

Ms = . 

CtEB OlEE 

(12-2) 


and once again it is apparent that the curve of the deflected beam is, to 
some scale, the influence line for il/j;. 

As an additional example, consider that it is required to find an in¬ 
fluence line for shear at point E of the beam of Fig. 12-4. In this case i1 
must be assumed that the beam is cut at E and that a slide device is in¬ 
serted which will permit a relative transverse deflection between the twe 
beam ends at the cut, but which, at the same time, will always requir« 
these ends to have a common slope. In other words, the shearing re¬ 
sistance of the beam has been removed at E but the flexural resistance has 
not. 

In Fig. 12-7 a 1 k load is applied at D, resulting in the relative lineai 



Fiqurk 12-7 


deflection at E, With this load removed, a pair of 1 k loads an 
applied at E, and the l>eam deflects as shown in Fig. 12-8. As before, th< 
shear at E is given by 



Figure 12-8 
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Obviously, then, the curve of the deflected beam of Fig. 12-8 is, to the 
scale that Bjss represents 1 k, the influence line for the shear at E, 
Consider now the two-hinged highway bridge arch of Fig. 12-9. In 



B 


this case an influence line for Ha is desired. In order to compute the mag¬ 
nitude of Ha by the general method, assume that rollers are placed at A, 
and also that a 1 k load is applied at panel point 0, where 0 might be any 
panel point along the arch. The left end of the arch will then move to the 
left, as shown in Fig. 12-10. Next, the 1 k vertical load having been 



Fioube 12-10 


removed from panel point 0, a 1 k horizontal force is caused to act to 
the left at A. The arch will then deflect os shown by the dashed lines in 
Fig. 12-11. 



iAh.ih 


Figure 12-11 
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Again, by the general method and the rcciproral deflection theorem, 



^AhOy> _ 

^AhAh 


(12-4) 


The above equation indicates once again that the vertical components of 
the deflections of the various panel points arc, to the scale that 
represents 1 k, ordinates for the influence line for Ha- 
As a final example, consider the two-hinged arch for a highway bridge 
as shown in Fig. 12-12. An influence line is required for the stress in 



the redundant T. In order to find this stress 7', as caused by a unit vertical 
load acting at any bottom chord panel point 0, the redundant member is 
cut and a spread at the cut results, as shown in Fig 12-13. After the value 



of ^Ttov is determined, the 1 k vertical load is removed from 0 and a 
pair of I k forces are applied to the two cut ends of the redundant T. 
The arch will then deflect as shown in Fig. 12-14. As before, 



(12-5) 


Tlie vcTlical components of the panel point deflections of Fig. 12-14 are 
thii.s seen to he, to tin* scale that SrtTt represents 1 k, the ordinates for ♦ 
tlie influciicc line for the redundant T. 
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The preceding five examples have dcmonstiatcd that the Mullcr-Hreslau 
principle applies to continuous beams and arfirulatod structures. Aetuall}*, 
of course, it will apply to any structure for which tlu* reciprocal deflection 
theorem is valid. 

The Miiller-Hreslau principle sugge.sts (wo dilb'a'nt inetliods J)v which 
influence lines for redundant stresses and reactions may l)c obtaiiK^d. The 
first of these is the experimental method I'cciuiring the use of models. The 
second method is, of course, by computation 

According to the Miillcr-Brcslau principle, the procedure for ol)t:fining 
the influence line (regardless of whether it Ih‘ in fact, as with a modc4, or 
imaginary, as when eomputing the ordinates lor tin* inlliK'nce line) is to 
remove the I’cdundant and to introduce a (lisplaccmenl m th<* .structure 
at the point of action and in the direction oi the nHluiirlant When the 
influence line is l>eing determined expeiimeutally by means ot a nio(I(*l, 
the magnitude of this impressed di.splac(Mneiit is arbitr;uily selected for 
convcnicnec. The magnitude of the action causing llic displacement is of 
no importance. When, however. th(' influ(‘nc(‘ lino onlinati's are being 
computed, it is con\''cniont to apply a unit action. 

12-3 Influence lines for continuous beams with prismatic members. 

Probably the easiest method for computing influence^ line ordinates lor 
continuous beams is by the conjugate beam. This metliod will bo demon¬ 
strated with the several examples which follow 

Example 12-1. Compute the ordinates, at intervals of 2 5 ft, of the 
influence line for Ra for the beam of I'ig 12-15. '’I'he moment of inertia is 
constant. 
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The redundant reaction at is removed and a 1 k vertical force is 
applied instead, a force which may act either up or down. The be^ wiU 
deflect as indicated by the dashed line in Fig. 12-16. The conjugate beam 




Figure 12->16 


for computing the deflections at the various sections of this beam is shown 
in Fig. 12-17. The ordinates of the elastic load on this conjugate beam, at 



Figure 12-17 


inter\'ais of 2.5 ft, are shown in ft*k. {E and I are omitted for convenience.) 
The computations for the moments at the various sections are as follows: 

M# = y X 2.5 - 2.5 X ^ X ^ = 39.04, 

Mi = ^x5-5x|x| = 62.47, 

Mi = ¥ >< 7.5 - 7.5 X ^ X ^ = 54.65, 

Mb = 0 , 

Mz = ^ X 2.5 + 7.5 X 2.5 X ^ + 2.5 X ^ X 2 X ^ = 111.99, 
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Mi = ^X5 + 5x5x|-f-5x|x2x| = 270.83, 

Ml = ^ X 7.5 + 2.5 X 7.5 X ^ + 7.5 X ^ X 2 X ^ = 461.09, 

Ma = ^ X 10 + 10 X y X 10 X I = 666.66. 

The moments computed above are proportional to the deflections at 
the corresponding sections of the beam of Fig. 12-16. Since a load of 1 k 
acting at A on the beam of Fig. 12-15 will cause a reaction at of 1 k, 
the moment Af A = 666.66 represents an ordinate of unity. The deflection 
curve of the beam is, to this scale, the desired influence line. Therefore 
the influence line ordinates for other sections along the beam are obtained 
by dividing the conjugate beam moments by Ma = 666.66. The resulting 
influence Ime is shown in Fig. 12-18. 



Figure 12-18 


Example 12-2. Compute the ordinates, at intervals of 2.5 ft, of the 
influence line for moment at the midpoint of span BC for the beam shoAvn 
in Fig. 12-19. The moment of inertia is constant. 

10'^ KT-O 


Figure 12-19 


The capability of the beam to resist moment at the section for which 
the moment influence line is desired is removed by inserting a pin. Unit 
coujfles are applied to the beam on each side of the pin. The modified 
beam, which uill deflect as indicated by the dashed.line, is shown in 
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Pin 

Figube 12-20 


Fig. 12-20. The various mfluence line ordinates are computed, as indicated 
in Eq. (12-2)y by evaluating a as well as the vertical deflections at the 
necessary sections of the modified beam of Fig. 12-20. The loaded conju¬ 
gate beam is shown in Fig. 12-21, with the magnitudes of the ordinates at 
the required sections in ft*k. 


■o 


Cl 


iO 





Figure 12-21 

The shear on the pin at B' is 

= § X ¥ X 2 = 6.67. 

The sum of the sheais in the conjugate beam to the right and left of the 
support at 5 will be t ie reaction at this point of the conjugate beam, and 
it will also be the rel; ive value of the angle a in Fig. 12-20. This is com¬ 
puted as 

R 5 = ( J7x^ + 2X^X^ = 26.67 up. 

o Z o 

The other two reactions are 


^A = i X X 2 = 33.3 up, 


= 20 - 3.33 - 26.67 = 10.00 down. 


The various moments are computed as follows: 
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Ml = 3.33 X 2.6 - 0.5 X ^ X y = +7.81, 

Mt = 3.33 X 5 - 1 X I X I = +12.48, 

JIf 4 = 3.33 X 7.5 - 1.5 X ^ X ^ = +10.94, 

Mb* = 0| 

Mi = -6.67 X 2.5 - 0.5 X ^ X I X 2.5 - 1.5 X 2.5 X ^ 

= -22.42, 

Ms = -6.67 X5.0-lx|x|x5-lX5x2.6= -54.18, 
Mt = -10 X 2.5 - 0.5 X ^ X ^ = -25.52. 

The value of the influence line ordinate at each of the above Bections is 
computed by dividing each moment by relative a = 26.67. The resulting 
influence line is shown in Fig. 12-22. 



Exahpie 12-3. Compute the ordinates, at intervals of 2.5 ft, of the 
influence line for shear at the midpoint of span BC for the beam shown 
in Fig. 12-23. The moment of inertia is constant. 





C 



Fiqube 12-23 
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The shearing resistance of the beam at the midpoinl of span BC must 
be removed. Moment resistance, however, must not be impaired. This 
can be accomplished by cutting the beam at this section and inserting a 
slide device which will permit a relative vertical displacement, between 
the two beam ends adjacent to the cut, but which will require that these 
two ends be tangent to a common slope in the distorted beam. When such 
a device is inserted at the midpoint of span BC^ and opposing vertical forces 
of 1 k are applied to the two beam ends adjacent to the cut, the deflected 
beam and the induced reactions and couples will be as shown in Fig. 12-24. 



The loaded conjugate beam is shown in Fig. 12-25, and in this figure 


o 




attention is called to the moment ilf 5 at section 5. In Fig. 12*24, points 
D and E deflect relative to each other, D having an absolute deflection 
downward and E an absolute deflection upward. In the conjugate beam, 
therefore, the moment just to the right of the corresponding section must 
be different in sign, and piobably different in magnitude, from the moment 
just to the left of the section. In addition, since the tangent to the deflected 
beam at D must be parallel to the tangent to the deflected beam at the 
shear just to the right of the corresponding section in the conjugate beam 
must be equal in magnitude to the shear just to the left. The action of the 
moment M 5 will satisfy these requirements. 
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The values of the conjugate beam reactions and the shear V^, 
on the pin at B', and the moment M'^ are computed below: 

= i X 10 X ^ = 16.67 up, 

A<,, = 10 X ^ - 16.67 = 83.33 up, 

= § X 10 X ¥ = 33.33, 

ilf's = 33.33 X 10 + 10 X y X § X 10 = 666.6. 

The correct sense for is determined by inspection and indicated in 
Fig. 12-25. The relative deflection between points D and E in Fig. 12-24 
is represented by Afg. 

The moments in the conjugate beam at intermediate sections are com¬ 
puted as follows: 

Ml = 16.67 X 2.5 - 2.5 X ^ X ^ = +39.1, 

Mi = 16.67 X 5.0 -- 5 X I X I = +62.5, 

Mi = 16.67 X 7.5 - 7.5 X ^ X ^ - +54.7, 

M* = -33.33 X 2.5 - 7.5 X 2.5 X ^ - 2.5 X ^ X | 

= -111.9, 

Mi = 83.33 X 2.5 - 2.5 X ^ X ^ = +205.7. 

The moments in the conjugate beam just to the right and just to the 
left of section 5 are 

Mijt = 83.33 X 5 - 5XfXi = 395.8, 

Mil. = -666.6 + 395.8 = 270.8. 


Each of the above moments must be divided by the relative deflection 
between D and E, as represented by 3/g, in order to obtain the required 
ordinates. These, when plotted, make it possible to draw the influence 
line as shown in Fig. 12-26. 
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Figure 12-26 


The foregoing illustrative problems demonstrate that any desired type 
of influence line for a continuous beam can be readily computed by use 
of the Muller-Breslau principle and the conjugate beam. Actually, when 
an influence line for shear is desired, it is usually easier to compute the 
required ordinates by statics after the influence lines for reactions have 
been computed. This probably will also hold true for moment influence 
lines. 


Problems 

12-4. Compute the ordinates, at intervals of 2.5 ft, of. the influence line for 
the moment at A in Fig. 12-27. The moment of inertia is constant. [.Ins. 
(inft-k);Ordi - 1.64, Ord 2 = 1.87, Ords = 1.17.] 


2 

lO'-O 



I 




Figure 12-27 


12-5. Compute the ordinates of the influence line for the reaction at C in 
Fig. 12-28. Use intervals of 2.5 ft in span AB and 4 ft in span BC. The moment 
of inertia is constant. [ylTM,:Ordi « —0.028, Ord 2 = —0.045, Ords * —0.039, 
Ord 4 =* +0,149, Ords * +4).386, Ordo — +0.680.) 



-1 



B 


2 

lO'-O 


IC'-O 


Figure 12-28 
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12-6. Compute ordinates of the influence Une for the reaction at C in Fig. 
12-29. The moment of inertia is constant. Compute ordinates at the centers of 
spans AB and BC, and at 10-ft intervals in span CD. [^Ina.: Ordi - —0.30, 
Ord 2 - +0.60, Ordc - +1.00, Orda - +1.31, Ordi - +0.86.] 



Figure 12-29 

12-7. Compute ordinates of the influence line for the moment at B in Fig. 
12-30. Use intervals of 2.3 ft for span AB and 4 ft for span DC. The moment of 
inertia is constant. [.4?is. (in ft-k): Ordi +0.45, Orda = +0.72, Orda “ 
+0.63, Ordi = +1.62, Ords - +1.85, Ordo - +1.15.] 



Figure 12-30 


12-8. Compute ordinates of the influence line for the moment at B in Fig. 
12-31. Use intervals of 2.5 ft. The moment of inertia is constant. {An«. (inft-k): 
Ordi ='+0.59, Ord 2 - +0.94, Orda - +0.82, Ordi - +0.82, Ords = +0.94, 
Orde = +0.69.J 




Figure 12-31 

12-9. In Fig. 12-32 compute the ordinates, at the center of each span, of the 
influence line for the moment at A. The moment of inertia is constant. Use 
moment distribution to compute the loading for the conjugate beam. lAn$, 
(in ft-k); Ordi = +6.35, Orda = -1.76, Orda « +0.57J 


A 



Figure 12-32 
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12<-4 Continuous beams with nonprismatic members. Influence lines 
for continuous }>cains composed of nonprismatic members are, of course, 
computed in the same manner as previously demonstrated for prismatic 
meml)ers. The variation in the moment of inertia, however, must be taken 
into account, and this is most conveniently accomplished by the use of 
Bcgnicnt.s. The example which follows will illustrate the procedurc. 

KxAMrLK 12-10. The clev'ation of a two-span continuous steel girder 
is showji in I'ig. 12-33. The bottom flajige is parabolic. The web is f in. 
thick and flange plates aic IG in. X 1 in. Out to out of flange plates is 
3G in. at the ends and 72 in. over the center support. The moments of 
inertia at the centers of the various 5-ft segments are given in Table 12-1, 
Determine the influence line for the reaction at A, computing influence 
line ordinates at the centers of the 5-ft segments. 



The support at A i.s 1 ‘emoved and a 1 k force, acting up. is applied at this 
■oint, with the loaded simplified beam as shown in Tig. 12-34. It is neccs- 


1 


2 S 4 .3 6 


7 8 \) 10 10' 8' T V / .3' 4' S' 2' V 



ary to compute the deflectioii.^ at the centers of the various .segments. The 
oaded conjugate Ix'ain is sliown in I'lg. 12-35, and the nocc.s.sary coinputa- 
ions arc given in Taldc 12-2 


S 




OONTmrOUS beaus ^itth noxprtsmatic memdeks 


1 ^] 


Table 12-1. 


Scf^mcnt 

/ (in^) 

1 

12,300 

2 

13,000 

3 

14,000 

4 

15.900 i 

5 

18,700 

G 

22.000 

7 

•27 flfX) 

8 


9 

43,300 

10 

54,700 


Table 12-2. 


0) 

(2) (3) 

(4) (>) 1 

(6) 

(7) 

(8) 1 

(9) 

St'Knnent 

Relaiivf 

\l AS Sheui 

Moment 

Moment at 



number 

.1/ * I 

U. lative J S'.!' 

11)1 icment 

segment 50 — x 

(50 - x)J 

lO-Kr 

47 5 100 0 

2 37 2 37 

11 85 

i 

2.5 

33 


42 5 79 1 

2 08 5 05 

25 25 

11 Ho 

7 5 

106 

8-8' 

37 r» 62 6 

2 99 8.04 

40 20 

37 10 

12 5 

177 

7-7' 

32 5 50 5 

322 11.26 

.•}6 30 

77 30 

17 5 

247 

6-6' 

27 5 413 

3 33 14.59 

72 95 

133 6U 

225 

317 

ft-.*!' 

22 5 34 2 

3 29 17 88 

89 40 

206 55 

27 5 

388 

4-4' : 

, 17 ■> 291 

3 00 20 88 

104.40 

29.5 05 

32.5 

458 

3-3' 

12 5 25 6 

2 44 23 32 

11660 

400 35 

37 5 

529 

2 2' 

7 5 23 8 

1 58 24 90 

124.50 

51C95 

12 5 

600 

1-r 

2 5 22.4 

0 56 25 16 

6.160 

641 45 

17 5 

670 

A 




70.'i 05 


705 


(10) 

(11) 


(12) 


(13) 


Moment at 



Moment at 




segment 

Influenre 


segment 


Influence 

rst'Kinent 

-nau — 

oidinate 

SeK>»<'nt 

-(50 - t)Rb- 


ordinate 

10 

+35 

+0 025 

10' 

—35 


-0 025 

9 

4118 

+0 084 

O' 

-94 


—0067 

8 

+ 214 

+0.162 

8' 

-140 


—0099 

7 

4 324 

40230 

7' 

-170 


-0.121 

6 

+451 

+0 320 


183 


—0 180 

5 

+ 594 

+0.420 


-181 


—0129 

4 

-1764 

+0 535 


-162 


-0115 

3 

4929 

+0 659 


-120 


-0 091 

2 

+1117 

+0 791 


-83 


-0 059 

1 

+1311 

+0 930 


-29 


-0020 

A 

+1410 

+1000 




0.000 



To.sn.'i 






Shear at B = — 

50 

14,10, 




In the above table, columns (2), (3), and (4) are used for computing 
the magnitudes of the elastic loads. The total elastic flexural strain for 
each segment is considered to act as a concentrated load on the conjugate 
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beam at the center of that segment. Note that the values shou-n in (*olumn 
(5) are the shears in span B'A' resulting from the elastic* loads acting di¬ 
rectly on span B'A\ The moments about the centers of the segments 
between 5' and A\ or between 5' and C', as caused by the c’oncentrations 
acting at the centers of the segments (excluding the moment resulting 
from the shear at B'), are computed in columns (5), (G), and (7). The 
moments at the centers of the segments, resulting from the action of the 
shear at J?', are shown in column (9). The total moments at the centers of 
segments 10 to 1 arc obtained by adding the values of columns (7) and (9). 
The results of this addition arc shown in column (10). The total moments 
at the centers of segments 10' to 1' are o})tained by subtracting the values 
in (9) from (7), and are shown in (‘olumn (12). The final influence line 
ordinates will result when the values in (10) and (12) are divided by the 
relative deflection of A in Fig. 12-34. This is found to be 1410, by adding 
the values in columns (7) and (9) for point A. The final ordinates are 
shown in (11) and (13). Note that AS could have been omitted in comput¬ 
ing the values of the relative elastic weights in column (4) since segment 
length is constant. 

Problems 


12-11. ('omputc the ordiiiiitep of the influence line for moment at the center 
of span AB of the two-span continuous girder of the prece<ling example (Fig. 
12-33). Compute ordinates at the centers of 5-ft segments and at center of AB, 


Segment 

Influence 

Segment 

Influence 

number 

ordinate 

number 

ordinate 

2 

+2.29 ft-k 

2' 

-1.46 ft-k 

4 

+5.86 ft-k 

4' 

-2.88 ft-k 

I4n«.; 

+9.25 ft-k 

6' 

-3.26 ft-k 

7 

+5.75 ft-k 

8' 

-2.4C ft-k 

9 

-i 2.09 ft-k 

10' 

-0.62 ft-k 

12-12. Assume that the support at A 

of the two-span continuous girder of 

Example 12-10 (see Fig. 12-33) is fixed. 

Compute the ordinates of the influence 

line for the moment at A at the centers of the 5-ft segments. 

Segment 

Influence 

Segment 

Influence 

number 

ordinate 

number 

ordinate 

2 

-5.55 ft-k 

2' 

+1.26 ft-k 

4 

[Ans,: g 

-7.35 ft-k 

4' 

+2.46 ft-k 

-5.78 ft-k 

6' 

+2.78 ft-k 

8 

-3.12 ft-k 

8' 

+2.11 ft-k 

12-13. Compute the ordinates of the influence line for the reaction at B of 

the three-span continuous bridge girder of Fig. 12-36. 

Compute ordinates at 

the centers of the 10-ft segments. Tlie rclati\e values of the moments of inertia 
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at the centers of the .segments are as follows: 


Segment 

l,lbriO^ 1' 

2, 9, 9', 2' 

3, 8. S', 3' 

4, 7, 7\ 4' 

5, G, 6', 5' 


Relative I 

25.^ 

30.6 
42.1 

63.6 
100.0 


Segment 

Influence 

S(‘gment 

Influence 

numlier 

ordinate 

number 

ordinate 

2 

+0.425 k 

2' 

—0.089 k 

4 

+0.833 k 

4' 

-0.095 k 

n 

+ 1.000 k 

C 

0000k 

7 

4 1.081 k 

i 

-fO.151 k 

9 

+0.990 k 

9' 

+0.474 k 



8 9 10 10 ' 9 ' 8 ' 


7 ' 


0' 5' 4' :r 


lOO'-O 




Fkjurk 12-36 


SuQgesfe'l method of solution. Remove the sui)i)ort at B in Fig. 12-36 and apply 
a 1 k vertical force. The result is shown in Fig. 12-37, and tliis structure is 


^ A ' 1 k ^ 

FtGURi. 12-37 

indeterminate. Remove tlie suppoit at 7/ and apply an unknown upward 
force R which replaces the reaction. FigUM* 12-38 will lesult, and the loaded 

■^A" ^ Ar C" 2)"^g 

Figuri: J2-3S 


eoiijugaie beam will be as shown in Fig. 12-39. 


Since the girder at in Fig. 



Fkjuui: 12-39 
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12-37 eannot deflect, the moment at in the conjugate beam must be aero. 
This condition equation permits A to be determined. The value of A is used to 
obtain the magnitudes of the moment ordinates on the conjugate beam which 
were at first expressed in terms of A. Finally, the moments in the conjugate 
beam at the centers of the various segments are computed. 

12-14. Compute the ordinates of the influence line for the moment at a 
section Q, which is 30 ft to the right of A, in the continuous girder of Problem 
12-13 (see Fig. 12-36). Compute ordinates at the centers of the 10-ft segments 
and at the section Q. 


Segment Influence 

number ordinate 


[i4ns.; 


2 

4 

7 

Q 

10 


-1.99 ft-k 
-2.12 ft k 
+3.48 ft k 
+9.42 ft-k 
+3.15 ft k 


Segment Influence 

number ordinate 


4' +0.14 ft-k 

7' —0.28 ft-k 

9' -0.07 ft-k 

lO' +0.95 ft-k 


12-5 Influence lines by moment distribution. The preceding sections 
have demonstrated how influence lines for continuous beams can be ob¬ 
tained by use of the conjugate beam. If the members of the continuous 
beam are prismatic, or if they are standard nonprismatic types for which 
the stiffness, carry-over factors, and flx^-end moments may be obtained 
from tables or curves, the various influence lines can be obtained more 
easUy by momerU disiribiUian, If, however, this information is not avail¬ 
able for the nonprismatic members, then the method previously demon¬ 
strated is to be preferred. 

The method of moment distribution has one important additional ad¬ 
vantage: it can be applied to more complicated structures, such as con¬ 
tinuous bridge decks supported on, and continuous with, tali piers. Two 
examples are now presented to demonstrate the method. 

Example 12-15. Using the method of moment distribution, compute 
the ordinates at 5-ft intervals of the influence line for Mba in Fig. 12-40. 


yA I = 400in* ^7. u 
A = 20 
iK = 15 

I 20'-0 t 


/ * 450 in^ 
K » 15 


30'-0 


= 400in" !fe/) 

A = 20 
15 

I 20'-0 


Fioube 12-40 


The method of solution is first to assume that a fixed-end moment of 
+100 ft-k exists in end B of the member BA. No other fixed-end moments 
are considered to exist. This 100 ft-k moment is balanced out in the usual 
wayi and the moments obtained from the balancing operation are the 
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member end moments which will result when a hxed-end moment of + 100 
ft*k is introduced at end B of member BA. A fixed-end moment of +100 
ft-k is next introduced at end B of member BC. This, again, is considered 
to be the only fixed-end moment in the structure. The final moments are 
again found by moment distribution and, in the same way, the effects of 
+100 ft-k at C 6f CB and at C of CD are determined. 

The balancing operations are shown in Table 12-3. Note that only one 
complete balance is necessary because of symmetry. 


Table 12--3. 


Joint 

■1 

B 

C 

D 

Member 

AB 

BA 

BC 

CB 

CD 

DC 

K 


15 

15 

15 

15 


Distribution 

factor 


0.5 

0.5 

0.5 

0.5 





-50.0 

-25 



Fba ** 
"+100 ft-k 



+6.2 

+12.5 

+12.5 



-3.1 

—3.1 

-1.5 





+0.3 

+0.7 

+0.7 




-0.1 

-0.1 






+46.8 

-46.8 

-13.3 

+13.2 


Fbc ^ 



+100.0 




+ 100 ft-k 


-53.2 

+53.2 

-13.3 

+13.2 


Fcb “ 




+100.0 



+100 ft-k 


-1-13.2 

-13.3 

+53.2 

-53.2 


Fen " 





+100.0 


+100 ft-k 


+13.2 

-13.3 

-46.8 

+46.8 



Having founa the final moments resulting from the introduction of 
+100 ft-k at every point where fixed-end moments can exist in the struc¬ 
ture, we can now write the equation for Mba (And all other member end 
moments, if desired) in terms of the initial fixed-end moments: 

Mba = +0.468Fra - O.S32Fbc + 0.132Fca + 0.132Fcb. 








































































INFLUENCE LINES 


[chap. 12 




The fixed-end moments, caused by a 1 k load placed successively at each 
of the points for which an influence line ordinate is desired, arc computed 
in Table 12-4. 
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The above values of the fixed-end moments are substituted in the 
equation above for Mr a, and the influence line ordinates ate computed 
in Table 12-5. 
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It is apparent that once the influence lines for member end moments 
have been obtained (as demonstrated above), ordinates of influence lines 
for reactions, shears, or moments at intemediate sections may be easily 
computed by statics. 


Problems 


12-16. For Fig. 12-41 compute the ordinates, at l(Kft intervals, of the 
influence line for Mba^ The moment of inertia is constant. [Am. (in ft-k); 
Ordi - -1.84, Ord 2 - -2.30, Orda » -3.95, Ord 4 = -4.83, Ords - 
—3.74, Ords - —1.77, Ord? * +0.71, Ordg - +0.57.) 



30'-0 



50'-0 




D 


Figure 12-41 


12-17. The first assumptions as to the proportions for a continuous reinforced 
concrete bridge are indicated in Fig. 12-42. Consider a strip l-ft wide normal to 
the plane of the paper. Using moment distribution, write the equations for Mba 
and Mbc in terms of the fixed-end moments. Compute influence line ordinates 
for Mba at 5-ft intervals across the entire span. 



[/Ins.; 


Figure 12-42 


Mba - +0.760FBJ, - 0.240Fbc + 0.066Fcj» + 0.066Fci), 

Mac - -0.386Fa^ + 0.615F«r - 0.170Fcj» - 0.170Fcj). 
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Distance from A 

Influence ordinate 

Distance from A 

Influence ordinate 

(ft) 

(ft-k) 

(ft) 

(ft-k) 

6 

-3.03 

40 

-0.96 

10 

-4.73 

45 

-0.36 

15 

-3.64 

55 

+0.31 

25 

-1.03 

60 

+0.41 

30 

-1.56 

65 

+0.26 

35 

-1.38 




12-18. The dimenraons first assumed for a reinforced concrete highway 
bridge are shown in Fig. 12-43. Continuity is provided between the bridge 
deck and piers. Using the method of moment distribution, write the equations 
for Mb At Msct &nd Mcb in terms of the fixed-end moments of all deck spans. 
Compute the ordinates at the 0.1,0.3, 0.5, 0.7, and 0.9 points of all spans for the 
influence line for Mbc> 



Fiourk 12-43 


(4ns.: 

Mbx * "f0.720FjA - 0.280Fbc + 0.085Fca 
-|-0.085Fcx) — 0.028FDe — 0.028Fx>x, 

Mbc * —0.407FaA + 0.593Fac — O-lSlFca 
—O.lSlFcz) “h 0.058 Fdc “h 0.058Fx)s, 

Mcb “ — 0.200Fjyx ““ 0.200F^c d" 0.622Fcjj 
—0.378Fci> H“ 0.122Fnc + 0.122Fij*. 
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(ft) 

(fl-k) 

(ft) 

(ft-k) 

3 

+1.09 

74 

-0.67 

9 

+2.89 

82 

-1.58 

15 

+3.70 

90 

-1.57 

21 

+3.10 

98 

—0.91 

27 

+1.28 

106 

-0.25 

34 

+2.21 

113 

+0.18 

42 

+5.12 

119 

+0.44 

50 

+5.08 

125 

+0.53 

58 

+2.92 

131 

+0.41 

66 

+0.80 

137 

+0.15 


12-6 Influence lines for articulAted structures. In Section 12-2 it was 
demonstrated that the same methods which apply for computing influence 
lines for continuous structures also hold for articulated struciures. Two 
problems relating to two-hinged arches were discussed in connection with 
Eqs. (12-4) and (12-5). It is believed unnecessary, therefore, to present 
any special illustrative problems dealing with influence lines for articulated 
structures. The reader should be particularly aware of the fact, however, 
that the Williot-Mohr diagram will usually be found to be the best method 
for determining the deflections of an articulated structure. 

12-7 Qualitative influence lines by the MuUer-Breslau principle. It 

has been demonstrated that the Miiller-Breslau principle is of extreme 
importance in the determination of quantitative influence lines, that is, 
influence lines with definite arithmetical values for the ordinates. The 
principle also makes it possible to sketch qualitative influei!|ce lines. These 
are indispensable in determining the correct loading patterns for'maximum 
values of moment, thrust, and shear in various t 3 rpes of structures. 

For example, suppose it is necessary to determine which spans of a six- 
span continuous beam should be loaded with a uniform load to cause a 
maximum positive moment (compression on the top side) at the center 
of the span BC (see Fig. 12-44). A pin is inserted at this point in the span 
and couples are applied with a sense to cause compression on the top side. 
The beam will deflect as shown in Fig. 12-44. Any action which tends to 
restore the beam to its unstrained position will cause the same kind of 
stress due to flexure (compression on the top side) at the given section 
as the applied couples. Obviously, then^ spans BC, DE, and FG should 
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be loaded if a maximum positive moment is desired at the center of span 
BC, Actually, of course, the effect of the load in span FG on the moment 
at the center of span BC is negligible. 

If a maximum negative moment is desired at C, a pin is inserted at this 
point and couples (to cause tension on the top side) are applied on each 
side of the pin. The beam will deflect as shown in Fig. 12-45, and it is 




Figure 12-45 

apparent that spans £C, CZ>, and EF should be loaded. 

Again suppose that it is required to find the position of uniform load to 
give maximum positive shear (the part of the beam to the left of the sec¬ 
tion tends to move up with respect to the part on the right) at a section 
toithe right of B. The beam is cut at the given section, a roller and slide 
device is inserted, and two vertical forces of equal magnitude are applied ** 
to the beam ends adjacent to the device. Each force acts with the sense 
required to give shear of the desired sign at the section. The deflected 
beam, and therefore the qualitative influence line, is shown in Fig. 12-^6. 
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maximum negative moment at the left end of span CA-Di is shown in 
Fig. 12-48. Note that in bay CD the indication is that a small portion at 



Figure 12-48 


the right end of the beams at levels 3 and 5 should not be loaded. In 
addition, at levels 2 and 6, a short loaded length is theoretically required 
at the right end. For a practical analysis, levels 3 and 5 in bay CD would 
be entirely loaded, while levels 2 and 6 would be unloaded. The influence 
line for moment causing tension on the right side at the top of column 
C3-C4 is shown in Fig. 12-49. 

G 

5 

4 

3 
2 

1 

A n C D E 
Figubi: 12-49 



Of special note hero is the fact that theoretical loading patterns are 
indicated in Figs. 12-47, 12-48, and 12-49. Practically, however, the 
effect of the load in a given bay on a stress component in a member two 
or three bays distant is negligible. Specifications, therefore, permit the 
aual3n3i.s of large building frames by dividing them into sections. In 
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analyzing a given run of girders and the adjacent columns immediately 
above and below these girders, it is permissible to consider that all columns 
are fixed at their far ends. The ends of girders two bays away from the 
stress cmnponent being evaluated are also considered to be fixed. This 
has the obvious effect of greatly simplifying the analysis, with only a slight 
loss in accuracy. 
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ELASTIC ARCHES 


13-1 General. A true arch may be defined as a structure which depends 
(usually in considerable degree) for its ability to support applied vertical 
loads on the development of horizontal reaction components, acting toward 
the center of the arch span, at the two end supports. These horizontal 
reaction components are the means of difTerentiating between the true 
arch and the "corbeled arch,” which consists of a series of cantilevers, 
each superimposed upon and projecting a little beyond the cantilever 
below, with a simple beam span closure at the top center. 

As stated in Chapter 1, the corbeled arch was used extensively in ancient 
Egypt as an architectural unit. Only one true arch of ancient origin, 
discovered in a tomb at Thebes and dated about 1500 B.C., has been found 
in all that country. The Assyrians and Babylonians also used the corbeled 
arch quite commonly, with the latter using pointed brick arches in the 
construction of their sewers. These existed as early as 1500 B.C. and 
possibly many centuries before. It is said that a series of brick arches 
spanned the Euphrates in 2000 B.C. In general, however, very few of these 
early structures were true arches. 

It appears that the true arch was first used to any great degree by the 
Etruscans, people of Asiatic origin who invaded northern Italy about 1300 
B.C. Gradually, during the next thousand years, certain rules of thumb 
were evolved whereby true arches of a sort could be built. The engineers 
of the Roman Empire developed the true arch to the point where, for five 
centuries (from about 300 B.C. to perhaps 200 A.D.), many great arch 
bridges and aqueducts were built in all parts of the Empire. The out¬ 
standing examples of this period were of cut stone blocks placed without 
mortar. 

The collapse of the Roman Empire in the West in 476 A.D. marked the 
beginning of the Dark Ages and the cassation of most road and bridge 
building throughout Europe. In 1176 A.D. the construction of the original 
London Bridge was begun, and this ugly structure, consisting of a scries 
of short-span arches, lasted for six centuries. In the twelfth century the 
members of a religious order known as FreUres Pontes (“Brothers of the 
Bridge") dedicated themselves to the repair of existing bridges as well as 
the building of new ones. In the fourteenth century the first bridge with a 
masonry deck slab supported by masonry arch ribs was built. Throughout 
all these centuries, however, the engineering skill of the Romans was never 
e<iuallcd in Europe. 
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Beginning in Italy in the fourteenth century and spreading from there 
to the rest of Europe, the Renaissance was a period of general revival of 
economic life and ne^v interest in art and in construction. Roads and bridges 
were needed and builders had to learn again how to construct arches. Like 
the arches of the Romans, these were built by rule of thumb. 

The Frenchman, Lahire (1640-1718), first applied statics in an attempt 
to analyze the arch, and, in a memoir published in 1773, Coulomb con¬ 
sidered the types of arch failures and proposed a theory. Both, however, 
considered the arch to be inelastic. In his work on the strength of ma¬ 
terials published in 1826, Navier (1785-1836) seems to have made the first 
important contribution to the theory of bending of curved bars. Apparently 
including in his theory only the effects of flexural strain, Navier nevertheless 
explained how axial strains could be considered. He applied his theory 
to find the horizontal reaction components of circular and parabolic sym¬ 
metrical arches. 

No particular attention appears to have been given to the question- of 
the most advantageous shape of the arch axis until Yvon Villarceau (1813- 
1883) presented a famous memoir on arches to the French Academy of 
Sciences in 1845. Villarceau understood that the complete solution re¬ 
quired consideration of the elastic deformations of the rib. He reasoned, 
however, that insufficient information was available regarding the elastic 
properties of materials, and theiefore considered the arch blocks to be 
absolutely rigid. It was his conclusion that the best arch axis to use in a 
given case would be that which coincided with the funicular polygon for 
the applied loads. 

The Frenchman, J. V. Poncelet (1788-1867), apparently was the first to 
suggest (in an article published in 1852) that an arch must be considered 
as an elastic bar if a rational theory is to be applied. 

Jacques Bresse (1822-1883), also a Frenchman, published a book in 
1854 dealing with the deflection of curved bars, and in it he included the 
effects of both axial and flexural strains and demonstrated the application 
of his theory in the design of arches. 

In 1866, C. Culmann (1821-1881), a German, published his famous 
book on graphic statics, a part of which is devoted to a consideration of the 
analysis of arches and retaining walls. Culmann introduced the very im¬ 
portant concept of the elastic center^ which permits the analysis of hingdess 
arches without the use of simultaneous equations. 

E. Winkler (1855-1888), a German, published in 1867 his book on 
strength of materials. Whereas Navier and Bresse had previously con¬ 
sidered the deflection of curved bars for which the ratio of the initial radius 
of curvature to the radial thickness of the bar is large, Winkler discussed 
the case where this ratio is small. When this ratio is less than ten, the 
errors involved in applying the ordinary theory of flexure usually become 
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significant. This, of course, is not encountered in the design of arch bridges 
but applies to hooks, chain links, anif similar designs. Winkler discussed 
the two-hinged arch problems previously considered by Bresse and ex¬ 
tended the theory to include hingeless arches. In Winkler’s book tables are 
included for different loading conditions of circular and parabolio arches 
with constant cross section. 

Otto Mohr (1834-1918) made two important contributions to the elastic 
theory of arches. The first appeared in a paper published in 1870, in which 
Mohr presented the idea of computing the influence line for the horizontal 
reaction component of a two-hinged arch as the bending moment diagram 
for a conjugate beam loaded with the ]ilEI diagram for the arch. (The 
term y is the vertical distance from the plane of the hinges to the arch 
axis at any section.) Mohr obtained this moment diagram by graphical 
methods. His second contribution, appearing in a paper published in 
1881, was an extension of the concept of the elastic center (neutral point) 
to include articulated arches. 

Chiefly as the result of work by Winkler and Mohr, supplemented by 
carefully controlled tests conducted by the Society of Austrian Engineers 
and Architects, the elastic theory was finally accepted for the analysis of 
arches. More recent contributions to the theory and methods of arch 
analysis are those of A. Strassner in 1927, J. Melan and T, Gesteschi in 
1931, and E. Morsch in 1935. 

Down through the centuries, as methods of analysis and design and as 
materials and methods of construction have improved, the spans of new 
arch bridges have constantly increased. The longest steel highway arch 
bridge existing at the time of this writing is the Kill Van Kull Bridge, 
which connects Staten Island with Bayonne, New Jersey, and has a span 
of 1652 feet. The longest steel railway arch, with s span of 1650 feet, is 
over Sydney Harbor, Australia. Both bridges have braced ribs with two 
hinges. The longest reinforced concrete highway arch is the Sando Arch 
in Sweden, with a span of 866 feet. A reinforced concrete arch railway 
bridge at Esla, in Spain, holds the record for this type with a span of 
645 feet. 

For shorter spans it is possible to analyze the arch as an elastic structure 
and to neglect the effects of the change in shape of the arch axis resulting 
from the elastic strains; in other words, the deflection of the arch is 
neglected. For short spans the resulting errors are not significant. When 
the arch span is long, however, the neglect of the elastic deflection will 
usually result in significant, and perhaps serious, overstress. [A deflection 
theory for arches was published by A. Freudenthal in 1935. Additional 
information is available in the form of papers in the Transactions of the 
American Society of Civil Engineers.] 
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13—2 Types of arches. Arches may be classified, of course, on the baw 
of the materials of which they are built. The most common are steel, 
reinforced concrete, and timber. From the standpoint of structural be¬ 
havior, arches are also classified as hingeless (sometimes designated as 
fixed), two-hinged, or three-hinged. (The three-hinged arch is determi¬ 
nate and will not be considered in this discussion.) Arches are also con¬ 
veniently, and necessarily, classified as to the shape and stnictural arrange¬ 
ment of the rib, with several types shown in Fig. 1.1-1. 






(e) 


Fiours 13*1 
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A solid rib arch, as shown in Fig. 13-1 (a), may be used with two hinges 
at the ends or may be hingelcss. Reinforced concrete ribs are almost always 
hingeless. Shorter span steel arches with solid ribs, say spans of 500 or 600 
feet and under, are usually two-hinged, but solid steel ribs of longer spans 
arc always hingeless. For example, the Henry Hudson steel arch in New 
York City, spanning 800 feet, and the Rainbow Arch at Niagara Falls, 
spanning 950 feet, are hingcless. In the <*asc of a two-hinged trial arch 
designed as a preliminary study for the Rainbow Arch, it was found that 
deflection of the rib increased the ciuarter point stress by 29% over the 
values given by an analysis by the elastic theory. In the hingelcss arch 
which was actually erected, the deflection of the rii) incrcase<l the <|uarter 
point stresses by only 7%. Thus the greater stiffness of the hingelc.ss arch 
is a distinct advantage in long spans. 

The type of braced rib shown in Fig. 13-1 (b) illustrates the essential 
features of both the Kill Van Kull and the Sydney Harbor arche.s. In both 
oases the dork is hung from the arch as shown by the dashed lines. Many 
other steel arches of this same type have been built. 

The crescent arch of Fig. 13-1 (e) is not commonly used. The .spaiuli'el- 
braced arch of 13-1 (d) is e.s.sentially a deck truss with horizontal thrusts 
developed at the two ends. 

iSince horizontal thrust reaction components are essential for an arch, 
it is apparent that excellent foundation conditions must exist at the site. 
If .such conditions are not availalile, then the horizontal reaction com¬ 
ponent may be provided by a tie, as shown in Fig. 13-1(c). 

13-3 Curve of arch axis. The arch is structurally advantageous because 
the internal moments resulting from applied loads are very much smaller 
than those which would insult if the same loads were applied to a truss or 
beam of the same span. This, of course, is due* to the negative moments 
resulting from the horizontal thrusts at the ends. Figure 13-2(a) shows a 
simple beam and the moment diagram resulting from a single coneentrated 
load. Figure 13 2(h) shows an arch of the same span sul>jc<‘ted to the same 
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load, and the resulting moment diagram. It is obvious that the maximum 
positive moment is greatly reduced by the arch action. At the same time, 
of course, important axial stresses will exist in the arch rib. 

The moments in the rib should be as small as possible. Consequently, 
the center line of the rib, whether it be solid or braced, should closely 
approximate the funicular polygon for dead load plus, perhaps, some por¬ 
tion of the live load. The funicular polygon will usually be fairly well 
approximated by a segment of a ciicle, a multi-centered circular curve, or 
a parabola. 

The economy of any particular arch will, of coufse, be influenced by the 
rise-to-span ratio. In many cases this ratio will be determined by conditions 
at the site, if the structure is to be a bridge, or by headroom requirements, 
if the design is for a hangar, drill hall, or similar building. Where conditions 
permit the most economical rise-to-span ratio to be used, it is probable that 
this ratio will be from 0.25 to 0.30, although special considerations may 
void these limits. 

13-4 Analysis of two-hinged articulated arch ribs. This classification 
includes both the braced rib and the braced spandrel arch. For the pur¬ 
pose of the discussion consider the rib of Fig. 13-3, which is indeterminate 



to the first degree. If this arch is subjected to static loads, it is most easily 
analyzed by the general method. One end is placed on rollers and the 
horizontal displacement of this end, as caused by the loads, is determined 
by virtual work. Stresses in the determinate truss, due to both the real 
and fictitious loads, are readily found by graphical methods. The horizontal 
displacement of the end on rollers, as caused by a horizontal load of 1 k 
acting at this end, is next computed by virtual work. The division of the 
first deflection by the second will give the magnitude of th& horizontal 
reaction component. All bar stresses may then be computed by statics. 

If the arch of Fig. 13-3 is to be analyzed for moving loads, an influence 
line for Ha is required. End A is placed on rollers, and a horizontal load 
of any convenient magnitude is applied at this end. The resulting horizontal 
displacement of end A, and the simultaneous vertical deflections of all 
panel points at which loads will be applied, arc evaluated. These are most 
easily determined with a Williot or, if necessary, a Williot-Mohr diagram. 
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Then, by the Mullcr-Breslaii principle, the several ordinates of the influence 
line for Ha, arc determined by dividing each vertical displacement of a 
panel point by the horizontal displacement of end A. After the influence 
line for Ha has been determined, the influence lines for stress in the 
various members of the arch can be computed by statics. 

As is the caw with all indeterminate structures, complete dimensions 
of all parts of the arch rib obviously must be known or assumed before an 
analysis is possible. If experience is lacking, the first analysis may be made 
by assuming that all members have the same cross-sectional area. All bar 
stresses are determined on the basis of this assumption and the members 
are designed for these stresses. Then the arch is again analyzed, using the 
new member cross-sectional areas. The resulting new bar stresses are used 
to revise the first design for the individual members of the rib, if this is 
necessary. A third analysis will usually be required to determine to what 
extent the various stresses may have been changed by the last revision of 
cross-sectional areas. The process is continued until further adjustment of 
members is unnecessary, with three or four analyses usually being sufficient. 


Problems 

13-1. Compute the ordinates, for loads at Vi and f/ 2 , of the influence line 
for the horizontal reaction component of the braced rib of Fig. 13-4. Assume 
that all members have the same cross-sectional area. Find the stresses in the 
various members as caused by the indicated loads. [Aru,: Influence ordinates— 
Ui — 0.38, 1/2 * 0.44; stresses— LqLi * —8 k, LqUi = —11 k, ViLi « 
-3 k, L 1 L 2 * -6 k, V 1 I 2 = -2 k, U 1 U 2 « -5 k, U 2 L 2 *= -6 k.1 



Figure 18-4 
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13-2. Compute the ordinates, for loads at Ui, U 2 , Us, and U 4 , of the in¬ 
fluence line for the horisontal reaction component of the braced rib shown in 
fig. 13-5. All members are assumed to have the same cross-eectional areas. 
Find the stresses in the members as caused by the indicated loads. [.Ina.: 
Influence ordinates— Vi *= 0.14, U 2 * 0.24, Us * 0.31, U 4 * 0.33; horisontal 
reaction component for loads 16.8 k; stresses— LqUq ^ +8 k, U 1 U 2 
—30 k, UsUa « "25 k, LiUi - -26 k, LqLi - -46 k, L 1 L 2 - -20 k, 
L 2 L 2 « +8 k, UsLz * 0 k.l 



Figure 13-5 


13-5 Two-hinged solid arch ribs. This type of rib is analysed by the 
general method, using a procedure similar to that described for an artic¬ 
ulated rib. In the case of the articulated rib, the horizontal displacement 
of the end on roUers is the result of axial elastic strain in the component 
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bars. In the solid rib, how'ever, this horizontal displacement is the result 
of a combination of ahearing, axial, and flexural clastic strains. Theoreti¬ 
cally all these strains should be considered in the analysis. The following 
example will demonstrate how this may be accomplished. 

Example 13-3. Determine the value of the horizontal reaction com¬ 
ponent of the indicated two-hinged solid rib arch (see Fig. 13-6) as caused 
by a concentrated vertical load of 10 k at the center line of the span. 
Consider shearing, axial, and flexural strains. Assume that the rib is a 
24WF130 with a total area of 38.21 in^, that it has a web area of 13.70 in^, 
a moment of inertia e<|ual to 4000 in^, E of .30,000 k/in^, and a shearing 
modulus G of 12,000 k/in^. 



Figurk 13-6 


Consider that end C is placed on rollers, as shown in Fig. 13-7. A unit 
fictitious horizontal for(*e is applied at C. The axial and shearing com¬ 
ponents of this fictitious force and of the vertical reaction at C, acting on 
any section B in the right half of the rib, are shown at the right end of the 
rib in h'ig. 13-7. The expression for the horizontal displacement of C is 


/•a ^ rB rD 

V _ .1 / , o / ds , I Nn ds 

- Vc ~~m- + ^Jc AjJ + Vc ~AE' ■ 


(13-1) 
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From Pig. 13-7, for the ril) from C to B, 

ilf = ^ (100 - R cos d), m = 1(R sin 0 ~ 125.36), 
P 

V = — sin e, V = cos 6, 



n = — sin I 
d8 = R dd. 


If the above values are substituted in E(i. (13-1) and integrated between 
the limits of 0.898 and ir/2, the result will he 


Aca = 22.55 + 0.023 - 0.003 = 22.57. (13-2) 


The load P is now assumed to be removed from the rib, and a real 
horizontal force of 1 k is assumed to act toward the right at C in conjunc¬ 
tion with the fictitious horizontal force of 1 k acting to the right at the 
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same point. The horizontal displacement of C will be given by 


ickCk 


-4c 


da 


+ 


4c + 4c # 


c El 

= 2.309 + 0.002 + 0.002 = 2.313 in. 


The value of the horizontal reaction component will be 

wj _ ^Ch _ 22.57 _ Q 7R u 

6ckCh 2.313 

If only flexural strains are considered, the result is 


For the given rib and the single concentrated load at the center of the 
span it is obvious that the effects of shearing and axial strains are insignifi¬ 
cant and can be disregarded. Erroneous conclusions as to the relative 
importance of shearing and axial strains in the usual solid rib may be drawn, 
however, from the values shown in Eq. (13-2). These indicate that the 
effects of the shearing strains are much more significant than those of the 
axial strains. This is actually the case for the single concentrated load 
chosen for the demonstration, but only because the rib does not approxi¬ 
mate the funicular polygon for the single lo^. As a result, the shearing 
components on most sections of the rib are more important than would 
othenvise be the case. The usual arch encountered in practice, however, is 
subjected to a series of loads, and the axis of the rib will approximate the 
funicular polygon for these loads. In other words, the line of pressure is 
nearly perpendicular to the right section at all points along the rib. Con¬ 
sequently, the shearing components are so small that the shearing strains 
are insignificant and are neglected. 

Axial strains, resulting in rib shortening, become increasingly important 
as the rise-to-span ratio of the arch decreases. It is advisable to determine 
the effects of rib shortening in the design of arches. The usual procedure 
is to first design the rib by considering flexural strains only, and then to 
check for the effects of rib shortening. 

Example 13-4. Design a two-hinged, solid welded-steel arch rib for a 
hangar. The moment of inertia of the rib is to vary as necessary. The 
span, center to center of hinges, is to be 200 ft. Ribs are to be placed 35 
ft center to center, with k'riseof 35 ft. Roof deck, purlins, and rib will be 
assumed to weigh 25 Ib/ft^ on roof surface, and snow will be assumed at 
40 Ib/ft® of this surface. Twenty purlins will be equally spaced around the 
rib. 
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The center line of the rib will be taken as the segment of a circle. By 
computation the radius of this circle is found to be 160.357 ft, and the 
length of the arc AB to be 107.984 ft. For the analysis the arc AB will be 
considered to be divided into ten segments, each with a length of 10.798 ft. 
Thus a concentrated load is applied to the rib by the purlins framing at 
the center of each segment. (The numbered segments are indicated in 
Fig. 13-8.) Since the total dead and snow load is 65 Ib/ft^ of roof surface, 
the value of each concentration will be 

10.798 X 35 X 65 = 24.565 k. 

The computations necessary to evaluate the coordinates of the centers 
of the various segments, referred to the hinge a^ d, are shown in Table 
13-1. Also shown are the values of Ax, the horizontal projection of the 
distance between the centers of the several segments. 

If experience is lacking and the designing engineer is therefore at a loss 
as to the initial assumptions regarding the sectional variation along the 
rib, it is recommended that the hrst analysis be baaed on the assumption 
of a constant moment of inertia. Even the experienced engineer will often 
find that this is the best procedure. The value of H having thus been de¬ 
termined, moments and axial thrusts are computed throughout the rib. 
Cross-sectional areas at the various sections are then designed for these 
moments and axial thrusts. A new value for H, as well as revised values 
for momcuts«and axial thrusts throughout the rib, are determinedjor the 
new rib with the varying cross section. Stresses are checked in the rib, 
and the whole process is repeated if necessary. This procedure will be 
followed in the present case. 

By the general method, assuming that end A is on rollers, 

+ HA^AhAh — 0 . 


Deflections will be computed by virtual work, and thus this expression 
becomes 



Mm AS 

~wr' 




rr? AS 
El 



Since E and AS are constant and, for the first analysis, the moment of 
inertia is constant, the final expression for Ha is 



ZMm 
Sm2 ■ 


(13-4) 


All the computations necessary* for the first evaluation of Ha are shown in 
Table 13-2. 
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The moments at the centers of the various segments of the rib, using 
the approximate value just determined for Ha, are computed in Table 
13-3. A moment is considered to be positive if it tends to cause com¬ 
pression on the upper surface of the rib. 


Table 13-3. 


Segment 

y 

(ft) 

M 

simple 

beam 

(ft-k) 

HaV 

(ft-k) 

Total M 
at segment 
(ft-k) 

A 

0 




1 

3.29 

1,050 


-50 

2 

9.44 

3,010 


-140 

3 

14.98 

4,830 


-170 

4 

19.88 

6,490 


-150 

5 

24.13 

7,950 


-no 

6 

27.69 

9,200 

-9,250 

-60 

7 

30.57 

10,220 


+10 

8 

32.73 

11,000 

-10,930 

+70 

9 

34.18 

11,530 

-11,420 

+110 

10 

34.91 

11,790 

-11,660 

+130 

Crown 

35.00 

11,790 

-11,690 

+100 


The thrust Nj normal to the cross section at the center of each segment, 
must be computed before the section requirements can be determined. 
As a matter of interest the various values of iS, the total shear on the cross 
section, will also be computed for the center of each segment. N and S 
are obtained by combining components of H and the vertical shear V at 
the center of each segment, a combination which is shown in Fig. 13-9. 

From this figure it is apparent that 

S ^ V cos a ^ H sin a. 

N = V 8in.a + /f cos o. 

Values of S and N are computed in Table 13-4. The values of S are in¬ 
cluded in support of the statement previously made to the effect that 
shearing forces are small in the usual arch rib. 

Inspection of the values for the moment M in Table 13-3 and for the 
thrust N in Table 13-4 will indicate that segment 3 is critical in the region 
of negative moment and segment 10 in the region of positive moment. 
The necessaiy sections for the rib, at the centers of these two segments, 
must be determined in accordance with the specifications of the American 
Institute of Steel Construction before Table 13-5 can be completed. 
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Table 13HI. 


Segment 

V(k) 

V COB a 

— H sin a 

= 5(k) 

V aina-j-H cosa « N (k) 

A 

245.6 

192 

-208 

=* -16 

153 

+261 - 414 

1 

221.1 

177 

-199 

= -22 

132 

+268 - 400 

2 

196.5 

165 

-181 

= -16 

106 

+281 - 387 

3 

172 0 

150 

-162 

= -12 

83 

+292 - 375 

4 

147.4 

133 

-142 

« —9 

62 

+303 - 365 

5 

122.8 

114 

-121 

= —7 

44 

+311 »355 

6 

98.3 

94 

-100 

= -6 

29 

+319 - 348 

7 

73.7 

72 

-78 

= -6 

17 

+325 - 342 

8 

49.1 

48 

-56 

= -8 

8 

+329 - 337 

9 

24.6 

24 

-34 

= -10 

2 

+332 - 334 

10 

Crown 

0.0 

0 

-11 

- -11 

0 

+334 - 334 
+334 - 334 









Flungi's: 12 in. X 1 in. Allowable stress for bending » Fjv = 20 k/in 
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In this equation the value of L is 10.798, since ribs arc laterally braced at purlin framing points. 
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Thickness of flange and web plates and width of web plates are matters 
of judgment. The total depth determined for the center of segment 3 is 
used from the center of this segment to the end of the rib. The depth de¬ 
termined for the center of segment 10 is arbitrarily used for the rib depth 
at the crown. The total depth of the rib from the center of segment 3 to 
the crown is made to vary linearly. The adequacies of the sections thus 
determined for the centers of the several segments are checked in Table 
13-5. 

It is necessary to recompute the value of Ha because the rib now has a 
varying moment of inertia. Equation (13-4) must be altered to include 
the I of each segment and is now written as 

„ ^Mm/I 

The revised value for Ha is easily determined as shown in Table 13-6. 
Note that the values in column (2) of Table 13-6 are found by dividing the 
values of Mm for the corresponding segments in column (8) of Table 
13-2 by the total I for each segment as shown in Table 13-5. The values 
in column (3) of Table 13-G arc found in a similar manner from the values 
in column (9) of Table 13-2. The simple beam moments in column (5) of 
Table 13-0 are taken directly from column (7) of Table 13-2. 


T.vble 13-0. 


(1) 

Segment 

(2) 

Mm 

r 

(3) 

wi- 

T 

(4) 

Revised- 

Umj 

(ft-k) 

(5) 

M 

simple 

beam 

(ft-k) 

(6) 

Revised 

moment 

(ft-k) 

1 

1.00 

0.0031 

1,100 

1,050 

—50 

2 

8.10 

0.02.5G 

3,160 

3,010 

-150 

3 

20.79 

0.0044 

5,020 

4,830 

-190 

4 

40.67 

0.1247 

6,660 

6,490 

-170 

5 

66.95 

0.2032 

8,080 

7,950 

-130 

6 

98.57 

0.2967 

9,270 

9,200 

-70 

7 

134.13 

0.4012 

10,240 

10,220 

-20 

8 

173.82 

0.5174 

10,960 

11,000 

+40 

9 

214.41 

0.6357 

11,450 

11,530 

+80 

10 

252.35 

0.7472 

11,690 

11,790 

+100 

Crown 



11,720 

11,790 

+70 

Z 

1010.85 

3.0192 
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Revised = — 


2ZMm/I 


2 X 1010.85 
2 X 3.0192 


= -334.81k. 


The revised values for the axial thrust y at the centers of the various 
segments are computed-in Table 13-7. 


Table 13-7. 


Segment 

F sin a + cos a 

Revised 

(k) 

A 

153 

262 

415 

1 

132 

269 

401 

2 

106 

282 

388 

3 

83 

293 

376 

4 

62 

303 

365 

5 

44 

312 

356 

6 

29 

320 

349 

7 

17 

32G 

343 

8 

8 

330 

338 

9 

2 

33.3 

335 

10 

0 

335 

335 

Crown 


335 

335 


The sections previously designed at the centers of the .segments are 
checked for adequacy in Table 13-8. From this table it appears that all 


Table 13-8. 


Segment 


A 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

Crown 


N Me 


A / 

(k/in2) (k/in^) 


10.4 

10.1 

9.8 

9.5 

9.4 

9.3 

9.3 

9.3 

9.3 



N/A Me/1 

Fa Fb 

Deeimal 

of 

capacity 

0.66 


0.66 

0.64 

0.11 

0.75 

0.62 

0.30 

0.92 

0.60 

0.38 

0.98 

0.59 

0.36 

0.95 

0.58 

0.29 

0.87 

0.58 

0.17 

0.75 

0.58 

0.05 

0.63 

0.58 

0.11 

0.69 

1 0.59 

0.23 

0.82 

0.60 

0.31 

0.91 

0.61 

0.23 

0.84 
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sections of the vib are satisfactory. This cannot be definitely concluded, 
however, until the secondary stresses caused by the deflection of the rib 
are investigated. These stresses will be considered in Section 13-8. 

Example 13-5, Determine the effects of rib shortening and temperature 
changes in the arch rib of the preceding example (see Fig. 13-8). Consider 
a temperature drop of 100®F. 

Ill order to dctemiinc the effects of rib shortening it is first necessary to 
find the horizontal displacement of end .4 which will result if the elastic 
axial strains, which occur in the actual loaded arch, are introduced into 
the rib while end A is on rollers. It is then necessary to find the horizontal 
displacement of end A, caused by a horizontal force of 1 k acting at A, 
considering both flexural and axial strains in the rib. The horizontal dis* 
placement of A, resulting from the rib shortening caused by the real loads, 
is given by 

A^n AZ/ 

where N is the axial thrust taken from Table 13-7, n is the axial thrust 
caused by a 1 k fictitious horizontal force acting at A and equal to cos a 
in Table 13-1, AL is the length of each segment, and A is the right sectional 
area. The horizontal displacement of A, resulting from the rib,shortening 
caused by a 1 k horizontal force acting at i4, is given by 

AL 

~AE~ 

The necessary computations for evaluating these two deflections of A 
are shown in Table 13-0. 


Table 13-9. 


Segment 

N 

(k) 

n * cos a 
(k) 

A 

(in^) 

JSTn 

A 

.1 

1 

401 

0.8023 

39.75 

8.07 

0.0162 

2 

388 

0.8406 

39.75 

8.21 

0.0178 

3 

376 

mSSm 

39.75 

8.30 

0.0193 

4 

365 


39.05 

8.49 

0.0210 

5 

356 

0.9322 

38.35 

8.68 

0.0227 

6 

349 

0.9544 

37.65 

8.86 

0.0242 

7 

343 

0.9724 

36.95 

9.04 

0.0256 

8 

338 

0.9859 

36.24 

9.22 

0.0268 

9 

335 

0.9949 

35.55 

9.41 



335 

0.9994 

34.85 

9.60 

0.0278 

£ 




87.88 

0.2300 
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The horizontal displacement of A, resulting from the rib shortening caused 
by the real load, is 


E Nn AL 

~~AE~ 


2 X 87.88 X 10.798 X 12 
30,000 


0.760 in.. 


and that resulting from the rib shortening caused by a 1 k horizontal load 
at is 

E n“AL 2 X 0.2300X 10 798X 12 

-at --Sojoo-“ 

The relative value of the horizontal displacement of A, resulting from 
the flexural strain caused by a 1 k horizontal force at A, has previously 
been determined in column (3) of Table 13-6. The absolute value for 
this displacement is 


2 X 3.019 X 10.798 X 1728 



3.755 in. 


The total value for the displacement of A due to both flexural and axial 
strains resulting from a 1 k horizontal force at A is therefore 


3.753 + 0.002 = 3.757 in. 


The reduction in Ha due to rib shortening is given by 


0.760 

3.757 


0.20 k. 


An additional reduction in Ha u'ill result from any drop in the tempera¬ 
ture of the rib below that temperature at which the arch is erected. This 
occurs, of course, because some additional shortening of the rib will result. 
The decrease in the length of the horizontal projection of the rib resulting 
from a temperature drop of 100®F will be 

BL = 0.0000065 X 100 X 200 X 12 = 1.56 in. 


The resulting decrease in Ha will be 


1 .^ 

3.757 


0.42 k. 


The total decrease in Ha due to both rib shortening and temperature drop is 

0.20 + 0.42 = 0.62 k. 
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This will have the effect of increasing the moment near the center of the 
span. Inspection of column ((>) in Table 13-8 indicates that segment 10 
should be checked for possible overstress as the result of this increase. 
The increase in moment at segment 10 will be given by 

AM — AHA{y for segment 10) — 0.G2 X 34.91 = 21.6 ft*k. 

The moment of 100 ft k, as previously detennined for segment 10, is ac¬ 
curate only in the first two places, and hence the revised total moment 
for segment 10 will be 


100 -f- 20 = 120 ft k. 

The thrust of 335 k, previously determined for segment 10, is accurate to 
three places. The change in Ha due to rib shortening and temperature 
change must therefore be rounded to 1 k in order to determine the corrected 
thrust in segment 10. This corrected thrust will be 

335 - 1 = 334 k. 


The extreme fiber stress is 


Me 120 X 8 23 X 12 
I 1631 


7.25 k/in*. 


The section at segment 10 is checked, as indicated in Table 13-8, by 


N/A Mc/I 334/34.85 7.25 

Fa Fb 16.01 20 


0.60 + 0.36 = 0.96, 


and obviously the section at segment 10 is adequate. 

No consideration has been given to the effects of a temperature rise, 
since such a rise can occur only during the summer months when no snow 
loading is possible. Conse({uent]y, this phase of the problem has no practical 
significance. 

The method of analysis just demonstrated will apply equally Avell to a 
reinforced concrete or a timber two-hinged arch. As previously stated, 
however, very few reinforced concrete arches are built with two hinges. 

Of special note here is the fact that, in addition to axial strain and tem¬ 
perature drop, the shrinkage of the concrete in a reinforced concrete rib 
will also cause rib shortening. The shrinkage coefficient should be deter¬ 
mined for the mix to be used and applied in the analysis in the same gen¬ 
eral way as demonstrated above for the temperature coefficient. 
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13«-6 Two^hinged parabolic arch with a secant variation of the moment 
of inertia. A method for designing a tAvo-hinged arch rib Avas demon- 
stroted in Example 13-4. It Avas suggested therein that the first analysis 
for the redundant H can very avcII be based on the assumption of a con¬ 
stant moment of inertia for the rib. An alternate approach to the problem 
is available because of the fact that it is possible to devise a rather simple 
expression for the value of H provided tAA’o re(|uireinents arc imposed Aipon 
•the shape and proportions of the ri!>. These tAvo rcc]uiremcnts arc, first, 
that the curve of the axis of the rib must be parabolic*; and, second, that 
the moment of inertia of the rib at any particular section must l>c c(|ual 
to the moment of inertia at the croAvn multiplied by the secant of the angle 
a, Avherc a is the angle betAvecn the horizontal and the tangent to the arch 
axis at that particular section. 



FiGuni: )3“10 


Consider the rib of Fig 13-10 loaded Avitli the single concentration P. 
Assume that the moment of inertia of the rib varies so that 

1 = Ic sec a, 

AA'hcre Ic is the moment of inertia at the croAvn and I the moment of inertia 
at any section. The arch axis is parabolic. The cc]uation for the parabola, 
referred to A, is 



Assume that end -1 is on rollers Then, by the general method, 
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JJ _ Aaa fMmds/EI 

^AhAh fm^ds/EI 

where Aak is the horizontal deflection of A as caused by P, and SAhAh is 
the horizontal deflection of A resulting from the action of a 1 k horizontal 
force acting to the left at A. The moment in the rib at any section (with 
end A on rollers) as caused by P is represented by M, and m is the moment 
caused by the I k horizontal force at A. 

In the equation above the following relations apply: 


m = da = sec o d.r, / = /« sec a. 


When th(-ne substitutions arc made, the above expression for H reduces to 

^ SU^ d.v ‘ 


For X < (jLf 



and for .r > qLj 

lil ~ P{\ — r/).r — /■*(.r — qL) = Pq(L — .v). 

When the values for M and y aie substituted in the above equation for H 
and the indicated integrations perfornu'd, the result is 


// = ‘ ~ {q - 2r/ r/). (13-5) 

Although the above C(|uation is derived for the particular type of rib as 
previously doscril)ed, it is of some value in the preliminary analysis of two- 
hinged solid ribs having axial curves other than parabolic and having I 
variations other than proportional to the secant of a. The resulting values 
of H will, of course, be approximate but may be used in proportioning a 
first trial rib. If, for example, Eq. (13-5) is applied to the loaded rib of 
Example 13-4, the computed value of H will be 3-39.14 k. The correct 
value was found to bo 334.81 k. 

Note that if an influence line for // is rcciuircd, then P is taken as unity 
and voluc.s of q are .substituted that correspond to the various sections for 
which influence line ordinates are desired. 
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13—7 Hingeless arches* The hingeless arch has two advantages. First, 
the positive moments near the center of the span will be smaller than the 
positive moments near the center of a corresponding two-hinged arch. 
Second, the deflections of the hingeless arch will be somewhat less than 
those of the two-hinged type, and this advantage is important when spans 
are long. The hingeless type has the disadvantage, however, that it may 
be difficult to assure absolute fixity at the ends of the arch. 

When an arch is to support a highway or railway, influence lines for the 
stress components (thrust, shear, and moment) will be required for various 
sections of the rib. The rib as finally designed in Example 13-4 will be 
considered to be fixed at the ends to illustrate the method of computing 
influence lines for a hingeless arch. Influence line ordinates will be com¬ 
puted for For and il/o, the redundant reaction components acting at 
the elastic center. This procedure will not only demonstrate the method 
for computing influence lines but will also indicate the efTccts of fixing the 
ends of the rib. 

Attention is called to the fact that when hingeless arches are subjected 
to static loads, they may be conveniently analyzed either by the method 
of the elastic center or by the column analogy. Neither method offers any 
real advantage over the other. However, when influence lines are required, 
the elastic center, combined with the Miiller-Breslau principle, is definitely 
the better method. Note that the method of the clastic center may be 
applied ^n two ways, as demonstrated in Example 5-30. If the arch is un- 
symmetrical, the rigid bracket is attached to one end and conjugate axes 
of inertia may be used. If, however, the arch is symmetrical, it is best to 
cut it at the center and use two rigid brackets, as indicated in the second 
analysis of Example 5-30. This latter metho<l will be used in the following 
example. 

Example 13-C. The loaded arch rib as finally designed in Example 13-4 
is considered to be fixed at the ends (see Fig. 13-11). The flange plates of 
the rib are 12 in. X 1 in. and the web is i in. thick. Depths, sectional areas, 
and moments of inertia are giv^en in Table 13-10. Compute ordinates at 
segment centers and the crown for the influence lines for Ho, Fo, and il/o. 
Using these influence lines, determine the decimal of capacity load through¬ 
out the rib, at segment centers and the crown, when it is loaded as in Ex¬ 
ample 13-4. 

The first step in the analysis is to locate the elastic center. This, of 
course, will be on the center line of the span. The elevation above the two 
ends of the arch will be given by 

S ASu/E7 Z\j/I 

~ 21 //' 
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Table 13-10. 


Section 

or 

segment 

Total 

depth 

(in.) 

Area 

(in*) 

Moment of 
inertia 
(in^) 

A 

23.00 

39.75 

3483 

1 

23.00 

39.75 

3483 

2 

23.00 

39.75 

3483 

3 

23.00 

39.75 

3483 

4 

22.07 

39.05 

3172 

5 

21.13 

38.35 

2865 

6 

20.20 

37.65 

2585 

7 

19.27 

36.95 

2329 

8 

18.32 

36.24 

2071 

9 

17.40 

35.55 

1838 

10 

10.47 

34.85 

1631 

Crown 

16.00 

34.50 

1527 


The necessary computations are shown in Table 13-11. The last column 
in this table gives the value of y", the vertical distance from the elastic 
center to the center of each segment. 


T.^ble 13-11. 


Segment 

y 

(ft) 

1 

1000 

lOOOy 

I 

1000 

7 

1 

1 

3.29 

3.483 

0.94 

0.2871 

+22.40 

2 

9.44 

3.483 

2.71 

0.2871 

+16.25 

3 

14.98 

3.483 

4.30 

0.2871 

+10.71 

4 

19.88 

3.172 

6.27 

0.3153 

+5.81 

5 

24.13 

2.865 

8.42 

0.3490 

+1.56 

6 

27.69 

2.585 

10.71 

0.3868 

-2.00 

7 

30.57 

2.329 

13.12 

0.4294 

-4.88 

8 

32.73 

2.071 

15.80 

0.4829 

-7.04 

9 

34.18 

1.838 

18.60 

0.5441 

-8.49 

10 

34.91 

1.631 

21.40 

0.6131 

-9.22 




102.28 

3.9819 



102.28 
^ 3.9819 


25.69 ft. 
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Rigid brackets arc attached to the cut ends of the arch rib at the center 
and two 1 k horizontal forces are applied as shown in Fig. 13-12(a). By 
the MulUM-Hreslaii principle the resulting vertical deflection component 
of any dcfiiiiti* point on the arch rib, divided by the hoi^zontal spread 
between the ends of the two rigifl I)rackets, A\ill be the Hq influence line 
ordinate for a vertical load at the definite point on the rib. 

I'lie conjugate structure for the left hall ril), for computing deflections, 
is shown in Fig. 13-12(1)). Vertical deflections are computed for the 
centers of the segments and relative values for these deflections appear in 
colujnn (8) of Table 13-12. One-half the spread between Ol and Or is 
represented relatively by the sum of column (0). Ordinates for the in¬ 
fluence line for //n are shown in column (10). The value for /fo for the 
load(‘d rib Is obtained by multiplying twice the sum of column (10) by the 
purlin concentration on the rib. Conseciuently, for the loaded rib, 

Hi) = 2 X G.973 X 24.505 = 342.0 k. 

In Fig 1.3-13(a) two vertical forces of 1 k, one up and one down, arc 
applied to the ends of the rigid brackets. Again, by the Muller-Breslau 
principle the resulting vertical deflection component of any (l<‘finite point 
on the rib, divided by the resulting vertical spread between Ol and Or, 
will be the Vq influence line ordinate for a vertical load at the definite 
point on the rib. The conjugate structure for the left half of the rib is 
shown in Fig. 13-13(b), and all computations are shown in Table 13-13. 
Note that all To influence line ordinates for points in the right half of the 
arch will have the same value as for the opposing points in the left half, 
but will have a negative sign Conscfiuently, Vq for the loaded rib will be 
zero. 

Finally, a pair of unit couples arc applied to the ends of the rigid brackets 
in Fig. 13-14(a). As before, by the Muller-Breslau principle the vertical 
deflection component of any definite point on the rib, divided by the 
resulting rotational spread between Ol and Or (in radians), will be the Mq 
influence line ordinate for a vertical load at the definite point. The con¬ 
jugate structure is shoAVii in Fig. 13-14(b), and all computations arc shown 
in Table 13-14. The value of Mq for the loaded arch is determined hy add¬ 
ing the influence line ordinates for segments 1 through 10, doubling thi 
value to include the other half of the rib, and multiplying the total by the 
purlin concentration. For the loaded rib, 


il/o = 2 X 65.55 X 24.505 = 3220 ft k. 
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(10) 

Ho 

inHuence line 
ordinate = 

(8) -5- 22(9) 

0.073 

0.204 

0.378 

0.581 

0.797 

1.007 

1.191 

1.332 

1.410 

eo 

& 

ft 

<e 

II 

s sJf 

<r 

q: + + + +++++ + 

391.2 

(8) 

Relative vertical 
deflection of 
segment center = 
total 

A/ 

*^a»oioot^coci^ 

(7) 

Moment 

increment 

57.1 

102.8 

136.3 

158.8 
168.G 
164.1 
144.G 

109.9 
00.9 

1 

£ 

'^r«oo«05Qor«r^o 

OOOOOOOOOO 

(5) 

Shear 

to 

right 


w 

Relative 
elastic 
load = 
lOOOy" 


+6.43 

+4.66 

+3.07 

+1.83 

+0.54 

-0.78 

-2.09 

-3.40 

-4.62 

-5.64 

(3) 

/ 

1000 

^^^^ooSScooooo 
coweocoweiNN — ^ 

^ II 

ej 11 

5 w 

;9» 

p«A«.4^;pQ^«tC»C9 

^c4t«oo^eooe'v<ci 

!jl++++ 1 1 1 1 1 

Segment 

^eie<9^io«or**ooe»o 
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Having detormined the values of //o, To, and Mq for the loaded rib. 
wo must now evaluate the thrust and moment at the eenters of the various 
segments of the ril) and at the crown. The moment at the crown is c»>ni- 
puted by statics (see Tig. 13-15) as tollows; 


24 50 k ouch ronccntiatioii 



Mji -- — 342(5 X ^131 — H-30tt-k (counterclockwise). 


The momcjits at the centers of the various segments are most easily com- 
* 

puted by first Hiidiiig the value of the externa! moment at the left erd of 
the arch. This is eahily dclermiiK'd with the information shown in Fig. 


13-10. 




Jl 342.0 k 



Mh = 30 ft k 
Hr^ullant moment of purlin 
conccnliations IIJOO ft-k 


Figurl 13-1G 


If Ma is assumed to be clockwise, and clockwise moments are considered 
to be positive, the equation expressing the fact that XMa == 0 is 

Ma -I- 11.700 - 30 - 342.(5 X 35.00 =- 0, 


from which 


Ma = f 230 ft-k 

The moments at the centers of the various .segments are computed in 
Table IS'-IS. Note that the simple beam moments shown in column (3) 
are taken from Table 13-2. 
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Table 13-15. 


Segment 

(2) 

y 

(ft) 

(3) 

Simple 
beam M 
(ft-k) 

(4) 

Ma 

(ft-k) 

(5) 

Hy 

(ft-k) 

(6) 

Total 

moment 

(ft-k) 

A 

0.00 

0 

+230 


+230 

1 

3.29 

+1,050 

+230 

-1,130 

+150 

2 

9.44 

+3,010 

+230 

—3,230 

+10 

3 

14.98 

+4,830 

+230 

-5,130 

-70 

4 

19.88 

+6,490 

+230 

-6,810 

-90 

5 

24.13 

+7,950 

+230 

-8,270 

-90 

6 

27.69 

+9,200 

+230 

-9,490 

-60 

7 

30.57 

+10,220 

+230 

—10,470 

-20 

8 

32.73 

+11,000 

+230 

-11,210 

+20 

9 

34.18 

+11,530 

+230 

-11,710 

+50 

10 

34.91 

+11,790 

+230 

—11,960 

+60 

Crown 

35.00 

+11,790 

+230 

-11,990 

^-30 


Tbe values for the axial thrust N at the centers of the various segments 
are computed in Table 13-16. 


Table 13-10. 


Segment 

V sin a 4 

// cos a 

= .V(k) 

.1 

153 

268 

421 

1 

132 

275 

407 

2 

106 

288 

394 

3 

83 

300 

383 

4 

62 

310 

372 

5 

44 

319 

363 

6 

29 

327 

356 

7 

17 

333 

350 

8 

8 

338 

346 

9 

2 

341 

343 

10 

0 

343 

343 

Crown 

0 

343 

343 


Finally, in Table 13-17, tie ade(]uacy of the rib is checked at the 
springing, the crown, and the centers of the various segments. 
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Table 13-17. 


Segment 

.V 

A 

(k/in2) 

Me 

I 

(k/in2) 

-V/A 

Fa 

Mc/I 

Fb 

Decimal 
=* of 

capacity 

A 

10.6 

9.1 

0.67 

0.45 

1.12 

1 

10.2 

6.0 

0.64 

0.30 

0.94 

2 

9.9 

0.4 

0.62 

0.02 

0.64 

3 

9.6 

2.8 

0.61 

0.14 

0.75 

4 

9.5 

3.7 

0.60 

0.18 

0.78 

5 

9.5 

4.0 

0.60 

0.20 

0.80 

6 

9.5 

2.8 

0.59 

0.14 

0.73 

7 

9.5 

1.0 

0.59 

0.05 

0.64 

8 

0.5 

1.1 

0.00 

0.06 

0.66 

9 

9.7 

2.8 

0.60 

0.14 

0.74 

10 

0.8 

3.6 

0.61 

0.18 

0.79 

Crown 

9.9 

1.9 

0.G2 

0.10 

0.72 


The values in the extreme right column of Table 13-17 indicate that a 
larger section is required at the springing, and that irom segment 1 to the 
crown the rib may be somewhat over-designed. This cannot be stated with 
assurance, however, until the se<*ondary stresses due to deflection of the 
rib are determined. These Avili be considered m Section i3-8. 

Example 13-7. An arch bridge Avith a span of 200 ft is to be built on a 
private road. The deck is to be Avide enough for one lane of traffic. The 
anticipated loads are such that tAvo ribs like those of Example 13-0 may 
be satisfactory. Construct the influence lines for thrust, shear, and moment 
at the crown, left quarter-point, and left springing so that the adequacy of 
the rib may be checked at these sections. The general arrangement of the 
bridge is shown in Fig. 13-17. 



When loads are transmitted from the bridge deck to the rib through 
columns, the resulting structure is knoAA'n as an open spandrel arch. The 
spandit'l of an arch is that portion of the stmeture which is located above 
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the ribs or, in the case of a filled spandrel arch, ahovo the ring. The open 
spandrel arch usuaHy has two ribs supporting the dock. In the case of a 
filled s]>imdrel arch only one rib (ling) is used, hut the width of this ring 
is eciual to the full widtii of the structure. Extending up to the roadway 
level from each side of the ring are ina.sonry or reinforced concrete walls. 
Thc‘ space betwo(Mi these walls is filled with gravel or with other suitable 
fill and the roadway slab built on top Most (if not all) areh bridges now 
built arc of the open spandrel type. 

In the ca.se of l'Aam])le ];i (i the rib was analyzed for full load. The 
procedure was to compute the ordniates, at segment centers, for the in¬ 
fluence lines for IIa, I'o, and d/o The ordinates for each of those were 
then added and multiplied by 2 in ord(T to obtain the total for the entire 
rib In each case this total was (hen multiplied by the concentration to be 
applied at each segment c('nfer in order to obtain the values for //(>, Fo» 
and Mo for the fully loaded rib Then, by statics, stresses were obtained 
throiighoni the rib. 

This procc'dure is based on (lie assumption that a partial loading of the 
rib, resulting in a more critical combination oi stresses, is impossible. That 
is, it is con^sidered vc»ry unlikely that a heavy snow load will accumulate 
on one-half of the roof wliile the otlier half remains unloaded. Occa¬ 
sionally it may he neeessary or desirable to consider partial conditions of 
load, even for an*h ribs supporting the roof of a structure. In some cases 
movable loails may be suspended from the inside. When the arch rib is to 
support a bridge deck, moving loads must, of course, be considered. In¬ 
fluence lines will i)C re(|uired, and these wall now be discussed. 

The extreme right colums of Tables 13-12, 13-13, and 13-14 show the 
ordinales of (he influence lines for //n, I’o, and Mo for the rib under con¬ 
sideration. The.se act as shown in Fig. 13-18. It is apparent that He and 



r,., the thru.st and .shear, respeefively, at the crown, are equal to Hq and 
Vo. Therefoi*e the ordinat(‘s for the influence line.s for Ho and Vq may be 
plotted directly to obtain (In' infliK'nce lines for lie Rud Vg. The influence 
line ordinates for croA\n moment, d/f, mu.st be computed from the ordi¬ 
nates for Ho and Mo in accordance with 
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Me = Mo - 9.31//0. 


These compulations arc given in Table 13-18. 


Table 13-18. 



^ 1/0 

//,. 

9 . 3 I //0 

ji/. 

Segment 

(ft-k) 

(k) 

(ft-k) 

(ft-k) 

] 

2 

0.32 

0.07 

0.05 

-0.33 

3 

0.99 

0.20 

1.8G 

-0.87 

4 

2.03 

0.38 

3 54 

-1.51 

5 

3.49 

0.58 

5.40 

-1.91 

0 

5.45 

0.80 

7.45 

-2.00 

7 

7.95 

1.01 

9.40 

-1.45 

8 

11.00 

1.19 

11.08 

-0.02 

9 

14.85 

1.33 

12.38 

+2A7 

10 

19.41 

1.41 

13.13 

4-6.28 

Crow li 

22.11 

1.41 

13.13 

+8.98 


The intluciice lines for He, Vt, and Me are drawn as dashed curves in 
Fig 13-19. These curves would be the correct influence lines for Hr, Ve, 
and Me if loads could be applied directly to the rib throughout its entire 
length. It is proposed, however, to build the bridge with seven panels in 
the deck and six columns extending down to the rib. Therefore, loads 
actually can only be applied to the rib through these six columns. Con¬ 
sequently, the six points corresponding to these columns will be the only 
points of the retiuired influence lines which will be on the dashed curves 
of Fig. 13-19. Each influence line will consist of a series of straight lines 
between these points, and these are shown on this figure. The values of 
the ordinates at the six column points, as read from the dashed curves, are 
shown in Table 13-19. 


Tahle 13-19. 


Load 

point 

Thrust 
//. (k) 

Shear 

Vr (k) 

Moment 
Me (ft-k) 

1 

0.30 

-0.052 

-1.30 

2 

0.90 

-0.193 

-l.SO 

3 

1.35 

-0.390 

+3 00 

4 

1.35 

+0.390 

+3.00 

5 

0.90 

+0.193 

-1.80 

0 

0.30 

+0.052 

-1.30 
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lliW'ing obtained the critical ordinates for the influence lines at the crown, 
we may in turn use these ordinates to compute the critical ordinates for 
the influence lines at the left springing and at the left quarter-point. 

In Fig. 13-20, a is the angle between the horizontal and the tangent to 
the rib at any section for which the influence lines are desired. Vc, 
and il/f are all shown with positive senses. That is, Me will cause com- 
pi-c..siou on the lop side of the rib, He will cause a thrust in the rib, and Vc 
indicates the sense of the shearing action when positive shear exists. In 
this case, positive shear is aibitrarily defined as the shearing action when 
the part of the rib to the right of a section tends to move down relative to 
the part of the rib to the left of the section. Note in Fig. 13-20 that the 

1 k load is shown dotted at load point 2 merely to indicate the two com¬ 

ponents into which this unit load will l>c resolved when acting at load 
points 1, 2, or 3. When this 1 k load is actually acting at any one of these 
thi-ee points, Vc will have a sense opposite to that indicated in this figure. 

From Fig. 13-20 it should be apparent that the thrust, shear, and mo¬ 
ment at the left springing, respectively designated by and ilf«, will 

l>e given by the following: 

4 /fc eos o« 4* Vr sin a, + Fsin o, = T,, 

—He sin a* -f- Ve cos a, + I cos a« = 5,, (13-6) 

t 33,OOHc - lOO.OOi; + Me - l(a' of 1 k load) = M,, 

Note that the last term in the expression for il/« will have a value only 
when the 1 k load is at column points 1, 2, and 3. 

The equations for Tq, 5,, and il/,, the (|uartcr-point thrust, shear, and 
moment, respectively, arc 

+He COS aq + Vc sin a, -h 1-sin a, = T,, 

—He sin aq + Vc cosag + 1-sin a, = Sg, (13-7) 

m 

+7,99Hc - 50.00F« + Me - l(x of 1 k load) = Mg. 

The last term of the expression for Mg will have a value only when the 
] k loud is at column points 2 and 3. 

The. coordinates for the required influence lines at the left springing 
and at the left (|uartcr-point are computed in Tables 13-20 and 13-21. 
Thcse^influcncc lines are plotted in Figs. 13-21 and 13-22. The rib can be 
checked for adequacy at these sections by placing the live loads on the 
span in positions, as indicated by the influence lines, to give possible critical 
combinations of stresses. 
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Table 13-20. 


Ordinates for Tnfluenck Lines for Left Springing 




Thrust 


Load 

+// f cos a 

, -I r, sin a. 

+ l*.sin a, — 

T. 

point 

+0.024//c 

1 0.7821% 

1 0.7r82 

(k) 

1 

-t0.19 

-0.04 

+0.7S 

+0.03 

2 

+0.56 

-0.15 

j-0.78 

f 1.19 

3 

+0.84 

-0 30 

1 0.7S 

f-1.32 

4 

+0.84 

10.30 

0 

f 1.14 

5 

+0.50 

1 0.15 

0 

+0.71 

6 

^-0.19 

-f 0.04 

0 

+0.23 




Shear 


Load 

— Ur sin a 

, \ Vr COS a 

! l*cosa« = 

s. 

point 

-0.782//, 

-t-0.«24Fc 

+0.624 

(k) 

1 

-0.23 

-0.03 

+0.62 

+0.36 

2 

-0.70 

-0.12 

+0.62 

-0.20 

3 

—1.06 

0 24 

1 0.62 

-0.68 

4 

— 1.00 

-! 0.24 

0 

-0.S2 

5 

-0.70 

1 0.12 

0 

- 0.58 

6 

-0.23 

+0.03 

0 

- 0.20 



Moment 


Load 

-(-35.0d^< - 

lOO.OOF, -{Mr 

— l(.r of 1 k load) 

- M, 

point 




(tt-k) 

1 

-flO.5 

-)-r>.2 -1.3 

-28 6 

-H.2 

2 

+31.5 

+ 10.3 -l.s 

57 I 

-8 1 

3 

+47.2 

+39.0 +3.0 


+3.5 

4 

+47.2 

-39.0 +3.0 

0 

M1.2 

5 

+31.5 

-19.3 -l.s 

0 

+10.4 


+10.5 

-5.2 -1.3 

0 

+ 4.0 
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Table 13-21. 


Oedinates for Influence Lines at Left Quarter-Point 


Load 

point 

-\-Hc cosa^ 

+0.950//c 

+Ve sin a 
+0.312y« 

Thrust 

g +l'sin Uq 

+0.312 

T, 

(k) 

1 




0 

+0.27 

2 




+0.31 

+1.11 

3 


+1.28 

-0.12 

+0.31 

+1.47 

4 


+ 1.28 


0 


5 


+0.86 

+0.06 

0 


6 


+0.29 

+0.02 

0 

+0.31 





Shear 


Load 

—//c sin or. 

+Vt cos a^ 

, +l-cosa, = 

S, 

point 

-0.312^, 

+0.9507, 

+0.950 

(k) 

1 


-0.09 

-0.05 

0 

-0,14 

2 


-0.28 

-0.18 

+0.95 

+0.49 

3 


-0.42 

-0.37 

+0.95 


4 


-0.42 

+0.37 

0 


5 


-0.28 

+0.18 

0 

-0.10 

6 


-0.09 

+0.05 

0 

-0.04 




Moment 


Load 

-1-7.99^, -50.007, 

+Mc - 

-l(i of 1 k load - 25.00) 

= M, 

point 





(ft-k) 

1 


+2.4 +2.6 

-1.3 

0 

+3.7 

2 


+7.2 +9.6 

-1.8 

-7.1 

+7.9 

3 

+10.8 +19.5 

+3.0 

-35.7 

-2.4 

4 

+10.8 -19.5 

+3.0 

0 

-5.7 

5 


+7.2 -9.6 

-1.8 

0 

-4.2 

6 


+2.4 -2.6 

-1.3 

0 

-1.5 
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12 3 4 5 0 

Column load points 

Figure 13-21 


+1.4 

+1.2 

+1.0 

+0.8 +8.0 
+0.0 +0.0 

-H).4 +4.0 

+G.2 +2.0 

0.0 0.0 
- 0.2 - 2.0 
-0.4 -4.0 
— 0.0 —0 0 
- 0.8 - 8.0 




1 2 3 4 5 0 

Cohimn load points 
Fioitbe 1^22 
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13*8 Secondary stresses in arches. As indicated in Section 3-7, the 
stresses in an areli rib may be materially affected by the deflection of the 
rib when loads are applied. If a rib is analyzed by the “elastic theory,” the 
offe(‘ts of deflection aiv i^^nored. When the effects of deflection are included 
in the analysis, the arch is <‘onsidcrcd to have been analyzed by the “de¬ 
flection theory.” In each case the rib is considered to be elastic. 

When the elastic theory is applied, it is assumed that the lever arms of 
the horizontal reaction components will he o(]ual to the vertical ordinates 
to the axis of the unloaded rib. Obviously this is incorrect because the 
horizontal reaction components cannot e^^ist until the arch is loaded and 
in its deflected position. The deflected position cannot be determined until 
the moments are known throughout the loaded rib. 

A satisfactory procedure for including the effects of deflection in the 
analysis of an arch rib is as follows: 

(1) Having analyzed the rib by the clastic theory and having designed 
it, compute the vertical deflection components for all segment centers 
and the crown as caused by the moments obtained by the analysis. Since 
only vertical deflection components arc required, these may be obtained 
by applying the elastic loads to a conjugate beam with a span equal to 
the span of the arch. If a hingeless arch is being analyzed, the conjugate 
beam will have no reactions, since the arch ends will not rotate or deflect. 
If the arch is two-hinged, the conjugate beam will be a simple beam with 
an externa] reaction at ea(‘h end. Apply the deflections thus determined 
as corrections to the vertical oi-diiiatcs to the undcflected arch axis in order 
to obtain the onlinates to the deflected rib. 

(2) Make a second anal3'sis by the elastic theory, using the vertical 
ordinates to the deflected rib as determined in (1). If the arch is two- 
hinged, the computations of Table 13-G will have to be repeated using the 
new values of m = y. If the arch is hingeless, the computations of Tables 
13-11 and 13-12 will have to be repeated and a new value for Hq de¬ 
termined. In either case new moments must be computed for all ^gments. 

(3) Compute a new set of deflection components using the revised mo¬ 
ments obtained in (2), and then make another analysis as in step (2). The 
cycle is repeated until the differences between the values of the horizontal 
reaction components, moments, and deflections for two succeeding cycles 
are considered to be negligible. 

It will be found that two-hinged arches are more seriously affected by 
deflections than are hingeless arches. It is important to note that unless the 
series of corrections as determined by the cycles of computations (as de¬ 
scribed above) converge, the rib will collapse. 

In the case of the two-hinged rib of Example 13-4, the computations 
of steps (2) and (3) above were repeated five times. The differences between 
corresponding values, as given by the fourth and fifth cycles, were small 



13-8] 


SECONDARY STRESSES IN AliCHKS 


581 


enough to indicate that additional cycles wore unnecessary. These com¬ 
putations were based on initial moments, obtained from a first cycle, 
which were accurate to the nearest ft*k. Moments and deflections for the 
first, second, and fifth cycles are shown in Table 13-22. Negative moments 
cause tension on top of the rib and positive dc^flections are up. 


Table 13-22. 


_ C' 

Segment 

or 

section 

Moment (ft-k) 

Cycle 1 Cycle 2 Cycle 5 

Deflection (in.) 

Cycle 1 Cycle 2 Cycle 5 

1 

-54 

-65 

-70 

+0.31 

+0.39 

+0.43 

2 

-151 

-182 

-196 

+0.87 

+ 1.11 

+1.21 

3 

-186 

—229 

-249 

+ 1.21 

+1.55 

+1.70 

4 

-172 

-219 

-243 

+ 1.24 

+1.62 

+1.78 

5 

-130 

-175 

-198 

+0.94 

+1.26 

+1.39 

6 

-73 

—105 

-122 

-+0.34 

+0.51 

+0.55 

7 

-12 

-25 

-33 

-0.45 

-0.52 

-0.61 

8 

+42 

+60 

+65 

-1.29 

-1.64 

-1.89 

9 

+82 

+110 

+ 124 

-2.01 

-2.61 

-3.00 

>0 

+103 

+141 

+163 

-2.43 

-3.19 

-3.67 

Crown 

+72 

+111 

+133 

-2.43 

-3.19 

-3.67 


The values of /f, the horizontal reaction component, for the first through 
the fifth cycles are 334.8 k, 335.5 k, 335.9 k, 33G.0 k, and 336.1 k. A check 
on the decimal capacity of the rib, as in Table 13-8, will indicate that its 
design capacity is exceeded at segments 3 and 10 by about 10%. The rib 
section should be enlarged and the entire analysis repeated. 

In the case of the hingeless rib of Example 13-6, three cycles of computa¬ 
tions were required, and the results of these are shown in Table 13-23. 
Moments are accurate to the nearest ft-k. 

The value of the horizontal reaction component, increases from 342.6 k 
in the first cycle to 343.8 k in the second cycle, and finally to 344.1 k 
in the third cycle. A check of the decimal capacity of the rib indicates 
that it is satisfactory at the crown but that its design capacity is exceeded 
by about 20% at the springing. 

It is interesting to note that while designing the Rainbow Arch for 
Niagara Falls, Hardesty, Garrelts, and Hedrick (1) found that values for 
the moments at various sections of a two-hinged rib, as obtained by the 
deflection theory, can be rather closely approximated by completing two 
cycles of computations and then applying the following c(|iiutio]i: 
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Table 13-23. 


Segment 

or 

section 

Moment (ft-k) 

Cycle 1 Cycle 2 Cycle 3 

Deflection (in.) 

Cycle 1 Cycle 2 Cycle 3 

.4 

+227 

+253 

+258 




1 

+149 

+170 

+174 




2 

+5 

+12 

+13 

+0.24 

+0.27 

+0.28 

3 

-72 

-79 

-80 

+0.49 

+0.57 

+0.58 

4 

-95 

-115 

-118 

+0.63 

+0.75 

+0.77 

5 

-89 

-109 

-114 

+0.58 

+0.71 

+0.73 

6 

-59 

-77 

-81 1 

1 

+0.33 

+0.42 

+0.44 

7 

-21 

-30 

-33 

-0.07 

-0.06 

—0.07 

8 

+17 

+17 

+17 

-0.53 

-0.64 

-0,67 

9 

+46 

+57 

+60 

-0.95 

-1.16 

-1.23 

10 

+61 

+78 

+83 

-1.20 

—1.48 

-1.57 

Crown 

+30 

+47 

+51 

— 1.20 

—1.48 

— 1.57 


In Eq. 13--8 Md is approximately the value for the moment at a given 
section which would be obtained if the deflection theory were applied; 

is the value obtained for the moment at the same section by the 
first cycle of the elastic theory; and Am is the difference in the given 
moment as indicated by the first and second cycles of the elastic theory. 
If the appropriate values in Tables 13-22 and 13-23 are substituted in 
this equation, the results will be as shown in Table 13-24. 


Table 13-24. 


Segment 

or 

section 

Moments (ft*k) 

Two-hinged rib Hingeless rib 

.1 

0 

+256 

1 

-68 

+173 

2 

-190 

0 

3 

-242 


4 

-237 

-120 

5 

-199 

-115 

6 

-130 

—85 

7 

0 

-37 

8 

+52 

+17 

9 

+124 

+61 

10 

+163 

+85 


These results agree very ^\•ell, particularly for the hingelcss arch, with the 
final values for moments in Tables 13-22 and 13-23. 
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MODEL ANALYSIS OF STRUCTURES 


14-1 General. Structunil inodol analysis has hvvn increasingly recog¬ 
nized duritig the past two or three d(’( ades as an important tool of research 
and as a ^•alnahle supplennMit to the usual theoretical methods of structural 
analysis and design. The reasons for using a model to >olve a structural 
problcjn are Miried. A iiio(i(d analysis is indicated, for example, when an 
alternate inallicnialieal analysis is either impossible or impractical. 
Occasionally a model aiiah^is is required to verify the mathematical 
analysis of an unusual or ( oinplicated strueturc, as has been the case with 
several suspension bridges built in m ent y<‘ars. As another example, an 
engineer who works alone will often find Ilial a simple model anal^^sis is 
the Ix'.st way to verily th(^ final design oi an indotenninate structure. 

rnforlunalcly, however, it is not ahvays j)ossibie to design and load a 
model hO that its ivsponse will hv similar to tiiat of the structure it is 
supposed to simulate, l or ('\ample, struct and details such as w'ekling or 
riveting do not scale up or down successfully. Iteliable experimental in¬ 
formation as to stress di.^tnliution in the iinmediati* vicinity of these de¬ 
tails must th(‘n*for(* lie delermiiu'd ilireetly from the prototype. Another 
difficulty is due to the fact that the various conditions which must be satis¬ 
fic'd to achieve eomplet<‘ similarity between the model and the prototype 
may be ineompntilile. In tliis case a model analysis is either impossible 
or of doidilful value. This difficulty is most often encounlen'd with 
dynamic loads. 

If the protoly|)c to be subjected to static loads, then the model will 
be loaded siali<‘ally. In this case the principles involved in the design 
of l!ie model, and the actual testing, are (juite simple. Valuable experi- 
m(‘ntnl verification of a mathematical analysis cun often be obtained with 
a simple nunlel of (*ellulose acetate; hard cai*dboard can also be used with 
consitlcrablc succ(*ss. If dynamic loads arc to be considoied, hoAvcver, 
the principles in\'olvcd are more complicated and exptMisivc recording 
C(|uipment is nM|uired. (Dynamic loading of models will not be considered 
in this (lisenssion, although some pertinent ivfei'cnces will he found in the 
bibliography at Hk* end of this clmpter.) 

The various methods for the model analysis of structures subjected to 
static loads mv conveniently divided into two classifications. These very 
logically liuv(' bi'cn designated (Kij as the indirect and the direct types. 
In the mdii-eet tyjK* of analysis the loading of the model is completely 
uimdaled to the loading of the prototype. No readings of strain are taken 
# 584 
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ou the model. A known displacement or distortion is impressed at the 
point of action and in tl\e direction of a desired external roaction or in¬ 
ternal stress component, '-aid the resulting displacements of all load points 
are measured. Then, in accordance with the Muller-Brcslau principle, an 
influence line is obtained for the reaction or stress componeiit. In the case 
of a direct type of analysis, however, the model is usually loaded in exactly 
the same manner as the prototype. Strain measuring devices are often 
mounted directly on the model and the strains recorded. IVIodel deflec¬ 
tions are also observed, and corresponding stresses and deflections in the 
prototype are determined from these model strains and deflections. 

Regardless of which type of analysis is used, the model must be designed 
in accordance with certain principles in order to establish definite relation¬ 
ships or sirnilaritic.s between the response of the loaded model and the 
response of the loaded prototype. The principles which establish these 
relationships arc known as the 'principles oj simUitude: they govern both 
the design of the model and the extrapolation of the results to predict the 
prototype response. The prin<‘iples are few and simple for any indirect 
type of model analysis and arc slightly more numerous, but still simple, 
for a direct analysis of many common types of structures under static loads. 

14-2 Structural similitude. Although this chapter will be restricted to 
consideration of the design and use of statically loaded structural models, 
it is nevertheless advisable to consider briefly the physical signifleance 
of the mechanics of similitude. In this discussion, frequent use will be 
made of the words homologous and prototype. The word homologous signifies 
the state or condition of having, or being in, the same relative position, 
proportion, or value. The word prototype means the original (in this case, 
the actual) structure. Thus homologous strains are strains in corresponding 
fibers of prototype and model for the same relative condition of load. 

Similitude, or similarity, between two objects may exist with regard 
to any one of their physical characteristics. In reference to the required' 
relationships between a prototype and a suitable model, however, three 
kinds of similitude will, in the general ease, be necessary and sufficient; 
(1) geometric similitude, (2) kinematic similitude, and (3) dynamic and/or 
mechanical similitude. 

Geometric similitude is similarity of form. This means that all homol¬ 
ogous dimensions of prototype and model must be in some constant ratio. 
As this discussion develops, it will become evident that in some structural 
models certain dimensions, which do not affect the response of the model, 
may be exempted from this requirement. 

Kinematic similitude is similarity of motion. This means that during 
any impressed movement or deflection all homologous particles of proto¬ 
type and model must traverse geometrically similar paths and tj^at the 
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velocities of these homologous particles must always be in some constant 
ratio. When the loading is static this requirement means simply that the 
deflections of all homologous points of prototype and model must be in 
some constant ratio. 

Dynamic and/or mechanical similitude is similarity of masses and/or 
forces. This means that kinematic similitude must, first of all, exist. In 
addition, the masses of all homologous parts of prototype and model, 
and all homologous forces which affect the motions of prototype and model, 
must be in some constant ratio. Absolute dynamic similitude is always 
difficult and usually impossible to achieve. In the case of static loadings, 
however, mechanical rather than d 3 mamiG similitude is required. Only 
gravitational and elastic forces arc involved, and similitude can often be 
realized. 

To summarize the last three paragraphs as they apply to statically loaded 
structural prototypes and models, the requirements for similitude are: 
(a) all homologous linear dimensions must be in some constant ratio, (b) 
all homologous linear deflections must be in some constant ratio, and (c) 
all homologous external loads, internal elastic forces, and dead loads must 
be in some constant ratio. These constant ratios are known as scale 
factors. When these scale factors are determined and applied to the 
several dimensions, properties, and loads of the prototype, the corre¬ 
sponding dimensions, properties, and loads for the model will result. 

Scale factors for structural models may be derived by either of two 
methods: 

(1) By the application of structural mechanics to express mathematically 
the conditions of similitude between the model and the prototype. 

(2) By dimensional analysis. 

Both methods will be discussed in.this chapter. 

Fundamentals of indirect model analysis. Consider the proto^pe 
beam shown in Fig. 14-1 on which the point 0 may be located anywhere 


^ A 1 ^ 

Fioui^ 14-1 

between A, B, and C. Assume that this beam is acted upon by two different 
systems of loads and reactions, as shown in Figs. 14-2(a) and 14r-2(b). 
Applying the Maxwcll-Betti reciprocal theorem to Systems 1 and 2, we 
obtain 


Rb * ^8B — 1 * Aoa = 0, 
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Figure 14-2 


from which 



(14-1) 


Thus it is apparent, since 0 may be any point along the beam between 
reactions, that the deflected beam of Fig. 14-2(b) is the influence line for 
Rb^ 

As an alternate to System 2 in Fig. 14-2(b), consider System 3 as shown 



in Fig. 14-3. The Maxwell-Betti reciprocal theorem applied to Systems 
1 and 3 results in 


and therefore 


Ta ■ ^AA — 1 ■ ^A — 0 , 



(14-2) 


O'* 
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As before, since 0 may be any point along the beam between reactions, 
the deflected beam of Fig. 14-3 is the influence line for 7U. 

Equations (14-1) and (14-2) have been written for the prototype. The 
same procedure can be applied to a model. The corresponding equations 
(if a bar over a symbol represents a quantity on the model) would be 


Rb = 

's*.' 

(14-3) 

Ta = 

Saa 

a4-4) 


Before the model results can be extrapolated to obtain influence lines for 
. the prototype, however, the relationships of Rb with Rb and of Ta with 
Ta must be established. Obviously these relationships depend on the 
relative deflections of the prototype and the model, and these can be 
determined by virtual work deflection equations. For the prototype of 
Fig. 14-2(b), 

^OB = J ■ Wo ' ^ ' (14-6) 


In the above equation, is the moment at any section of the prototype 
caused by and mo is the moment at any section due to a unit vertical 
fictitious load at 0. The corresponding equation for a model of the proto¬ 
type of Fig. 14-2(b) would be 



j B‘ ^0 * * 


(14-fl) 


In this case, TIb is the moment at any section of the model caused by Sjj, 
•and Wo is the moment at any section due to a unit vertical fictitious load 
at 0 on the model. 

Assume that the following scale relationships exist between the model 
and the prototype; 

Z — L, I = I, = E, i/-P=F, 


where A', n, 9 , and v arc scale factors and where L represents length, I is 
moment of inertia, E is the modulus of elasticity, and F represents force. 
It follows that 


kvMs — Mb, kWo = wo, dx. 
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Substituting in Eq. (14-5), 

Aob = j {kvWB)(kJflo) 

(14-7) 

qn 

This same relationship holds for all linear deflections of corresponding 
points of the prototype and the model. If Eq. (14-7) is substituted 
in Eq. (14-1) and compared with Eq. (14-3), the result is 



1 . ‘ _ I ^ _ j% 

(k^v/gn) • ^BB ^ 


(14-8) 


It is thus evident that force reaction components for the prototype can 
be computed directly from an influence line obtained from a model and 
that they will be independent of the scale factors A;, n, 9 , and v. In other 
words, the influence line for any force (external reaction component or 
internal shear or axial thrust) induced by loading of the prototype will 
be identical to the corresponding influence line obtained for the model. 

Next, consider the prototype of I'ig. 14-3. By virtual work the expression 
for Baa is 

Baa = J Ma ' • ~ > (14-9) 


where Ma is the moment at any section of the prototype resulting from 
rji', and niA is the moment at any section caused by a unit fletitious couple 
Bi A. In a model of the prototype of Fig. 14-3, 



j "Ma * yin A • 



(14-10) 


where JIa is the moment at any section of the model resulting from the 
couple and Ma is the moment at any section caused by a unit fictitious 
couple at ii. In this case, 


V ■ 317a = Ma and Ma = wa. 


Substituting in Eq. (14-9) and comparing with Eq. (14-10), we obtain 


B 


i.i 


= j 


klx _ kv , 
)y^A . *p •" 'Baa 

{qE)inl) qn 


(14-11) 
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The expression for for the prototype of Fig. 14-3 is 

^A = fMAmo^, (14-12) 

where Ma is the moment at any section of the prototype as caused by 
and mo is the moment at any section caused by a unit vertical 
fictitious force at 0. For the model, 

M,A = jjlAmo^. ( 14 - 13 ) 


where ^a is the moment at any section of the model as caused by 
and IFlo is the moment at any section caused by a unit vertical fictitious 
force at 0. Since the moments and are applied loads, then 


and consequently, 
Also, 




kfflo 


mo. 


Substituting in Eq. (14-12) and comparing with Eq. (14-13), we find that 

^A= f (v'MAHkmo) = —-Ua. (14-14) 

J (gS)(n7) nq 

If Eqs. (14-11) and (14-14) are substituted in Eq. (14-2), the result is 

TA-=k-^- (14-15) 

Substitution of Eq. (14-4) in Eq. (14-15) yields 

TA = k- Ta. (14-16) 

Thus it is apparent that influence line ordinates for a moment reaction 
component of the prototype may be obtained by multiplying by the linear 
dimension scale factor k the corresponding ordinates of the corresponding 
moment influence line obtained from the model. It can be demonstrated, 
in a manner similar to that used above, that this multiplication by k is 
also necessaiy when evaluating the ordinates of influence lines for in¬ 
ternal moments in the prototype. 
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On the basis of the preceding discussion, it is apparent that a model 
which is to be used for an indirect analysis of a prototype in which only 
flexural strain is important must be designed in accordance with the 
following relationships; 

kZ = L, n J = It qZ = E, vT = F. 

The first of these relationships requires that some constant k times a 
linear dimension in the model must equal the corresponding dimension 
in the prototype. This is applied to axial dimensions only. When flexural 
strains alone are important, it is not necessary to apply the linear scale 
factor to cross-sectional dimensions. 

The second relationship, however, does govern the cross-sectional di¬ 
mensions to the extent that the moments of inertia of corresponding sec¬ 
tions of homologous flexural members of model and prototype must be in 
some constant ratio, designated by n. 

The third condition simply indicates that in all practical cases the mod¬ 
ulus of elasticity of the construction material must be uniform throughout 
the model at any instant. It is permissible for this modulus to vary with 
time provided that the same variation occurs simultaneously for all the 
material in the model. 

The fourth condition stipulates that homologous forces and loads, 
external and internal, must be in a constant ratio, designated by v. Al¬ 
though this requirement does apply, it is not important in indirect analysis 
since the magnitude of the applied force or moment necessary to produce 
a given distortion need not be known. 

A noteworthy fact is that although the fundamentals of indirect model 
analysis have been developed in connection with a structure composed of 
flexural members, a similar development would have resulted if the proto¬ 
type had been articulated. It is important to note that the second condi¬ 
tion, n/ = /, applies only to flexural members. If an articulated prototype 
hod been used lor the demonstration, then this condition would have been 
replaced by eA = A, where e is the scale factor for cross-sectional areas 
and A represents the cross-sectional area. 

If several members are subjected to both axial and flexural loads, then 
l)Oth conditions theoretically should be satisfied. Although this may be 
possible, the conditions will often be found to be incompatible. Conse- 
<iuently, that condition should be satisfied which implies to the primary 
function of the member, that is, whether it be to resist flexural or axial 
loads, and the other condition should be satisfied as nearly as possible. 

The properly designed model is subjected to an impressed displacement 
at the point of application and in the line of action of an external reaction 
component or internal stress component. The resulting deflection curve of 
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the model, as measured at the points of appliration and in the direction 
of the loads to Ikj applied to the prototype, will to some scale be an in¬ 
fluence line for that oxtoriial reaction coinponeiit or internal stress 
componciit. 

I'he impressed displacements nect'ssary to ol)taiii various influence lines 
may be explained by Maxwc'll’s reciprocal deflection theorem. Suppose, 
for example, it is desired to compute the onlinates for an influence line 
for the rea<*tion at B in the beam of I'iK 14-4(a). Let D be any point along 





(c) 

Figure 14-4 




the beam between supports. The support at B is considered to be removed 
and a load of 1 k is assumed to act at J? as shown in Fig. 14'-4(b). The re¬ 
sulting deflections, 6na nnd Boat evaluated. The 1 k load is then moved 
to act at point D and the magnitude of the deflection Bbd if* determined. 
By the general method, 



ho 


but by the reciprocal deflection theorem, 



Therefore, 



It is thus demonstrated that the deflection curve of the beam, with the 
reaction at B remo\’ed and a unit load applied at B, is an influence line 
I’or the reaction at B, Actually, any vertical force P could have been as- 
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sumed instead of 1 k without <‘hangiiig the value of the influenee line 
ordinate as given by the right side of the last equation above. In this case 
both numerator and denominator would ha^'e l^cen multiplied by 

If the influence line is to be determined experimentally by indirect 
model analysis, the magnitude of the force applied at B is of no importance. 
Conseciucntly, the point B is caused to deflect a known amount. The 
influence line ordinate for the reaction at B^ for any load point such as D, 
will then be the deflection of D divided by the impressed deflection at fi. 

If influence line ordinates arc to he computed for the internal moment 
at B^ the flexural continuity of the beam is assumed to be removed at this 
point. This is accomplished by considering a pin as inserted in the 
beam at B. A load of 1 k is applied at any point D and the beam deflects 
as shown in Fig. 14-5(a). The rotational deflection a^/> having been 



(a) 


aBB 



(b) 

Figure 14-5 

evaluated, the 1 k load is removed. Two unit couples arc then applied to 
the ends of the two ^pans at B, and the values of the deflections auB and 
6^3 are determined. Then, by the general method and the reciprocal 
deflection theorem, 

OtBB ClBB 

The manipulation of a model to determine the same influence line 
experimentally is indicated by Fig. 14-5(b). The model is cut through 
at B but each span is still pin-connected to the support. A known relative 
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rotation ass is impressed between the ends of the two spans. The dis¬ 
torted model must be free to rotate about the pin support at £ to a 
position of equilibrium. Any interference with this rotation will result in 
incorrect results. The ihfluence line ordinates for Mb for a load at any 
point such as D will be equal numerically to the linear deflection 
divided by the rotational deflection measured in radians. As pre- 
\'ious]y demonstrated, each quotient must be multiplied by the linear scale 
factor k to obtain the proper value for the prototype. If 5^^ is measured 
in inches, the influence line ordinate indicates the moment Mb in inch- 
kilopounds or in inch-pounds. If is measured in feet, the ordinate 
signific.s the value of Mb in foot-kilopounds or foot-pounds. 

Computation of the ordinates for the influence line for moment at any 
point E between supports is explained by means of Fig. 14-6(a) and (b). 
The beam at this section is assumed to be incapable of resisting the par¬ 
ticular stress component for which the influence line is desired. Conse- 



aBB 




(b) 

Fkktbe 14-6 

quently, a pin is considered to exist in the beam at E, In Fig. 14-6(a) 
a unit load is applied at D and the magnitude of the relative rotation 
of the two portions of the beam on each side of the pin is computed. 
The unit load is removed and a pair of unit couples is applied as shown 
in 14-0(1)). The resulting deflections, afB and are evaluated. Then, 
as before, 

a£B ^SE 
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Since Z) may be any point along the beam between supports, the curve of 
the deflected structure in Fig. 14-G(b) is an influence line for the internal 
motnent at E. 

When the influence line is to be determined directly from observed 
deflections of a model, the model is cut at section E, A device is clamped 
to the model at this out which makes it possilde to inipross some small 
aEE of known value. This device must not exert any external action other 
than to cause the relative rotation a^/;. Thus the model is free to assume a 
position of equilibrium consistent with the impressed distortion. The 
influence line ordinate for the moment at E for any load point such as D 
will then be ecjuul to the observed linear deflection of D divided l)y the 
impressed relative rotation The quotient must be multiplied by the 
linear scale factor k to obtain the correct value for the prototype. 

Ordinates for an influence line for shear at any point such as E can also 
be computed. Consider that the beam of Fig. 14-7(a) is cut at E and that 

I1 k 

^_ _ _L£_ 





(b) 

Fiourk 14-7 




a device is inserted Avhich permits a relative transverse deflection between 
the two beam ends at the cut, but which requires that these ends shall 
always have a common slope. In other words, the shearing resistance of 
the beam has been removed at E, but flexural resistance has not. In 
Fig. 14-7(a), a 1 k load is applied at D resulting in the relative linear de¬ 
flection 6eo at E. Application of a pair of 1 k loads at E, as in 14-7(b). 
results in Bee and Bde* As before, 



Bee 

Bee ^ee 


In the use of a model to obtain the influence line, a cut is made at E and 
a device as described above is actually clamped to the model on the two 
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sides of the cut. A known Bee is applied and the deflected model, after 
assuming a position of equilibrium consistent witli the impressed distortion, 
is to some scale the rcciuired influence line. 

14-4 Model materials for indirect types of analysis. Certain charac¬ 
teristics are obviously <le.sira)>le in a material to be used for constructing 
a model. The material should, of course, be inexpensive and easily ob¬ 
tainable. It should be eas^^ to cut, shape, and join together. Its physical 
properties should not change with time, humidity, stress, or temperature. 
It should obey Hooke’s law and it should be isotropic. 

Xo one material will satisfy all these r(‘<]uircnients. Steel, brass, alum¬ 
inum, wood, and concrete have all been used as model construction ma¬ 
terials with varying degi*ees of success. All things considered, however, 
it is probable that cellulose acetate will be found to be the most satisfactory 
material for the construction of models to be used in indirect analysis. 
It is easily machined and it is isotropic. It is readily joined by means of a 
cement made by dissolving scraps of the material in acetone. It is inexpen¬ 
sive. Time, humidity, and temperature will, however, cause the elastic 
properties to change In addition, cellulose acetate will creep considerably 
under load. When a constant load is applied to a cellulose acetate model, 
about of the total deflection will occur during the first few seconds. 
Another b‘1%, or perhaps 14%, will occur during the next fifteen to 
thirty minutes. Additional creeping will conliiiue slowly after this. 
Thus, if a definite constant load is applied to a model made of this ma¬ 
terial ajid the ix'sulting deflection is desired, there will he considerable 
(juestiun as to exactly when the final deflection has been reached. 

As previously demonstrated, in indirect model analysis it is not necessary 
(fortunately) to apply a definite load and read the resulting deflections. 
Instead, the model is caused to deflect a known amount at a given point 
and held in this position while simultaneous deflections of other points 
are noted. The magnitude of the force causing the known deflection is 
of no importance, and consequently the creep of the model will, in this 
re.spect, cause no difficulty. 

One other passible effeet of eiwp has to lie considered, however, before 
cellulose acetate can be judged acccptal)le as a model construction ma¬ 
terial. This is the possibility that the creep may cause the shape of the 
deflec'led stnicturc to change with time. This, of course, would mean that 
a dilTeront influence line for a given stress function would be obtained for 
ever}' different time of reading. For a demonstration that this does not 
occur, consider the beam of Fig. 14-8. A load P/ is applied at point C 
of span AB of sufficient magnitude to cause the deflection Ac. Pt is not 
a constant loud; instead, it varies as necessary to maintain a constant Ar 
as the modulus of elasticity Et of the cellulose acetate varies with time. 
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It has been established that the modulus of clustic^ity of this material 
docs not vary with stress intensity, and therefore is uniform at any 
instant throughout the loaded mtMicl. Consequently, the deflection of 
point C be expressed os 


Qb' 


Pj 

Et' 


where Qb is a constant depending on the dimensions of the beam. Thus, 

^ — A- 

Et Qb “ ’ 

where if is a constant and therefore does not ^’ary with time. The de¬ 
flection of any other point N alonn the beam may be expressed as 

— Qs ’ ^ — Qn ' K. 

We therefore conclude that the deflection curve of a cellulose acetate 
model which is subjected to a constant deflection at a given point will not 
change with time, and that as a conse(|iienec, this material is snitabU' 
for the construction of models for indirect analysis. 

14-5 The spline method of indirect analysis. The simplest of the 
indirect methods utilizes a long flexible strip, or spline, of some material 
such as brass, steel, or wood for the model. The moment of inertia of 
homologous sections of the prototype and model must, of course, be in 
some fixed ratio. Consequently, if brass or steel strips or wires are to be 
used, the method is practically limited to continuous beams with constant 
moments of inertia within individual spans. Otherwise, strips or wires 
would be required with depths or diameters varying so as to agree with 
the prototype, and these would require special machining. The strip is 
mounted on a flat surface with small nails driven as dose as possible against 
the top and bottom edges at all points of 6up]X)rt, except the one for which 
the reaction influence line is desired. This reaction point of the inorlel is 
then displaced a knoAvn amount and the resulting deflections, in the direc- 
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tioii of applied loads, arc recorded for all load points. The reaction influence 
line ordinate for each load point will be the recorded load point deflection 
divided by the impressed deflection of the reaction point. 

The Gottsedmik continostat (11) is a refinement of the above method. 
The simplest way of inoasurinR deflections is to mount the model on cross- 
section paper and to read these deflections directly on this as a background. 
When this is done, a rather large impressed deflection must be used in 
order to minimize the effect of errors in reading. This introduces other 
errors, however, as will be di.sciisscd in the section which follows. 

14-6 Errors resulting from changes in geometry. Large deflections 
introduce errors bccausv' of the change in geometry of the model. These 
may be minimized by impressing one-half of the desired total displacement 
alternately in each direction from the neutral position of the model. The 
total movement of any load point is then measured from one deflected 
position to the other. This has the advantage of reducing the possibility 
of overstraining the model. A demonstration similar to that given by Wil¬ 
bur and Norris (l<>) will explain why this procedure will tend to eliminate 
errors caus<*<l l)y a change in geometry. 

Suppose tliat in I'ig 14-9 an influence line is rcf|uired for the vertical 



rtGuiti U-9 

reaetion eomimnent at (\ Horizontal loads will lie applied to AB and verti¬ 
cal loads on ISC in the prototype. Jly the Miiller-Breslau principle, if end 
C of the model is moved either up or down, the deflection curve is supposed 
to Ik*, to some scale, the desired influoiiec line. Actually, if the impressed 
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displacement of C is relatively large, the curvature of the member BC 
will cause a horizontal displacement bn of B, which will introduce an error 
in all measured horizontal deflections of load points on AB. Vertical de¬ 
flections of load points on BC will not be affected and will be correct. 
Considering a definite load point on AB, such as X, if C is moved to Cu and 
the horizontal deflection of X is measured from the neutral to the deflected 
position, the distance XXtj will be recorded. This will be too large for 
influence line computations by the distance XX\ If, on the other hand, C 
is moved to Cl, then the horizontal deflection of X from the neutral posi¬ 
tion to the deflected position will be XXl* and this will be too small by 
the distance XX\ Obviously, if C is first moved to one deflected position, 
say Cfr, and the location of Xv noted, and then C is moved to Cl, the 
distance XyXt can be measured and will be correct for influence line 
ordinate computations. The correct ordinate value for the influence line 
would be the distance XuXl divided by the distance C^/Cl- 

The above procedure is satisfactory for eliminating errors due to chang¬ 
ing geometry in models of the general type shown in Fig. 14-9. Errors 
due to changing geometry can be eliminated in all cases, however, if the 
impressed deflections are sufficiently small. This is a common procedure 
when accurate results are desired. In this case, the impressed deflection 
must be carefully controlled and the deflections thereby induced must be 
precisely measured. Various instruments have been designed to permit 
this exact control and precise measurement. Two of these are well known 
and give excellent results. A third, developed and built at Rensselaer 
Polytechnic Institute in 1953, also gives excellent results. These instru¬ 
ments will now be described. 

14-7 The Beggs deformeter. The Beggs deformeter (1),(2),(3) was 
introduced in 1922 by the late Professor George E. Beggs oi Princeton 
University. This instrument and the technique of its operation have been 
extremely well discussed by McCullough and Thayer (12) but a brief 
description will be given here, A typical assembly is shown in Fig. 14-10. 

The model is usually cut from a sheet of some clastic material to 
I in. thick. Hard cardboard has been used with some success, even though 
it 13 not isotropic, but cellulose acetate is usually preferred because of its 
greater strength and ease of fabrication. The deformeter consists essen¬ 
tially of several gages and one or more microscopes. The gages are placed 
at each reaction of the model and may be used eith«T to impress a known 
displacement or to supply the reaction eonipo Each gage is con¬ 

structed as shown in Fig. 14-11. The hxed bur is rigidly and permanently 
fastened to the clamp base plate at each end. A vortical hole for a wood 
sci-cw is provided at each end of the fixed bar for fastening the gage to the 
mounting board. The movable bar i.s free Iq slide on the gage base plates. 
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Fio. 14-10. The Beggs deformeter. 
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Figure 14-11 


Its only connection Avith the rest of the ga'fi;e is effec^ted by two small rods 
which project through oversized holes in the fixed bar and are connected 
with a flexible joint in oversized holes in the movable bar. Between the 
outer edge of the fixed bar and the knurled nut on each rod are compression 
springs. These springs tend to pull the movable bar toward the fixed bar. 
The rods on which they operate do not, however, interfere with sidewise 
movement of the movable bar. The gages are placed in their neutral posi¬ 
tion by inserting a pair of "neutral” plugs in the plug slots. 

Assume that a model for a two-span rigid frame Avith rigid column bases 
is to be mounted for analysis. A smooth table top or draAving board is 
placed in a horizontal position, and on this board the positions of the column 
bases are carefully located. The three gage clamps reejuired, one for each 
column base, are cart'fully screAved to the board in the proper location with 
neutral plugs in each gage. Orientation marks are provided on the gages 
for accurate mounting. The model columns arc then clamped to the 
movable bar of each gage Avith the clamp plate and screws; these columns 
arc usually made 2 or 3 in. longer than scale length to permit mounting 
in the gages. The model must be free to move at all points between gages, 
and this is made possible by supporting it on small bail bearings, perhaps 
i in. in diameter, Avhich roll on small pieces of plate glass. Lead Aveights 
arc usually placed on top to proA'cnt buckling. The model is now ready 
for the analysis. 

If an analysis is desired for column bases pinned, holes are drilled in the 
base of the model columns at points to correspond to the actual pin loca¬ 
tion in the prototype. The clamp plates are removed from the movable 
bars and pins are inserted in the pin holes. The holes in the model columns, 
Avhich must be drilled for a smooth fit, permit the mounting of the model 
on these pins. 

To obtain the influence lines for thrust, shear, and moment at the 
base of a given column, it is necessary to impress knoAAm axial, trans¬ 
verse, and rotational displacements of the column base of the model. 
To understand hoAv the Beggs gage makes this possible, consider 
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Figurk 14-12 


Fig. 14-12(a), (b), and (c). The known axial displacement is impressed by 
the use of two pairs of "thrust” plugs, each pair having a different diameter, 
a.s illustrated in 14-'12(a). The neutral plugs are removed from the gage 
and the smaller thrust plugs are inserted. A reading is taken on one or 
more load points, depending on the number of reading instruments avail¬ 
able. The small thrust plugs are then removed from the gage, the larger 
plugs are inserted, and another reading is taken on each load point previ¬ 
ously observed. The impressed displacement is known by the observer 
from a previous calibration of the thrust plugs. 

The transverse displacement of the column base is impressed by use of 

the “shear" plugs [see Fig. 14-12(b)], plugs of equal diameter but flattened 

on one side. They are inserted in order to produce a displacement, 

first in one transverse direction and then in the other, to give a total 

calibrated throw of Ax^ 

/ 

The rotational column base displacement is produced by the "moment” 
plugs, which are round and of different diameters. As indicated in Fig. 
14-12(c), these plugs are inserted in the gage and will cause the movable 
bar to rotate a small amount in one direction from the neutral position. 
Iteversal of these plugs will cause rotation in the opposite direction from 
this neutral position. The total rotational throw will be 26, and its value 
will have l)cen determined by a previous calibration. It is important to 
note that only one type of displacement is impressed at one time; for ex¬ 
ample, the shear plugs will cause transverse displacement without any axial 
or rotational movement. The impressed displacements are very small. 
To illustrate, the axial throw Ay of Fig. 14-'12(a) is about four-hundredths 
of an inch. 

The reading instruments arc microscopes set in heavy frames for stabil¬ 
ity (see Fig. 14-10). A scale is engraved on glass within the instrument 
and in the held of view. CVoss-hairs on another glass are caused to move 
along this scale by a micrometer movement. The system is so arranged 
that one division on the micrometer index represents a movement of an 
observed point on the model of about one six-thousandth of an inch. 
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In the event an influence line is required for internal thrust, shear, or 
moment at a given cross section of the model, one of the gages, with neutral 
plugs inserted, is located at that section. It is positioned so that the orien¬ 
tation marks coincide with the model cross section extended. The model 
is rigidly fastened to both bars of the gage with clump plate.s. After the 
model is clamped, it is carefully cut between the two bans of the gage, 
and ball bearings running on pieces of plate glass arc inscitcd beneath 
the gage base plates. Thus the gage is capable of impressing axial, trans¬ 
verse, or rotational relative displacements between the cut ends of tlic 
model without restraining the resultant model deflections. This arrange¬ 
ment provides what is called a “floating” gage 

The Beggs deformeter permits extremely accurate work in indirect 
model analysis when it is operated by u skilled analyst. However, con- 
sideralile experience in the use of the eciuipment (which is relatively ex¬ 
pensive) and groat care in its manipulation are nceessar}' to produce the 
excellent results of which it is capable. For the host results the Beggs 
deformeter should be used in a room with controlled temperature and 
humidity. Incandescent lamps should be kept away from the cellulose 
acetate model because the resultant differtMitiul heating will seriously dis¬ 
turb the deflections. Without the observance of the.se precautions the re¬ 
sults are likely to be mediocre to poor. It should be noted that extended 
periods of use of this deformeter will result in consideiable eye strain. 

14-8 The Eney deformeter. The Eney deformeter was developed about 
1935 by Professor W. J. Eney of Lehigh University (t>)i(7),(8). A typical 
assembly is shown in Fig 14-13. 

Gages are used in the Eney deformeter to perform the same function.s 
as in the Beggs equipment. They are, however, very difTerent in detail. 
The external reaction gages consist essentially of two plates. The lower 
plate is rectangular in shape and is screwed to the mounting board or table 
top. The upper plate is smaller and semi-circular in shape. It is provided 
with threaded holes and small clamping plates for rigidly connecting the 
model if a fixed support is desired. Upper and lower plates arc not con¬ 
nected together but a series of pin holes are provided in both plates. Two 
removable pins inserted in matching holes prevent translation and rota¬ 
tion of the upper plate relative to the lower, unless removed. Those holes 
are drilled so that axial or transverse displacements may be impressed on 
the model in i-in. increments in either direction from the neutral po.sition 
simply by removing the pins, sliding the top plate to the desired position, 
and then replacing the pins in the new sets of matching holes. 

If it is desired to impress a rotational deflection, both pins arc removed 
and one is inserted in a pair of matching holes provided at points in tlu* 
two plates corresponding to the center of the model n'action. The rota- 
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Fig. 14-13. The Eney defonneter. 
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tional deflection may be impressed in definite increments in either diit^etion 
from the neutral position by rotating the top plate and inserting the other 
pin in matching holes provided on the arc of a circle centered on the hole 
in which the first pin was inserted. 

The internal gage, used for determining influence linos for internal sec¬ 
tions, is mounted on a rectangular plastic base. A bar is rigidly connected 
to this base and is provided with threaded holes to receive screws to hold 
a clamping plate for gripping the model. Another bar is provided which 
has threaded holes for clamping the model. This second bar is not perma¬ 
nently connected to the base but is provided with pin holes which serve 
the same purpose as already described in the case of the upper plate of the 
external gage. The entire gage is mounted on the model by carefully 
orienting it with respect to the section for which the influence line is de¬ 
sired and with two pins inserted in the phi holes of the mo\'able bar to 
hold it in the neutral position. After the model is clamped to both bars, 
it is carefully cut between them. The entire gage is "floated” on ball 
bearings on glass. This gage pennits an impressed relative axial, trans¬ 
verse, or rotational displacement between the (wo ends of the model at 
the cut. This is accomplished in a manner similar to that already de¬ 
scribed for the external reaction gage 

Deflections are read on a scale graduated to one-hundredth of an inch. 
The lower end of this scale is fastened to a fitting on a heavy steel rod 
screwed to the mounting surface. This rod is parallel to the main axis of 
the model and permits the sliding of the s(*alc along the model to read 
deflections at any desired point. 

The Eney defomieter is easier to use than the Heggs equipment, costs 
very much less, and gives excellent results. (It is not patented, since 
Professor Eney has preferred (o make it available to the profession.) 

14-9 The R.P.L deformeter. The R.IM. deformeter (sec Fig. 14-14) 
was designed and built (14) in the structural model laboratories of Rensse¬ 
laer J^olyteehnie Institute in 15*5;!. In principle it is the same as the dc- 
fonneters just described In detail it is onlin'ly different. The reaction 
gage is provided with threi* movements, as were the (corresponding gages 
ill the Boggs and Eney equipment. These movements arc controlled, how¬ 
ever, with three micrometers reading directly to one-thousandth of an inch. 
The internal or floating gage also is pro\'idcd with three movements 
controlled with three micrometers. 

Deflections are road by clamping targets on the model load points for 
Avhieh influence line ordinates are desired. These targets have a verti(‘al 
face projecting up from the model. In the center of this face is mounted 
a noodle projecting horizontally therefrom, and opposite this needle are set 




Fig, 14-14. The R.P.I, deformeter. 
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micronu'fcrs mounted in heavy steel bases. Needle and mitToineler are 
oriented in the line of action of the prototype load. Kaeh micrometer and 
its opposing; target are connected in scries with a contact indicator (to 
be described in the section which follows). When a reading i.s to l)c taken, 
the micrometer is carefully turned up until the indicator shows that the 
circuit has been closed. 

When it is used with a contact indicator, the R.IM. deformeter will give 
results comparable to the Beggs equipment (and no eye strain is involved 
in its use). The floating gage is more difficult to use, however, than that 
ill the Eney deformeter. The R.P.I. deformeter is more expensive than 
tlie Eney eejuipment, but much less so than the Beggs deformeter. 

14-10 The contact indicator. The contact indicator (13) is an extremely 
valuahk* piece of auxiliary equipment when it is dc.sired to measure deflcc- 
tion.s accurately with niicromoters Simple and inexpensive to build and 
easy lo use, it is extremely sensitive and will indieate contact of a microm¬ 
eter and an opposing needle within thn?e- or four-inillionths of an inch. 
The small box sliown in Fig. 14-14 contains one of these instruments. 
The wiling diagiain is shown in Fig. 14-15 
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14-11 The moment deformeter. The moment deformeter was developed 
(10),(17) at the Mas.sachusetts Institute of Technology. It is most 
ingenious and provides a moans for determining the influence line for in¬ 
ternal moment in a structural member. The instrument is clamped to 
the model mcinlx?r and centert'd on the section for which the moment 
influence line is de.sircd. This deforms the model so that it is possil)Ic to 
obtain the influence line for internal moment at the desired section. 
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The moment deformeter is easy to use. It is uunecessary to cut the 
model in order to obtain the influence line. However, this deformeter has 
the disadvantage that it can only Iw used on members which have a con¬ 
stant section. 

14-12 The brass spring model for articulated structures. The brass 
spring model was introduced (o) by Anders Bull in 1930. The members 
are made of #26 brass drill rod, and the model is made geometrically similar 
to the prototype so far as the length of all members are concerned. Mechan¬ 
ical similitude for static loading is achieved by assuring that homologous 
clastic forces in model and prototype are in some fixed ratio. In other 
word.s, the ratio of the total axial strain in a gi\'en member of the model 
resulting from unit loads applied at its ends, to the total axial strain in the 
corresponding member of the prototype as (*aused by unit loads applied 
at its ends, must always be constant. Thi.s is achic\'ed by inserting a brass 
leaf spring in each memljcr of the model. 

The method was not used to any great extent until it was much improved 
by Professor Eney at Lehigh l^niversity. In 1910 he obtained excellent 
results with this method in an analysis of a large bridge (9). 

Actually the brass spring method is somc^thing more than an indirect 
type of analysis. A brass spring hukIcI can, of course, be used to determine 
influence linos in the same way as a model made from cellulose acetate. 
In addition, however, it can l)c used to dolormiiie deflections of the proto¬ 
type. 

14-13 Model design for indirect analysis. It was demonstrated in 
Section 14-3 that usually only two scale factors have to be considered in 
the design of models for indirect analysis. The first of these, the linear 
scale factor A*, is applied to axial ilimensions only. The second scale factor 
may be cither c or ?/, depending upon whether the prototype is an articu¬ 
lated structure or acts primarily in flexure. If the prototype is articulated, 
with the various meinbors coii.‘^(MiuoiitIy being subjected chiefly to axial 
loads, the propin' ivlatioiiship between homologous cross-scctional areas 
of model and prototype will l)e cA — .1. If the stresses arc primarily the 
result of flexure, tlir I'elation.ship l>clw'pcn homologous moments of inertia 
is expressed by nl = I. If both flexural and axial .strains are important, 
then both relationshiT)s should l>c satisfied, and in this case, = n. 
An illustrative example w ill most clearly explain the method of design 

Example 14-1. The prototype is a two-span continuous steel girder as 
show'n in Fig. 14-1 (>. The curve of the bottom flange is parabolic. The w^eb 
IS f in. thick and flange plates are 12 in: X 1 in. Design a model for indirect 
analysis. 
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Figubl 14-16 


Two restrictions arc assumed to be imposed by the equipment available. 
The first of these requires that the model must not exceed 4 ft in length. 
Consequently, k is taken as 25, although in the given problem this actual 
value is of no particular interest. In the case of a model design for an 
articulated structure, however, the factor k would be applied to the lengths 
of all members, as well as to the span length. The second restriction on the 
model dimensions is imposed by the dimensional capacity of the dc- 
formeter gages. In the given case it will be assumed that the gages will 
accommodate the model if the depth at the ends is 1 in. 

As previously indicated, the model depth is designed so that at homol¬ 
ogous sections 

n" -= /. 


Since the model is to be cut from a sheet of material of uniform thickness, 
the al>ove equation be(*omes 


n 




where I is the thickness of the sheet and 3, the required depth (both in 
inches) of the model at a given section. Consequently, 



where C is a constant and equal to ^l2/ni and can have any desired value, 
since n may be arbitrarily chosen. In Table 14-1, the at the end of 
the prototype is 23.1. Therefore the constant C is taken as 1/23.1, the 
model depth at the end will be 1 in. as desired, and the depths of the 
model at the other sections are readily computed. 

The depths shown in Table 14-1 should be carefully marked out on the 
model material at the corresponding sections. The points thus obtained 
are carefully joined with a smooth curve and the material cut and filed 
to this line. Observation points are scribed on the surface of the model 
at desired intervals and, aftor mounting the defonneter gages as pre¬ 
viously de8cril>ed, the model is ready for use. 
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Tvdlk 14-1. 


Dibtan(*c 

Distance 

« 


Model 

fiom .1 uii 

from .1 on 



depth 

prototype 

mo(U*l 

I 

V 7 

({ 

(ft) 

(ft) 

(in'*) 


(in.) 

0 

0 

12.300 

23 I 

1.00 

5 

0.2 

12.550 

23.3 

1.01 

10 

0.4 

13,400 

23.8 

1.03 

15 

0.6 

14,<K)0 

24.6 

1.07 

20 

0.8 

17,300 

25.9 

1.13 

25 

1.0 

20,500 

27.4 

1.10 

30 

1.2 

25,(HK) 

29.3 

1.27 

35 

1 4 

3J.(KM) 

31.4 

1.30 

40 

I.O 

38,(300 

33.8 

1.40 

45 

1.8 

4H.700 

20.5 

1.58 

50 

2.0 

01,900 

39.0 

1.72 


li]xAMPLE 11-2. Assume that a trial design has been'made for a two-span 
contiimouH tims to have the dimensions indieuled in Fig. 14-17. The 
hciivi(*^t truss mcinlM'r has been designed to have a cross-sectional area of 
107.and the .smallest an area of 23.(3 in^. It is desired to build a 
model by means of uhieh influence lines may bo obtained to check the 
lirst mathematical aua)>sj.s. Design the model. 



Fnmnr 14-17 

As.sume tliat l)ecuusc of .space limitations the model cannot exceed G ft 
in length. C'on&otiuontly, the linear scale factor k is 100, and the depth 
of the model nt the center will therefore Imj O.o ft. T’le lengths of all mem- 
iK^rs of the model are determined by applying the same linear scale factor 
to the lengths of corresponding mcml)crB of the prototype. 

The cross-sectional areas of all truss members must be such that 

e3 = A. 

Since (as before) the members are to be cut from material of uniform thick¬ 
ness, tlie above eciuation becomes 

efb = A, 
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where / is the material thickness and 6 the required width of the model 
member. Conscciuently, 

b - QA, 


where Q is a constant and cijual to 1/cf. Q may have any desired value 
(since e can be arbitrarily selected), and is chosen so that the widest model 
member will not be too wide and stiff and, at the same time, so that the 
narrowest member will not he too narrow. This is a matter of judgment 
based on experience, but this is experience easily obtained. In the present 
case, it seems that a maximum width of 0.75 in might be suitable. Accord¬ 
ingly, based on the heaviest member, 


max b 
max A 


0.7500 

107.G 


0.00(397. 


The narrowest member, therefore, will have a width of 

min b ~ 0(mm A) = 0.00G97 X 23.G = 0.164 in. 

The widths of all other membcis in the model are determined hy multiply¬ 
ing the areas of corresponding members in the prototype by Q. If the lighter 
model memlicrs are so located that they will not buckle when a displace¬ 
ment is impressed, the above value of Q is proliably satisfactory. 

If the model members are made of cellulose acetate or Minilar material, 
they are connected at the joints with cement made by dissolving scraps of 
the material in acetone. The prototype would be analyzed on the assump¬ 
tion of friclionless pins at the joints Despite this, the iiuite rigid joints 
of the model often do not appear to have any significant effect on the re¬ 
sults. However, heavy members in th(‘ prototype which may, depending 
on the value of result in unusually wide and therefore stiff model 
memliers, can affect the results. In the example above, for instance, if it is 
decided that the naiTowcst members should be doubled in width to prevent 
buckling in the model, then the heaviest member would be 1.5 in. wide. 
For the length of the members involved, this would be too stiff. In this 
case it would be advisable to fabricate the initial member in the model 
0.5 in. wide, and then to cement strips 0.5 in. wide on each face in order 
to build the member up to the required area. 


14-14 Direct model analysis. It was indicated in Section 14-2 that 
in order for structural similitude to exist between prototype and model, all 
homologous linear dimensions must be in some fixed ratio, all homologous 
linear deflections must be in some fixed ratio, and all homologous loads 
and forces must be in some Gxed ratio. In this discussion these three ratios 
will be called primary scale factors. 
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The first primary scale factor defines the length relationship between 
prototype and model, and the third defines the force relationship. The 
second primary scale factor defines the deflection relationship. Deflection, 
however, is a function of strain and is a linear dimension. Strain is a func¬ 
tion of force pc'r unit area and area is a linear dimension squared. Conse¬ 
quently, the defied on scale factor is a function of both the length and force 
scale factors. I n other words, any two of the three primary scale factors 
may be assigned arbitrary values, but the third must then be computed 
from these two 

In addition (o the primary scale factors, (*crtain secondary scale factors 
must be cvaluaicd before a model can he designed. These define the ratios, 
between prototype and model, of such measurable quantities as cross- 
sectional arca.«, density or mass, moment of inertia, or moment of a force. 
All of these, however, arc easily determined from the primary scale factors. 

When we design a model for direct analysis, the logical procedure is 
first to assign a value for the linear scale factor k This is selected so that 
over-all dimensions of the model will be convenient and workable. One 
of the other two primary scale factors must be assigned a value, or other¬ 
wise defined. Since tlu* most valuable information obtained from the model 
will probafdy be the strains as determined by SR-4 strain gages, it will be 
most convenient to design the model so that homologous unit strains in 
prototype and model will be ctjual. This iinnicdiately establishes three 
important relationships; (1) homologous rotational deformations will be 
equal, (2) the scale factor for homologous total strains will be and (3) 
as a conseqiuMico of (1) and (2), the scale factor for linear deflections will 
be k. The other required scale factors will now be derived. 

In accordance with the above discussion, 

tr = L. (14-17) 

The various forces acting on and in any structure may be divided into 
external and internal. Tlie external forces are those resulting from the 
action of gravity on the loads applied to the stnicture. These loads will 
be represented by ir. Internal clastic forces arc those w'hich develop con¬ 
currently with the elastic straining of the various members. An internal 
elastic force will be designated by F. Therefore, * 

F = Atr -- AIJ€. (14-18) 

In the above expression: 

A = cross-sectional area of an axially loadctl member, 

<r = unit stress, F- - modulus of elasticity, 

€ = unit strain. 
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For mechanical similitude it is licoessary that the ratio of all homologous 
forces ill the prototype and the model he a constant value. Consequently, 


F 

W ~ F 


— constant. 


(14-19) 


(This constant is selected for greatest convenience.) Since k = L/L 
and since cross-sectional area is the product of two linear dimensions, it is 
possible to write 


A 

J 


I7 



(14-20) 


Therefore, if desired, may be used as the scale factor for the cross-sec¬ 
tional areas of axially loaded mcmliers. In practice, however, since the 
value of k is primarily established to give an over-all workable model 
dimension, the scale factor will quite often result in cross-sectional areas 
for model members which will l)c difficult, if not impossible, to fabricate. 
Consequently, to give greater flexibility in the design of the model, an 
additional factor which will be called a dimensional slicing factor, is 
introduced and Eq. (14-20) becomes 

4 = (14-21) 

A 


Providing for the possibility that prototype and model may be of different 
materials, and remembering that homologous strains are to be equal, we 
now write Eq. (14-19) as 


W 

W 



(14-22) 


This scale factor for forces, k^z{E/TS), is correct and can be used. How¬ 
ever, the expressions for several other scale factors still have to be derived 
and those will be simplified if this force ratio is arbitrarily modified to 
k^z. If k^z is substituted for the value of the constant in Eq. (14-19), and 
the internal elastic forces are expressed as before, the result is 


W _ F _ AE€ 

TF Am 



(14-23) 


from which 
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E(iuation (14-24) defines the scale factor to be used in order to determine 
the cross-scctional areas of axially loaded members in models designed for 
direct analysis. 

Since moment is the product of force times distance. 


and this is the scale factor for moments applied to a model, as well as for 
internal resisting moments. 

The scale factor for moment of inertia for u flexural member may be 
obtained from two relationships of structural mechanics. The first of these 
is 




MR 

nr ' 


where R is the radius of curvature. Thus 


I 

7 


MR/E MRE ,3 , ,4 S 

JITt/E lUiE E E 


(14-20) 


Tlie second is lh(‘ ordinary flexure formula: 


from which 



(14-27) 


If the model is geometrically similar to the prototype as to depth, as it 
should be, then c/2 = l\ Also, since homologous unit strainsAvill then be 
e(|ual, € = ?. ConseciucMlIy, 


o Et E 
<r '' E 'f ^ E 

Substituting in E(|. (14-27), ue obtain 

/ ‘ • I = ^ 1 • (14-2Ca) 

« 

It will be practicall}^ impos.sible to simulate the dead weight of the pro¬ 
totype with the weight of the n\odel. The expression for weight is yAL, 
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where y is the specific weight of the material. For mechanical similitude, 

which, after substituting Eq. Ci4-24), results in 


7 ^ 1 ^. 

1 ^ k T/ 


(14-29) 


It is apparent from the above expression that in most cases the required 
density 7 will far exceed that of an\' material obtainable. Consequently, 
in practice, the dead load of the prototype is simulated by hanging appro¬ 
priate weights on the model. 

It is possible to check the various scale factors which have just been 
derived. If all these factors have been correctly evaluated, homologous 
linear deflections should be in the same ratio as homologous linear dimen¬ 
sions ; that i.s, 


A 




Assume that tlie prototype is a structure in which flexure is of primary im¬ 
portance. The formula for deflection by virtual work Avill have the form 
A = jmM dx/EL Therefore, 


but 


A ^ SmM dx/EI 
S / mM dx/^ 

M == 


(14-30) 


m — ICTfty 

dx ^ k dx, 

h 


If these values are substituted in E<|. (14-30), the result is 
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If the prototype' is articulated, the virtual work deflection expression is 
in the form 




AE' 


Therefore 


but 


4 ^ ZuS L/AE 
A “ :Ll!jL/AE ' 

= k^zSf 
H — 77, 

L = hZ, 

A = k^zl I • 


(14-31) 


Substituting in Eq. (14-31), we obtain 



14-15 Dimensional analysis. Dimensional analysis provides one of the 
most eflbctive methods available for determining the requirements for 
similitude between prototype and model and for interpreting experimental 
data. It is based on the fact that the various physical properties of, and 
quantities acting upon, a body, such as length, mass, temperature, velocity, 
force, etc., can be expressed in terms of one or more of the fundamental 
physical dimensions. The fundamental physical dimensions are length, 
time, and force or mass. 

Two different systems of dimensions are used. In the F-L-T system, 
known as the engineer's systenij the dimensions are force, length, and time. 
The physicist's system, in which the dimensions arc mass, length, and time, 
is designated as the M-L-T system. In this discussion the F-L-T system 
will be used. 

The object of dimensional analysis is to And some means of directly re¬ 
lating prototype and model, not only as to size but also as to response. For 
example, the length of a beam model is not equal to the length of the 
prototype, nor is the depth of the model equal to the depth of the proto¬ 
type. However, for geometric similitude, tlic Icngth-to-depth ratio of the 
m^cl will be equal to the length-to-depth ratio of the prototype. These 
ratios can be equated because they arc dimensionless. 
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Various combinations of the scvcnil physical propcrtic*s and (quantities 
which define model and prototype I'aii be found which will give dimension¬ 
less terms. In each case, if complete similitude has l>eon reulized in the 
model, corresponding dimensionless terms for model and prototype will be 
equal. Consecquently, if enough of the.se dimensionless terms can be found 
to define similitude, they can be u.sed to compute scale factors and to 
interpret test data. 

In 1915, E. Buckingham published an excellent paper (4) in the appendix 
of which he derived his r theorem. This theorem makes it possible to 
obtain in a systematic manner the dimensionless terms discussed above. 
One possible statement of the theorem may be phrased as follows; 7/ a 
pAi/aical phenomenon can be defined in terms of n variables^ and if each of 
these n variables can be expressed in terms of no more than m dimensions^ then 
the general equation for the phenomenon can be expressed as a function of 
n — m dimensionless t ierms^ Each dimensionless term will be composed 
of m-\~ \ variables, two of which will be common for all t terms The signifi¬ 
cance of this theorem can best be explained with an example. 

Example 14-3. Given a fiexural member as indicated in Fig. 14-18, 
supporting any kind of load. Using dimensional analysis and the expression 
for strain, find the r terms necessary to define similitude. 

For a flexural member 


<r Md KWSd 
‘ E ~ 2EI ~ 2EI ' 

w’here 


(14-32) 


c ss unit strain, 

M = bending moment, 

/C = a constant for the beam 
and type of load, 

IF *= total applied load, 

S = length of span, 

d — depth of member, 

E = Young’s modulus, 

I = moment of inertia. 



Figure 14-18 


In general. 


or 


fiW,S,d,E, I) 


ir,S,d,JS, 7) =0. 
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When the structure is statically loaded the fundamental dimension of 
time does not appear. All the above vatiables can be expressed in terms of 
units of force and length. In accordance with the t theorem, two of the 
above variables may be common to all ir terms. These common variables 
may be selected as desired, except that the dimension of force must be 
used at least once, and the dimension of length must be used at least once, 
in the dimensional expressions for these common variables. In this case, 
W and S will be used. 

The general expression for tlie ir terms is 

IT. = ^ F^r/QT^ (14-33) 

In the last term above, the F indicates that the load is expressed in units 
of force, the L that the span is expressed ii] units of length. The term Qi 
will be replaced by the dimensional expre.ssions for the other variables of 
the general g function, one at a time. If each ir term is to be dimensionless, 
then, as each successive Q, term is substituted, the exponents a and b 
must have a value such that the summation of all exponents for F and 
all exponents for L will be zero. Having determined a and b for a given 
Q, we write the* v term by substituting these values for the exponents in 
the general expression for the ir terms (Iv). and inserting the 

corresponding variable for Qt. This proce<lurc will now be demonstrated. 

For IT], Qi ~ d\ 

= iF".s’'vr' - 

F : a =■- 0, 

— 1=0,. b = 1; 

. .n = ivy's'll-' -- 


Forir2,(?2 -=■ /-• 


ITq 




- F''L\FL-^r\ 






F: a — 1 = 0,a = 1; 
L:6 + 2 = 0, .'.6 = —2; 
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For ITS, Qs = /: 

rs = = F’L^L-*, 

F: a = 0, 

L: 6 — 4 = 0,6 = 4; 

.•.T3 = = ~ 

For n, Qi= e : 

ir4 = TF“5‘e-‘ = F“S‘, 

F: a = 0, 

L: 6 = 0; 

.•.jr4 = 

For complete similitude the four t terms obtained above must be equal 
for model and prototype, and the necessary scale factors may therefore 
be determined from these t terms. As before, the linear scale factor will 
be designated by fr. Therefore, 


S 

s 



d 


W . 


From Ts: — = 


From ir 4 : 


1 

€ 


s 

d’ 

II 

• 

• 

II 

• 

W 

. w 

S^E 


w~ 

5*5- 

S* 

T’ 

II 

• 

S4-'^ 

1 

— f 

i — 

• • 

1 . 


E 

E' 


The above scale factors agree with those previously derived by structural 
mechanics, with the exception of the dimensional slicing factor. Note that 
▼4 could have been predicted, since strain is a dimensionless quantity, and 
thus for complete similitude must be equal in model and prototype. 
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This section represents no more than a superficial introduction to the 
subject of dimensional analysis, a method used extensively in all branches 
of science and engineering. However, reference material at the end of this 
chapter will give the interested reader considerable information on the 
subject. 

14-16 Design of models for direct analysis. The proper use of the scale 
factors just developed can best be explained by demonstration. Accord¬ 
ingly, three examples are presented. 

Example 14-4. The prototype is a steel cantilever beam 30 ft long. 
It is a 30WF110 with an actual depth of 30 in. The moment of inertia of 
the cross section with respect to the major axis is 4919 in^, and the modulus 
of elasticity is 30,000 k/in^. A concentrated load of 10 k a<*t8 down on the 
free end of the cantilever. It is required to design a model for direct analysis 
using aluminum plate J in. thick with a modulus of elasticity of 10,000 
k/in® 

10 k| 


30'-0 


Figure 14-19 


As previously indicated, the scale factor k is usually chosen to give a 
model of a convenient length. This, of course, will depend on the space 
available for fabricating and testing the model, the sizes of the model 
construction material available, the accuracy with which it is desired to 
reproduce details of the prototype, the dimensional capacity of any special 
testing equipment, and other similar (considerations. 

Suppose in the problem under discussion that it has been decided that 
the model is to be 3 ft long. Then k = 10. The depth of the model for 
geometric similitude will be 3 in. It is arbitrarily (lecided to make the 
flange plates 1 in. wide. The mcxlel cross-section is sketched in Fig. 14-20. 

The moment of inertia of the model is: 


I of web 


0.125 X 2.75® 
12 


0.217 in^ 


/of flanges = 2(0.125 X 1.437®) = 0.516in^ 


Total I = 0,733 h\\ 
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0 . 125 " 



0 . 125 " 


Figure 14-20 


From Eq. (14-26), 

= -ML 

"Elk* 


30 X 4919 
10 X 0.733 X 10* 


2 . 02 . 


The load to be applied to the model, by Eq. (14-23), will be 


™ _ JF _ 10,000 

k^z ~ lOa X 2.02 


49.6 lb. 


Actually it is not absolutely necessary that the depth of the model be 
1/k times the depth of the prototype. To illustrate, assume that it is 
desired to miike the model 2 instead of 3 in. deep. By maintaining the 
same I as beiiore (0.733 in^), homologous linear deflections will be kept in 
the ratio k. Since corresponding values of "M ls/E7 (flexural deformations) 
will be equal in the two models, the extreme fiber strains will vary directly 
as the depths of the models. This means that the strains in the second 
model will be ^ times the strains in the first model. Therefore, if extreme 
fiber strain readings taken on the second model are to be used to predict 
stresses in the prototype, these readings must be converted to what they 
would have been on the first model. Therefore, 

, _ai . 

<1 = 3“* «2f 
^2 

and the extreme fiber stress in the prototype will be 


<r = Eh ■ ^ 
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Example 14-5. Design a model for direct analysis of the truss of 
Fig. 14-21. The cross-sectional areas of the members (in square inches) 
are marked on the sketch. The prototype is of steel, with E = 30,000 
k/in*. The model is to \ye fabricated of aiifininum, with E = 10,000 k/in*. 


30 in* 



Figure 14-21 


Assume that it has l>ocn decided to make the model 4 ft long. Then 
k = 10. From Va\ (14-24), 



E A :\A ^ A 

^ Tooz^' 


The value of z may selected to en.surc mode! members which will be 
.stable (im buckling of c(>inprcs.sioii nicinbcr.s) and yet convenient to 
fabricate: Jf z is taken as unity, the area of the top chort|member, for 
example, will lie 

0 03 X 30 ^ 0.0 in^ 


Jf it is felt that thi.s cro.s.s-scctional ar(*a i.s too large for convenient fabrica¬ 
tion, then z may Ix' taken as 2, or any other desired value. If z is taken as 
2, tlien from K(|. (14 23), 


jr ^ 30,^ 

k'^z 102 X 2 


150 lb. 


If thi.s load i.s too Iurg(*, one way of ralu(*ing it would be to use a larger 
value for r. If z is loo large, however, tlie cross-sectional areas of the model 
members will Ik* too small for stability when subjected to compression. 
In the event that the computed scaled loail for the model Ls too large and 
z cannot be made any larger hcraii.se of fabri(‘ation difficulties, an additional 
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lo^ slicing factor q may be introduced to reduce the load. For example, 
if in the above problem the indicated load of loO Ib is too large for the test¬ 
ing equipment available, and z cannot be increased in value, then q may 
be taken as .1. This .simply moans that a load of oO lb may be applied. The 
necessary readings arc then taken on the model and multiplied by 3 before 
using them to predict the response of the prototype. 

Example 14-0. Design a model, to be used m direct analysis, of the 
eccentrically loaded column shown in Fig. 11-22. The prototype is a 
24WF100 with cross-section.’1 area == 29.43 in*, moment of inertia = 
2987 iu^ out-to-out of flangc-s = 24 00 in , and E ~ 29,000 k/in*. The 

model is to be built of aluminum plate,s 0.100 in, thick, with E ~ 10,000 
k/in*. 



Fiouke 14-22 


In this example, flexure and axial stress are both important. Theoreti¬ 
cally the cross-sectional area, moment of inertia, and depth of the model 
should all be designed in accordance with the scaling factors previously 
derived. If this is attempted, however, it will be found that one of the 
three requirements will be incompatible with the other two. Nevertheless, 
it is possible to design a model which will be suitable for predicting stresses 
in the prototype. 

It is decided to make the model 2 ft high. Therefore, lb is 13.00. The 
theoretical out-to-out of model flanges would be 24.00/13.00 = 1,846 in. 
Aluminum strip in the required thickness of 0.100 in. is at hand in widths 
of 1.000 in., which will be used for the flanges, and 2.000 in., which will be 
used for the web. The eccentricity of the load on the model will be 
30.00/13.00 = 2.31 in. 
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The moment of inertia of the model spetion will be 

, , , 0.100 X 2® . 

/ of web =i---= O.OiAii in 

1 M 

I of flanKO.s = 2 X 0.100 X l.OS" = 0.2205 in'* 

Total I 0.2872 

Trom E(|. (1-1 -20), 


j:i 

a7/.' 


20.00 X 2987 
10.00 X 0 2872 X lll.OtH 


1.05(1 


The load 1o he applied to th(“ model will be, from Etp (14-28), 

^ =■ r* = , -- <>-0<)5(K)/>. 

k^z bS.OO- X 

AVith the value of P us euinputed sil)ove, hoiuoloftoiis flexural defonna- 
tiuns will be e(|iiul Ho!noloj»ous extreme lilM'r strains associated with 
flexure will not, ho\\e\ei\ be e<]ual The theoretical out-to-out of the 
model flanges, as previously cornputetl for similitude*, is 1.846 in. The 
actual out-to-out of model flanges i.s J.2(K) in. The (orroct extreme fiber 
strain t associated with b(*nding in a tally »cal(*d model may be com¬ 
puted by multiplying the (*xtreine liber strain associated with bending 
in the a(*tual model by a correction factor This may be w'ritten ns 




Similitude with re.spect to the cross-sectional area must now' be in¬ 
vestigated. In accordance with lu]. (14-24), the area of the model should 
have been 

-r AE 29.4:1 X 29.00 ^ . 2 

.1 .= -—— ,-=•-=s 0.4/8 in . 

i;i.002 X l.OoO X 10.00 


The actual area of the model is 0.400 in®. It is apparent that the model 
strains associated with axial stress will be too large. The correct strain 
associated with axial stress in a fully scaled model may be computed by 
multiplying the strain «« associated with axial stress in the actual model 
by a correction factor Ca. 
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This is written as 


fA ■“ ^ u^a —" 


0.400 
0,478 *“ 


0.837 €<,. 


The two strains ea and e*, associated with axial stress and l>ending, re¬ 
spectively, in the actual model, <*aii be determined if two strain gages are 
mounted directly opposite each other on the mode) flange.s in positions 
corresponding to those gages shown on the prototype in i'ig. 14-22. If 
we represent the observed strain in gage number 1 by €i, and that in gage 
number 2 by C 2 > it is apparent that 

«a + <6 = <1 a>»d <a — == ^ 2 - 

If these equations are solved simultaneously, the result is 


6- = 


«1 + *2 


and 




€l - «2 


The above two strains may now be corrected to what they would have 
been in a tully scaled model and then combined to give the correct strains 
in the prototype. 

Note that the three examples of model design just presented arc not 
meant to imply that a model of such simple structures would ever be built, 
except as an exercise. Simple structures were use{| as examples in order 
that full attention could be given to the few principles involved in designing 
the models. 

A model of the two-hinged arch rib which was tlesigned by the elastic 
theoiy in Example 13-4, and checked hy the dcHectioii theory in Section 
13-8, is shown in Fig. 14-23. The model was designe<l and the cxperimt'iital 
results interpreted as illustrated in ICxampk' 14-(). 


PUOBLKMS 

14-7 A 24\Vn00 beam, with ii depth of 24.00 in. and an Ix of 2990 in*, 
supports a concentrated load of 20 k on a span of 30 ft. Di'sign a model for 
direct analysis in accordance with the following data: k = 10; aluminum alloy 
plates to be 0.100 in. thick; widtli of flange plates to be 1 in. The over-all depth 
of tht‘ model is arbitrarily selected as 2 in. Strains are to be measured with SR-4 
strain gages. E = 29,000 k/in^ and 7? = 10,000 k/in^. Determine the value 
of the concentrated load which sliould be applied to the model for similitude. 
What is the value of the factor by which the observed strains should be multi¬ 
plied to conect for the fact that the requirements for similitude have not been 
satisfied relative to the depth of the model? [Ans,: T* * 52.9 lb, t « 1.2e.] 
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14-6. The prototype is a column loaded eccentrically with respect to the 
major (x-a) axis. The column shaft^is a 27WF145 with a height of 20 ft, a 
croea-sectional area of 42.68 in^, a moment of inertia with respect to the z-z 
axis of 5414 in^, and an out-to-out of flanges of 26,88 in. E of ste(*l >■ 29,000 k/in^. 
The load is 210 k applied on a bracket with an eccentricity of 2 ft. The top 
of the prototype is braced laterally. A model for direct analysis is to be designed 
using a Uncar'scale factor of k * 10 applied to the height of the model and the 
eccentricity of the load. The model is to be fabricated of aluminum alloy using 
a web plate 2.0 in. X 0.10 in. and flange plates 1.0 in. X 0.10 in. E for the 
aluminum alloy is 10,000 k/in^. Using a load slicing factor of 10, determine what 
load should be applied to the model. Having determined the magnitude of the 
load, assume that the model is fabricated and tested. The strains, as determined 
by two SIM strain gages mounted directly opposite each other on the center 
lines of the two model flanges at mid-height, are; strain gage "x,** on the flange 
further from the eccentric load, a strain of +25.5^; strain gage **y” on the flange 
nearer to the eccentric load, a strain of --44.7>i. In this case, the + sign indicates 
a tensile strain. fThe Greek ju is often used as a symbol for microunits (one micro- 
unit is a strain of 1 X 10~°).] Determine the stresses in the prototype at points 
corresponding to the positions of the strain gages "x” and on the model, 
as indicated by the above strain readings on the model. [Ans.; P » 38.5 lb. 
The prototype stresses, as computed from the observed strain readings on the 
modelf are: for the point corresponding to the position of the strain gage "x,’* 
7510 Ib/in^; for the point corresponding to the position of strain gage 
17,400 Ib/in* ] 

14-17 Fabrication and loading of models for direct analysis. The 
fabrication of models for direct anal 3 r 8 is is, for several different reasons, 
somewhat more involved than for indirect analysis. It has been demon¬ 
strated that more attention must be given to scaling factors in designing a 
model for direct analysis. This means that the model must be more exact 
in detaO, with more pieces to cut, fit, and join together. Very often small 
I-shaped sections must be fabricated. The system of loads applied must 
be similar to the loads on the prototype and thus the model may have to 
receive a complicated load pattern. No such problem exists in indirect 
analysis. 

The material to be used in constructing the model should have all those 
qualities previoudy listed in the discussion of models for indirect analysis. 
It should be inexpensive, sufficiently strong, isotropic, and easily worked 
and joined. It will be recalled that for indirect model analysis, cellulose 
acetate, or a similar material, most nearly satisfies all these requirements. 
It was demonstrated that creep under load causes no difficulty in indirect 
analysis. For direct analysis, however, the variation in the modulus ef 
elasticity of the cellulose acetate, which* causes creep, renders this material 
unsuitable for models unless certain compensating devices are used. These 
devices will be subsequently discussed. 



628 


MODEL ANALTSIS OF 8TRUCTUBBS 


[crap. 14 


Steel can be used for constructing models but it is difficult to fabricate. 
The same thing is true, to a lesser degrde, for brass. Good results have been 
obtained with aluminum alloy; the various pieces of aluminum may be 
joined with epoxy resin adhesive. One particular commercial adhesive 
requires no clamping of the pieces to be joined and no special preparation 
of the joints beyond wiping with carbon tetrachloride. 

Curing temperatures vary from room temperatures to 200®F, depending 
on the time of cure. One and one-half to two hours is sufficient time for 
temperatures of 200'^F. A small thermostat-controlled oven is satisfactory 
for small models. Joints of larger assemblies may be cured overnight with 
one or two 100-watt incandescent bulbs in reflectors placed close to them. 
Tensile and shearing strengths in excess of 3000 Ib/in^ in the joints of 
aluminum models can regularly be obtained. 

Models under test may, of course, be mounted in a position corresponding 
to the prototype under load. Many times, however, this introduces a 
tendency for lateral buckling which does not exist in the prototype. A 
model analysis of a rigid frame, for example, involves the loading of a 
single frame. The prototype, however, would be loaded as one of several 
similar frames adequately braced as a group to prevent lateral buckling. 
Accordingly, it will be found advisable in many cases to mount the model 
in a horizontal position supported on ball bearings running between two 
glass plates. Loads may be applied in a horizontal direction through air¬ 
craft control cables extending over aircraft control pulleys mounted at the 
edge of a supporting table. Weights of the desired magnitude may be 
suspended on these cables. Lead shot in small buckets will provide a 
flexible system. A loading frame designed and built in the model laborato¬ 
ries at Rensselaer Polytechnic Institute is shown in h'ig. 14-24. This 
frame will accomodate models 9 ft long and 4 or more ft high mounted 
horizontally, as described above. In addition to direct loading of the model, 
several levers are provided to apply up to 5000 lb each. 

14-18 Auxiliary equipment for direct model analysis. Strains and 
deflections are usually obser\^ed in a direct model analysis of a structure. 
SR-4 strain gages, for which there is no adequate substitute, are indis¬ 
pensable for reading strains. They are cemented to the surface of the 
model at the point for which the strain desired and will indicate strain 
to 1 X 10~^. When considerable accuracy is desired in reading deflections, 
it may be achieved with deflection gages reading directly to 0.001 in. or 
0.0001 in. Scales graduated to 0.01 in. will in many cases give satisfactory 
results. 

14-19 The moment indicator. The moment indicator, developed by 
Ruge and Schmidt (15) at the Massachusetts Institute of Technology 
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about 1936, is a most ingenious and useful instrument for direct model 
analysis. It provides a means for directly determining the absolute values 
of the internal moments in model flexural members. The model is designed 
and loaded in accordance with the principles previously developed for 
direct model analysis. The moment indicator, clamped to the model 
member at two sections where the moments are desired, provides informa¬ 
tion from which the desired internal moments may be easily computed. 
It must be fastened, however, to a length of model member which is initially 
straight and has a constant modulus of elasticity and moment of inertia 
between the two sections of attachment. No loads may be applied to the 
member between these two sections. 

Consider the free body LiZ, of length D, shown in Fig. 14-25(a). This 



Figure 14-25 


represents a segment of a model member, the segment having a constant 
E and /. The internal moments and shears acting at L and R in the uncut 
^ member are shown as external loads on the ends of the free body. From 
the conjugate beam shown in Fig. 14-25(b), • 

2Ml D Mh D 

” 3F/' 2 3£/' 2 

and 

. _ Ml . 2 ^ D 

“ 3EI‘ 2^ 3EI ' 2' 

A simultaneous solution of these equations yields 



2EI 


{2Bl + 


D 


(14-34) 
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and Mk = ^ (20k + Bl). (14-35) 

Note that in the above equations, Mi. and 3f a are positive when acting 
clockwise on the ends of LR and that 9/, and Or are positive when the tan¬ 
gent rotates clockwise relative to the chord LR. 



Figure 14-26 


Figure 14^26 indicates the essential features of the moment indicator. 
It consists oi two rigid arms which are clamped to the unstrained model 
member at sections L and R. Each arm extends parallel to the axis of the 
member to a point two-thirds of the distance to the clamping section of the 
other arm. In Fig. 14-26(b) the positions of these two arms are indicated 
after the model is loaded. The flexural strain in the model member causes 
displacement of point .1 relative to 1' and of point 2 relative to 2'. The 
«»>innge in the distance between points 1 and 1' will be designated as Al, 
and the simultaneous change between points 2 and 2' will be Ar. Since 
$1, and Or are actually very small angles, 


and 



2D0l I 


= f (29x, + Or) 



DOl , 2D0a 
3^3 


D 

3 


(2$ ft + $l)- 
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Substituting in Eqs. (14-34) and (14-35), \vc obtain 



QElAr 

D2 


and 


ir 

= -w ■ 


(14-36) 


It is important to note in the above equations that AZ and Ar are positive 
Avhen points 1 and 1', or 2 and 2\ move farther apart. The signs of 
and Mr depend on the signs of 4r and A/, respectively. A positive A/jt, or 
Mr indicates a clockwise external moment acting on the corresponding 
end of the segment LR. 

Excellent results can be obtained with the moment indicator if the values 
of Ar and AZ arc carefully measured. It is suggested that the arms be made 
of aluminum about | in. thick and perhaps f in. wide. If two micrometers 
reading to 0.001 in. are attached at points 1 and 2, with opposing needles 
at points 1^ and 2', the required displacements can be accurately de¬ 
termined. The micrometers and opposing needles should be placed in 
series with a contact indicator. 

In an actual analysis the internal moments at sections L and R of the 
member are first determined. For a given moment indicator these two 
sections must always be the same distance apart along the axis of the 
member. For Z), 4^ or 6 in. will be satisfactory, although larger values 
may be used if desired. Having the moments at L and A, we can compute 
the moment at any other section along the member. 

The moment indicator is particularly suited for model analyses of 
Vierendeel trusses, secondaty stresses in articulated structures, and all 
types of rigid frames. It is suggested that sheet aluminum be used as the 
construction material. The required moments of inertia arc obtained by 
varying the widths of the members. Individual members may be joined 
very easily with epoxy resin adhesive. The resulting model looks similar 
to those used for indirect analysis: in this case, however, the various 
moments of inertia must be obtained by application of the scaling factors 
ior direct model analysis. In addition, the model must be loaded in the 
same way as the prototype and the loads must be scaled. 


14-20 The cellulose acetate spring balance. It has been stated that 
models of cellulose acetate will creep considerably under load because of a 
change in the modulus of elasticity of the material. This cannot be dis¬ 
regarded in direct model analysis. It has been established (10), however, 
that by use of a cellulose acetate spring balance it is possible to predict 
deflections and obtain deflection influence lines for the protot 3 rpe even 
though a cellulose acetate model is used. It has also been demonstrated 
(16) that with a different technique and a similar spring balance the ob¬ 
served strains in a cellulose acetate model may be extrapolated to predict 
prototype stresses. This latter use of the spring balance will now be 
described. 
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Suppose that it is desired to determine the stresses at various points of a 
rigid frame prototype, as caused by a horizontal concentrated load applied 
at one knee of the frame. Strains are to be measured at selected points on 
a cellulose acetate model, and stresses computed therefrom are to be 
extrapolated to give stresses in the prototype. The frame and load are 
8 ho^vn in Figr 14-27. In accordance with the principles previously de- 



Figube 14-27 


veloped the applied load H should have a constant scaled value. This 
constant load could be applied directly to the model, but the measured 
strains could not be interpreted in terms of stress because of the variation 
of f!. The problem can be solved, however, with the arrangement shown 
in Fig. 14-28. The rectangle 1,2,3,4 is the cellulose acetate spring balance. 
The straps 1-2 and 3-4 are each made of two pieces of steel, hrAas, or 



Figube 14-28 
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aluminum, between which the cellulose acetate straps 1-3 and 2-4 are 
inserted. The axial strain in the metal straps must be negligible. The 
straps 1-3 and 2-4 are cut from the same piece of cellulose acetate as the 
model and are rigidly clamped between the metal straps at their ends. 
The value of A5, the deflection of o relative to n, must be carefully meas¬ 
ured. It is suggested that a micrometer mounted for clamping on point o 
with an opposing needle clamped on point n, connected in series with a 
contact indicator, will provide the best means for this purpose. The con¬ 
necting member mn can be any convenient material. 

The scaled load H is applied at point o of the spring balance. The deflec¬ 
tion of the spring balance can be expressed as 

• f;' (14-37) 

where ASt and Et are the values of AS and E at any time ^ is a con¬ 
stant for the balance. Its value, which depends upon the dimensions of 
the cellulose acetate straps 1-3 and 2-4, may be determined by computa¬ 
tion or by calibration. 

If the strain u is observed at a point on the model, the expression for 
the stress at the point is 


but by Eq. (14-37) 


and therefore 


cfi — Et • €i; 




(14r-38) 


Actually, for any given point on the model, the ratio %t/ASt will have a 
constant value, since the variation of the modulus of elasticity of cellulose 
acetate is a function of time after loading and is not affected by stress 
intensity in the usual range. Consequently, Eq. (14-38) can be written as 

In other words, the computed value of stress at a given point of'the model 
should always be the same, regardless of the time at which simultaneous 
readings of model strain and spring balance deflections are noted. 
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The MBembly ihown in Fig. 14-29 is used to determine the value of Ka 
by calibration. The cantilever beand is cut from the same piece of cellulose 
acetate as the model and the straps of the spring balance. To it is clamped 


l r 



FiGxniE 14-29 


a moment indicator. The spring balance is connected to the end of the 
cantilever beam and through it the load P is applied to the cantilever. 
The moment'at L in the beam, in terms of Ar obtained from the moment 
indicator, is given by Eq. (14-36) as 





El can be expressed by the equation of the spring balance as 



(14-40) 


Substitution of this value for Et in the equation above yields 



QIKa "Ar^ p 

ASt 


But Ml, == Pa. If we make this substitution and solve for Ka, the result is 


D^aASj 
6/ Ati 


(14-41) 


It is suggested that the entire assembly should be mounted on ball 
bearings on a flat surface. The load should be applied by a cord passing 
over an aircraft control pulley at the edge of the surface to the proper 
weight bulging below. 

One other difficulty, relative to the design of the model, must be elim¬ 
inated. 
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From Eq. (14-20) for a flexural member, 

7 = 


(14-42) 


From Ecj. (14-24) for an axially loaded member, 

T 

A = - 

Hk^z 


(14-43) 


Obviously, therefore, before a model can be properly designed for direct 
analysis, the value of the modulus of elasticity of the model construction 
material must be known. In the case of cellulose acetate this is impossible. 
It is suggested, therefore, that the model be designed on the basis of what 
is l)clieved to be the most reasonable value for Assume that in a given 
case this value is 400 k/in^ and that the model is designed accordingly. 
The model is fabricated and tested. Strains are measured and stresses 
are computed as indicated by Eq. (14-39). From observed values of ASt 
in the spring balance, however, the value of Et is found, by Eq. (14-40), 
to be 360 k/in^. Consequently, the stresses computed for the model must 
be adjusted. If the model member is flexural, 

- _ Mi, 


Substituting from Eq. (14-42), we obtain 

TT^k^z 

El 


(14-44) 


If the model member is axially loaded, 



P 


If Eq. (14-43) is substituted in the above equation, the result is 


¥Ekz 

EA 


(14r45) 


It is apparent from Eqs. (14-44) and (14-45) that the observed stress in 
the model is directly proportional to the modulus of elasticity of the model 
material. Therefore the computed model stresses should be multiplied 
by 36/40 to obtain the correct values. 
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